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Abstract

We discuss ficient Bayesian estimation of dynamic covariance matrices in multivariate
time series through a factor stochastic volatility model. In particular, we propose two inter-
weaving strategies (Yu and Meng, 2011) to substantially accelerate convergence and mixing
of standard MCMC approaches. Similar to marginal data augmentation techniques, the pro-
posed acceleration procedures exploit non-identifiability issues which frequently arise in factor
models. Our new interweaving strategies are easy to implement and come at almost no extra
computational cost; nevertheless, they can boost estimafimieacy by several orders of
magnitude as is shown in extensive simulation studies. To conclude, the application of our
algorithm to a 26-dimensional exchange rate data set illustrates the superior performance of
the new approach for real-world data.

Keywords: Ancillarity-sufficiency interweaving strategy (ASIS), Curse of dimensionality, Data

augmentation, Dynamic correlation, Dynamic covariance, Exchange rate data, Markov chain Monte
Carlo (MCMC)
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1 Introduction

Analysis of multivariate time series has become a vivid research area over the last decades where
both methodological as well as computational advances have made it possible to estimate more
and more complex models. In parallel, real-world applications with an ever-increasing amount
of data call for the joint modeling of many simultaneous and often co-varying observations over
time. However, already the number of pair-wise co-movements increases quadratically with the
number of time series, let alone higher-dimensional dependency structures. This property, often
referred to as theurse of dimensionalifycan often be mitigated in various ways by imposing a
lower-dimensional latent factor structure, therefigetively reducing the number of parameters to

a feasible amount. In the paper at hand, we particularly focus on the case where these factors are
allowed to have time-varying variances which in turn drive the multivariate dynamics. To the best
of our knowledge, models of this type have first been discussed by Jacquier et al. (1994); Shephard
(1996); Kim et al. (1998). We particularly focus on the model formulation brought forward by
Chib et al. (2006).

Applications of multivariate factor stochastic volatility models typically reside in the field of fi-
nancial econometrics, most prominently in areas that involve accurate quantification of uncertainty
and risk. Examples thereof are asset allocation (e.g. Aguilar and West, 2000; Han, 2006; Zhou
et al., 2014) and asset pricing (e.g. Nardari and Scruggs, 2007). These models extend standard
factor pricing models such as the arbitrage pricing theory (Ross, 1976) and the capital asset pric-
ing model (Sharpe, 1964; Lintner, 1965) by relaxing the assumption that the multivariate volatility
dynamics is constant over time.

Statistical estimation of these models can be challenging, and a variety of solutions such
as quasi-maximum likelihood (e.g. Harvey et al., 1994) or simulated maximum likelihood (e.g.
Liesenfeld and Richard, 2006; Jungbacker and Koopman, 2006) have been proposed. For medium
to high dimensional problems, Bayesian MCMC estimation (Pitt and Shephard, 1999; Aguilar and
West, 2000; Chib et al., 2006; Han, 2006; Omori et al., 2007) is probably the fhiogtra estima-
tion method, however, it is associated with a considerable computational burden when the number
of assets is moderate to large.

Aim of this work is to outline a reliable method for Bayesian inference that performs well
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for a wide range of data sets while at the same time being easy to implement and convenient to
extend. Therefore, we combine affi@ent methods for estimating univariate stochastic volatility
models introduced by Kastner andiRwirth-Schnatter (2014) with a standard Gibbs sampler for
regression problems. To ensure fast convergence and proper mixing of the MCMC chains we
augment this simple procedure with interweaving strategies introduced by Yu and Meng (2011).
Through extensive simulation studies and a real-world example, we demonstrafiethieeness

of our procedure which can boost samplirfjaéency by a factor of 100 and more.

The remainder of this paper is structured as follows. Section 2 establishes notation for the
factor stochastic volatility model framework and discusses questions about model specification
and identification. Section 3 gives an in-depth exposure to the estimation algorithm and its imple-
mentation, whereby the focus is placed on the novel interweaving strategies employed. Section 4
presents measures of sampliffijeency for simulated data sets and compares the algorithms pre-

sented. Section 5 discusses a case study with 26 daily EUR exchange rates. Section 6 concludes.

2 The Multivariate Factor Stochastic Volatility Model

In a multivariate framework, the quadratic growth of the number of covariances alongside their
inherent time-variability calls for a model which isfBaiently parsimoniously specified. At the
same time, the model needs to be flexible enough to have the potential to capture typical features
of financial and economic time series such as volatility clustering and volatility co-movement.
On top of that, common irregularities in the data require the model to be robust with respect to
idiosyncratic shocks.

The multivariate factor stochastic volatility (SV) model (Chib et al., 2006) aims at uniting sim-
plicity with flexibility and robustness. Itisimplein the sense that the potentially high-dimensional
observation space is reduced to a lower-dimensional orthogonal latent factor space, just like in the
case of the classic factor model. Itfis xiblen the sense that these factors are allowed to ex-
hibit volatility clustering, and it isobustin the sense that idiosyncratic deviations are themselves
stochastic volatility processes, thereby allowing for the degree of volatility co-movement to be

time-varying.
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2.1 Model Specification

For each pointintimé=1,...,T, lety; = (i, ..., Ym) be avector omobserved returns and let

fi = (f, ..., f) be a vector of unobserved latent factors. In analogy to the static factor model,
the observations are assumed to be driven by the latent factors and the idiosyncratic innovations.
In the case of the factor stochastic volatility model, however, both the idiosyncratic innovations as

well as the latent factors are allowed to have time-varying variances, dependmg-aonatent

volatilities hy = (hY, hY), whereh? = (hy,...,hn) andh) = (hmetts ..., hmery) . In short, we
have
Yo = Afi+ U(hY) e, fi = Vi()"%¢, (1)

where A is an unknownm x r factor loadings matrixJ;(hy) = diagexpby),...,exphmy)) is

a diagonalm x m matrix containing the idiosyncratic (series-specific) variances, Vd(lY) =
diagexptim:1t), - - - » €Xplimirt)) is @ diagonal x r matrix containing the factor variances. These
variances are themselves modeled as latent variables whose logarithms follow independent autore-

gressive processes of order one, i.eiferl,...,m+r:

hie = wi+¢i(hie1 — i) + o, (2)

with unknown initial valueho.
All innovations are assumed to follow independent standard normal distributions; k€.
Nm(0, Iy), ¢ ~ Ni(O, L), andny ~ Nyt (0, Iyyr), Wheren, = (91, ..., 0mirt)’ - This implies

following structure:
yo=Afi+e.  filho~ N (0. Vi(RY)), 3)

with e|h; ~ Nin(0, Ui(hy)). One of the main reasons for estimating a factor SV model is to reliably
estimate the potentially time-varying conditional covariance matrhy; afhich, for the model at

hand, is given by coufl|h:) = y,(hi) = AVi(hY)A’+U,(h{). Note that becaudg,(h}’) is diagonal,

all covariances between the component series are governed by the latent factors. Marginally with

respect tahy, y; is a process with non-Gaussian stationary distribution.
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2.2 ldentification Issues

Whenever certain combinations of parameter values result in (almost) identical maxima in the
likelihood function, estimation of the corresponding parameter values from data can become im-
possible. Consequently, observationally equivalent parameter constellations must be ruled out for
reliable statistical inference and a large body of literature dealing with this issue has arisen. In par-
ticular, Filuhwirth-Schnatter and Lopes (2017) give an overview of recent advances in the context of
static Bayesian factor models, and Sentana and Fiorentini (2001) specifically discuss identification
for models where the factors exhibit conditional heteroscedasticity (but innovations are assumed to
be homoscedastic). If not dealt with properly, usually through certain restrictions on the parameter
space, sensible interpretation of the posterior distribution is not possible (“nonidentifiability”). In
less severe cases (“near-nonidentifiability”), MCMC algorithms and other estimation procedures
often lack convergence and thus provide unreliable results. For the model at hand, we face several
issues related to this problem.

First, to prevent factor rotation and column switching, one option is to follow the usual con-
vention and set the upper triangular part/fto zero and dia@\) nonzero (e.g. Geweke and
Zhou, 1996). Doing so, however, imposes an — often unwanted — order dependence. We therefore
also discuss the possibility to leave the factor loadings matrix unrestricted and deal with column
switching through post-processing of the MCMC draws.

Second, without identifying the scaling of either tjte column ofA or the variance ofj, the
model is not identified. The usual remedy (e.g. Aguilar and West, 2000; Chib et al., 2006; Han,
2006; Lopes and Carvalho, 2007; Nakajima and West, 2013; Zhou et al., 2014) is that the diagonal
loading elements in model (3) are fixed to one, Ag. = 1, for j = 1,...,r, while the levelun,
of the factor volatilitieshy,, j; in model (2) (which corresponds to the scalingff is modeled to
be unknown. This approach implies that the firgariables are leading the factors and thus makes
variable ordering an even more important modeling decision. To alleviate this issue, we leave the
diagonal elements; in model (3) unrestricted, an intuitive interpretation being that “leadership”

of a factor can be shared by several series. Instead, we fix theuguedf the factor volatilities
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Ny j: at zero:
hie = (1= ¢i)u; +¢ihi,t71+0'i77it, i=1...,m
hm+j,t = ¢m+jhrmj,t—1 + Ot jTIme it ] =1...,r (4)

This assumption, alongside the prior distribution on the loadings introduced in Section 3.1, identi-
fies the factor variance.

Finally, each column of\ is only identified up to a possible sign switch. We deal with this
(lightweight) identification issue a posteriori, meaning that we run our MCMC sampler in the
unrestricted model and identify signs afterwards, see Section A.4 in Appendix A for details.

Factor model (3) together with the+ r SV models (4) defines our baseline parameterization,
however alternative parameterizations will be exploited in Section 3.3 in the conteffioodre
MCMC estimation of the factor SV model.

3 Bayesian Inference

We perform Bayesian inference based on a set of carefully selected proper priors which are in-
troduced in Section 3.1 and develdofi@ent schemes for full conditional MCMC sampling in the

remaining subsections.

3.1 Prior Distributions

Independently for eache {1,...,m+ r}, priors for the univariate SV processes are chosen as in
Kastner and Rrhwirth-Schnatter (2014)p(ui, ¢i, oi) = p(ui) p(¢i) p(oi), where the level; € R

is equipped with the usual normal priar ~ N(bﬂ, Bﬂ), the persistence parametgre (-1,1) is

chosen according t@(+ 1)/2 ~ B(ag, bp) as in Kim et al. (1998), and the volatility of log variance

oi € R* is implied byo? ~ B, x x2 = g(% ﬁ) The initial stateh is distributed according to the
stationary distribution of the AR(1) process (2), iy, ¢i, o ~ N(ui,aiz/(l - ¢i2)). For every
unrestricted element of the factor loadings matrix we choose independent zero-mean Gaussian

distributions, i.eAj; ~ N(0, By).
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3.2 Full Conditional MCMC estimation

Bayesian inference operates directly in the latent variable model (3) and (4) and relies on data
augmentation by introducing the latent volatilitits = {h;.},i = 1,...,m+r, whereh;, =

(hio, Ni1, ..., hit)’, and the latent factorg = {f;.}.] = 1,...,r, wherefj. = (fj1,..., fjr)’, as

latent data. This allows to set up a simple scheme for full conditional MCMC sampling which is

outlined in Algorithm 1 and discussed in detail thereafter.

Algorithm 1. Choose appropriate starting valuesdgn € {1,...,m}, ¢; ando, 1 € {1,...,m+r},

as well asA, h and f and repeat the following steps:

(a) Perform in totam+ r univariate SV updates of thaidiosyncratic variancea,, as well as
the parameterg(, ¢;, o), independently for each= 1,..., m, and of ther factor variances

hmj. as well as the parameteig{.j, om.j), independently for each=1,...,r.

(b) Fori =1,...,m sample each row;, of the factor loading matrix from\; .| f, yi., hi.. This
step constitutem independent;-variate regression problems withobservations, wheng ~

denotes the number of unrestricted element&;in

(b*) Redraw the diagonal elementsAfthrough interweaving into the state equation for the latent
factors ghallow interweavingor through interweaving into the state equation for the latent

volatilities (deep interweaving

(c) Fort=1,...,T, samplef; from fi|A, y;, ht, constitutingT independent-variate regression

problems withm observations.

For Step (a), observe that conditional on knowing the latent fagtoasd the loadings\, we
are dealing withm + r independent, univariate SV models where the latent state equations (4) are

combined with following observation equations:

hy + log €2, i=1....m (5)
hm+j,t+|09§ﬁ, j=1...r (6)

log(yit — Aifo)
log f3

Hence, sampling the latent volatilitiés. as well as the parameteys, (@i, o) fori =1,....m+r

(with & = 0 fori > m) in Step (a) amounts tm + r univariate SV updates. Consequently, the sub-
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stantial amount of research on this matter which has emerged in the last two decades can directly
be applied. In particular, we follow recent findings in Kastner anighfirth-Schnatter (2014),
where an #icient sampling scheme is proposed and evaluated, and simply use the implementation
in the R packagestochvol (Kastner, 2016a) as a “plug-in” for Step (a) of the factor SV sampler
presented in Algorithm 1; see Appendix A.1 for more details and additional references on MCMC
estimation for univariate SV models.

On the other hand, conditional on knowing the latent volatilitiegve are dealing in (3) with a
factor model with heteroscedastic errors. Nevertheless, giyghand A may be sampled condi-
tionally on each other from the respective multivariate normal distributions in a similar manner as
for a standard factor model (Lopes and West, 2004). This approach is conceptually straightforward,
see Appendix A.2 for details how to sample in Step (b) eachAgwof the factor loading matrix
from Ai.lf, Yi., hi., Whereyi. = (Vi1,...,Yr)’, and Appendix A.3 for details how to sample in
Step (c) the factoyf; from fi|A, y, hyfort=1,...,T.

After discarding a certain amount of initial draws (thern-in), the standard full conditional
sampleriterates steps (a), (b) and (c) of Algorithm 1, but not (b*), and should, in principle, yield
draws from the joint posterior distribution. However, when estimating factor SV models through
such an MCMC scheme, slow convergence and poor mixing (i.e. high correlation of posterior
draws) can become a potentially prohibitive issue. This phenomenon substantiates in enormous
autocorrelation of posterior draws — even after thinning — and can render MCMC output practi-
cally useless. For certain data sets, the burn-in phase may take extremely long and a huge amount
of samples has to be discarded before the draws can be considered to emerge from the posterior
distribution. Additionally, even after burn-in, these draws often show extraordinarily high autocor-
relation and thus only explore the target distribution painstakingly slowly. These so-balid
mixing samplers do not only prolong computation time, they also frequently lead to unreliable es-
timates and misleading results. The simulation study in Section 4 illustrates that this can happen
for the standard full conditional sampler even with data simulated from the true model, see e.g. the
top of the two panels in Figure 1. Consequently, a carefully crafted posterior simulator is of utmost
importance.

To overcome this problem, Chib et al. (2006) propose to sample the factor loading matrix

ACCEPTED MANUSCRIPT
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A from the marginalized conditional posterip(A|y, k), without conditioning on the factorg.

This distribution, however, is not available in closed form, and to sample from it requires a rather
involved Metropolis-Hastings update where the proposal distribution is based on numerically max-
imizing the often high-dimensional conditional likelihood function and approximating its Hessian
matrix at every MCMC iteration. To avoid this potential bottleneck, we employ the simpler full
conditional procedure outlined in Algorithm 1 but enhance it in Step (b*) by employing two vari-
ants of an ancillarity-diticiency interweaving strategy (ASIS) (Yu and Meng, 2011), cadlemllow
interweavinganddeep interweavingvhich are explained in detail in Section 3.3.

Applications to simulated data in Section 4 as well as to exchange rate data in Section 5 il-
lustrate how adding Step (b*) boosts MCMC dramatically, in particular for deep interweaving;
compare e.g. the top panel in Figure 1 to the remaining panels. Section A.5 in Appendix A pro-
vides comments on practical implementation of the boosted Algorithm 1 usinB {heckage
factorstochvol (Kastner, 2016b).

3.3 Boosting Full Conditional MCMC through Interweaving

As discussed in Section 3.2, teandard full conditional sampleyutlined in Algorithm 1 is based
on data augmentation in the parameterization (3) and (4) of the factor SV modelféerd ftom
slow convergence like so many other MCMC schemes which alternate between sampling from
the full conditionals of the latent states and the model parameters. A large literature has emerged
discussing various techniques to improve such algorithms, in particular reparameterization (Pa-
paspiliopoulos et al., 2007), marginal data augmentation (van Dyk and Meng, 2001), and inter-
weaving strategies (Yu and Meng, 2011).

Reparameterization relies on data augmentation irffardnt parameterization of the model
with alternative latent variables. In particular, so-called non-centered parameterizations where
unknown model parameters are moved from the latent state equation to the observation equa-
tion proved to be useful, see e.giuRwirth-Schnatter and Wagner (2010) in the context of state
space modeling of time series. However, MCMC estimation basedffareht data augmentation
schemes will often beficient in separate regions of the parameter space, as demonstrated e.g. by

Kastner and Rrhwirth-Schnatter (2014) in the context of univariate SV models. This suggests to
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combine diferent data augmentation schemes to obtain an improved sampler.

Marginal data augmentation employs a randomly sampled “working parameter” to transform
the baseline parameterization to an expanded, unidentified latent variable model in which the model
parameters are updated conditional on the (randomly) transformed latent variables. This technique
has been applied to the basic factor model, using the undefined scaling of the factors as a working
parameter (Ghosh and Dunson, 2009iHwirth-Schnatter and Lopes, 2017), however, it is not
easily extended to factor SV models, in particular if the latent volatilities should be part of the
acceleration scheme.

The ancillarity-syficiency interweaving strategy (AS)®)troduced by Yu and Meng (2011),
provides another principled way to interweave twéfatient data augmentation schemes by re-
sampling certain parameters conditional on the latent variables in an alternative parameterization
of the model, thereby combining “best ofi@irent worlds”. ASIS has been successfully employed
in a variety of contexts such as univariate SV models (Kastner dittifith-Schnatter, 2014) and
dynamic linear state space models (Simpson, 2015; Simpson et al., 2017). To boost Algorithm 1,
we apply ASIS to the factor SV model in the present paper. Two interweaving strategies — called
shallow interweavingand deep interweaving are derived in Section 3.3.1, where the diagonal
elementsAyq, ..., Ay Of the factor loadings matrix are resampled in Step (b*) in two alternative
parameterizations of the model.

As will become clear in the following sections, deep interweaving typically yields the highest
sampling diciency gains and is thus the generally recommended strategy. However, also shallow
interweaving has its merits. First, being conditionally conjugate, it is somewhat easier to imple-
ment. Second, it can be applied also to static factor models which are by construction not suited

for deep interweaving (see also Bitto andiRwirth-Schnatter, 2016).

3.3.1 Shallow and Deep Interweaving

As discussed in Section 2.2, our baseline parameterization (3) and (4) is just one of several alterna-
tive ways to handle the scaling problem inherent in factor SV models and this identification issue
is exploited by our schemes.

The parameterization underlying shallow interweaving constrains the diagonal elements of the
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factor loadings matrix to be equal to 1, whereas the variances of the factors depeadkmown
scaling parameter® = diagA11,...,Ar). The latent volatility processes are modeled as in the

baseline parameterization (4), whereas the factor model také&®eedi form:
Y = A*ft* + &y, ft*lhta Alla ) Arr ~ Nr(O, DZW(hY)) > (7)

with a lower triangular loading matriA* whereA}; = 1,..., A}, = 1. The idiosyncratic errors,
are distributed as in (3). Factor model (3) in the baseline parameterization can be transformed into

factor model (7) through a simple linear transformation:
f* = Df, t=1,...,T, A*=AD™. (8)

Boosting through shallow interweaving consists of three parts. First, transformation (8) is used
to move the current posterior draws of the latent facfprand the factor loading matriA from

the baseline parameterization to parameterization (7). Second, the scale parametersA,,,
contained inD, are resampled in parameterization (7), conditionally on the transformed yaiues
from p(Aiz, ..., Axlf*, A%, h). Finally, the new valued\[y, ..., A" are used in transformation

(8) to movef* and A* back to new drawg!*" and A™" in the baseline parameterization.

It is evident from transformation (8) that shallow interweaving orffgets the factors and the
factor loading matrix, whereas the latent volatilities remain untouched. This is the feature that
makes shallow interweaving also applicable to static factor models. However, to achieve boosting
also for ther factor volatilities, deep interweaving is based on an alternative SV model for the
factor volatilities where the level is assumed to be unknown. The parameterization underlying

deep interweaving relies on the factor model

yo=Af e filhg .~ N(0 diag e, . @), 9)

M+ j,e

where A* has the same structure as in the factor model (7) for shallow interweaving and the
idiosyncratic errorg; are distributed as before, with the univariate SV models fonth@derlying
volatilities following (4). However, the latent factor volatilitiesy;,, it follow alternative univariate

SV models where the level jg,,; = IogAJ?j rather than zero:

:1+j,t = ,Um+j(1 - ¢m]) + ¢m+jh;1+j,t_1 + Omejlmejt- (10)
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This parameterization can be motivated by moving the paramateys. ., A, from factor model
(7) into SV model (10), since:

fjﬂ/\jj R hm+j,t ~ N(O, AJZJ- e'""”i") = N(O, eIOQAJZiJrhm*“) = N(O’ eh;Hj,t) )

Hence, the baseline parameterization can be transformed into parameterization (9) and (10) by
applying transformation (8) to the factors and the factor loadings, as well as the following trans-

formation to the factor volatilities:
h;H-J’t:hl’TH—],t'i_logAi, t:O,...,T, J :l"__’r' (11)

Boosting through deep interweaving also consists of three parts: first, transformations (8) and (11)
are used to move from the current drawsfpfA and the factor log-variancés,. j; from the base-

line parameterization to parameterization (9) and (10). Second, the scale parameters A,

are resampled in parameterization (10) conditionally on the transformed thngs: (hr. 00 hr., j,T)'

from p(Ais, ..., Axlh oo, hh .. A¥). Based on the new values)y,. .., A", transforma-

m+1,e° o
tions (8) and (11) are inverted to moy§, A*, hy ;, back to new drawgy*, A™, hitv,, in the
baseline parameterization.

Both interweaving strategies are summarized in Algorithm 2. Details on resanmﬁngre
provided in Section 3.3.2. Itis evident that deep interweaviterss the factors, the factor loading
matrix as well as the latent factor volatilities and for this reason is mfiexte/e in boosting

MCMC for factor SV models than shallow interweaving.

Algorithm 2 (Shallow and Deep Interweaving. Denote the original posterior draws fa, j,
fie, andhp,j. in Algorithm 1 by A%<, £, andho"

o j'Jje? m+j,-

foreachj =1,...,r in Step (b*):

and perform following steps independently

(b*-1) Determine the vectoA} ., containing thek; free parameterAﬁ = A;’J!"/A‘j"jd in the jth column

o,j’

of the transformed factor loading matri¢.

(b*-2) For shallow interweaving, defin J* = A‘j"j"f."'“I and sample a new valué}‘l?w from

J.®

P(AjilAY . f.s hmeje). FOr deep interweaving, defire;, | = h{

o.j>d je MH-j,e

AT from p(AjIAT h

+2log |A‘J?'jd| and sample

ém+j» omej); S€€ Section 3.3.2 for details.
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(b*-3) UpdateA., j, f;., and, for deep interweaving, alég,.;.:

o
/]
new| *

AT

new old

R T Tl poud  _ zold
A, = ~oa Aol fie = ~rend ie hmje = hq, .+ 2l0g
] ]

3.3.2 Sampling the scaling parameters in the alternative representations

To derive the full conditional posterior distribution af;, we combine the appropriate full condi-
tional likelihood function with the Gaussian priar; ~ N(0, B,). In addition, the priOtAf’leJ?j ~
N (O, BA/AJ?J. ij) of the transformed factor loadings in colunprontributes to the posterior dis-
tribution of A%, because its scale depends/dh.

For shallow interweaving, we samp/rffj and define\ﬁw as the square root o)fj?j. Combining
the likelihood obtained from factor model (7) with the implied prm?rj ~ G(1/2,1/(2B,)) and
p(A 1A% yields

p(A,Zj |A:j, fjf., Pmije) o p(ff.|hmj,o, Ajzj) p(A:leij)p(Ajzj)a

which is the product of univariate Gaussian densities Wﬁﬁj appearing as part of the variankg,
univariate Gaussian densities wirtﬁj appearing as part of the precision, and one Gamma density
with AJ?J. appearing as argument. Thus, the resulting posterior distributiwrfjdfs Generalized

Inverse Gaussian, i.e.

T %2
(1 @AnyAn). > S

1+ kj—T 1
BA ’ ’ =) ehm+j,t >

> (12)

ASIAL, s hmeje ~ GIG

oj

where GI@p, a, b) has a density proportional t¢-* exp{—%(ax+ b/x)}. Given an #icient method
to draw from the GIG such as the adaptive rejection sampling algorithm providedioyatin and
Leydold (2013), sampling from (12) is straightforward. For practical implementation, we use the
R packageGiGrvg (Leydold and Hirmann, 2015) which provides@C++ interface to avoid the
cost of interpreting code at every MCMC iteration, thereby rendering the re-updating negligible in
terms of overall computation time.

For deep interweaving, we samplg; indirectly throughum,j = IogAJ?j. Combining the im-
plied prior p(um, j) o exp{,urmj/z - e“m+i/(28,\)} with the likelihood obtained from SV model (10)
and the prior$y%, , olmsj. dmej 02, ~ N(umﬂ-,afmj/(l — ¢2,.)) andA? lum.j ~ Nig (O, BAe‘ﬂ"HJIkJ.)

M+
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yields the posterior

(/Jmﬂle i m+j,o’ ¢m+1’ O-I?nﬂ) o p(h;H-J,ol/'lm*-J’ ¢m+J’0-r2n+1)p(A:J|/lm+J)p(/1m+J)’

which has a non-standard form. To generate draws from this density, we consider an independence
Metropolis-Hastings update in the spirit of Kastner anighiwirth-Schnatter (2014). Since the like-
lihood p(h*
be used to construct an auxiliary posterior under a conjugate auxiliarynan';mmjlaaj, Omej) ~
N(O, Boo-rzmj/(l — ¢m+j)2) with By large. Consequently, we draw a propqé’éjffrom theN(rrfj‘, S‘J‘)

R R 2 N . Lo
700 Mme > Bme s 07, ) IS the kernel of a Gaussian densitydg, j, it can

m+j,10

distribution with:

rrf.‘ Z;r ! h:nﬂt + (hm+J T ¢m+jh;1+j’0)/(1 - ¢’rTHJ) o O-ﬁH.j/(l - ¢m+j)2

j T+ 1/By ’ i T+ 1/By

Denoting the old value ofim.; by ¢ ., this proposal gets accepted with probability mirg),

m+j?

where
pro prop o2 pro
:))p(hm_'.J oll‘lm+1 > ¢m+j7 m+])p M+ anX(MrO]qkj+J|O-m+J5 ¢m+j)

(A‘.’ iy )p(h +J 0|ll(r)rlf|j+1 s ¢m+] ’ m+]) p(/’lo'd anX(/Jprop|O-m+J s ¢m+J)

In case of acceptance, s&€}™ = &m1/2; otherwise, len* = Ao'd.

To conclude, we add two remarks. First, note that it is easy to combine both interweaving
schemes within the MCMC sampler by daisy-chaining the corresponding steps. Second, note that
any nonzero element of thigh factor columnA, ; can be used to boost its mixing (not only the
diagonal elemen;;). This is useful in particular when no loading matrix restrictions are enforced
as it cannot be guaranteed that the diagonal elements are nonzero. Thus, in such situations, one
could use a randomly selected (nonzero) element of each loadings row instead. Alternatively, one

could also use the element whose absolute value is maximal,;j.euch thatA j;| = max|A, j|.

4 Simulation Study

In order to compare the filerent algorithms in terms of samplingfieiency, a simple simulation
experiment is conducted. We use = 10 (simulated) series amd = 2 (simulated) factors to

generatel = 1000 observations, thereby imposing the usual lower triangular constraint. The data
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Traceplots: Series 1 loading on factor 1 (draws 1 to 10000 after burn-=in)

Autocorrelation Functions: Series 1 loading on factor 1
£=
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Figure 1: Trace plots of 10 000 draws fraoiA14|y) (Ieft hand side) and empirical autocorrelation
functions of all 5000 000 draws (right hand side) obtained via the standard sampler (top), shallow
interweaving (middle), and deep interweaving (bottom).

generating parameter values — listed in Table B.1 in Appendix B — are kept constant, whereas the
data generating process as well as the estimation procedure is repeated 100 times. Each time, the
draws are initialized at the data generating values; then, 5100000 draws are obtained of which
100000 are discarded as burn-in. Prior hyperparameters are set as foBgws:1, b, = O,

B, = 100,ap = 20,by = 1.5, andB,, = 1.

To gain insight about the mixing behavior of théfdrent sampling strategies, trace plots (i.e.
time series plots of the MCMC draws) far ; are displayed in the left hand panel of Figure 1. Even
though the plots depict only the first 10 000 iterations after burn-in, it becomes very clear that the
mixing of the non-interwoven sampler is extremely slow. The algorithm doesn’t seem to explore
the posterior distribution within a reasonable amount of draws which renders this output practically
useless in terms of posterior inference. Moreover, the burn-in period for this sampler would need
to be chosen extremely long to avoid strong dependence on the starting values. This situation is
slightly mitigated when using shallow interweaving; nevertheless, mixing is still poor and for reli-
able posterior inference many draws are required. Turning towards the deeply interwoven sampler,
one can observe quick mixing and hardly any visible autocorrelation.

Investigating autocorrelations of the draws via the empirical autocorrelation function confirms
this picture; the right hand panel of Figure 1 shows that the empirical autocorrelation function for
draws fromp(A14|y) decays very quickly for the sampler using deep interweaving which is not the
case for the other two samplers, where visible autocorrelation remains even at large lags.

A convenient and common way of measuring sampling figiency is by means of thaeffi-

ciency factor (IF) sometimes called thgntegrated) autocorrelation timdt is defined as the ratio
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Figure 2: Left: Boxplots of estimated ifieciency factors for posterior draws from(A11]y!)
whereyll i € {1,...,100}, denote artificially generated data sets whose underlying parameters are
identical, cf. Table B.1 in Appendix B. Right: Pairwise scatter plots thereof.

of the numerical variance of a statistic which is estimated from the Markov chain to the variance
of that statistic when estimated from independent draws, thereby quantifying the relative loss of
efficiency when inferring from correlated as opposed to independent samples. In other words, to
achieve the same inferential accuracy about some posterior moment of some parameter as with
k independent samples, lEk MCMC draws are required. For the paper at hand, we us®&the
packagecoda(Plummer et al., 2006) to estimate thefii@ency factors.

Moreover, when investigating performance of MCMC samplers through simulation studies, it
is of great importance to take sample variation into account; even when identical parameter values
are used for the generation of latent variables and data, samplingiigecy may vary greatly.
To illustrate this, we show box plots of the tfieiency factors stemming from repeated data gen-
erating processes in the left panel of Figure 2. Note the enormous range for the standard sampler;
depending on the data, IFs of 5000 or more are not uncommon, while at the same time IFs of
around 100 can be observed. However, independently of the actual data, interweaving attenuates
this dfect drastically and increaseffieiency uniformly. The right panel of Figure 2 shows pair-
wise scatter plots of these IFs. Note that shallow interweaving yidttsescy improvements
which are more or less independent of the actual data (around five-fold for all data sets), whereas
deep interweaving IFs appear less clearly correlated.

To provide a more complete picture, we list theffimency factors for all elements aof for the

various algorithms in Table 1, averaged over all 100 runs. Note that shallow interweaving permits
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1 2 1 2 1 2
1 2901.87 1 462.07 1 8.56

2 2630.89 999.88 2 434.09 186.39 2 10.81 8.69
3 2931.02 233.08 3 460.59 80.57 3 8.48 10.92
4 2936.83 673.08 4 457.71 141.30 4 855 9.00
5 2909.98 876.57 5 451.84 164.85 5 879 8.46
6 2772.16 934.87 6 437.95 174.34 6 9.33 825
7 2303.80 958.02 7 406.73 178.91 7 10.38 8.19
8 1463.70 968.13 8 337.78 181.54 8 12.36 8.17
9 605.16 974.56 9 215.53 183.30 9 16.07 8.14

10 113.16 976.10 10 67.89 184.30 10 22.07 8.18
(a) No interwesing (b) Shallow interweang (c) Deep interweaving

Table 1: Average IFs for factor loadings matrx

f1,1000 f2,1000 hl:LlOOO hlZlOOO

No interweaving 121.54 53.30 232.23 21.59
Shallow interweaving  48.98 20.42 127.24 16.27
Deep interweaving 3.79 3.76 5.44 5.85

Table 2: Average IFs for the final factofs and their log-variancels,, jr, j € {1, 2}.

efficiency gains of around two- to eight-fold as opposed to the standard sampler, whereas deep
interweaving delivers gains up to almost 1000-fold.

It comes as no surprise that sampling (ffijgencies of draws for the volatility parameters
ui, 1 € {1,...,m} as well asp; andoi, i € {1,...,m+ r} are not &ected substantially by this
interweaving strategy, thus they are not reported here. It is however worth noting thiaieney
of factor f;. and factor log-variance draws,. ., j € {1,...,r} may be influenced by bad mixing
of A. For illustration, IFs are reported for the final factdss and f,r and their log-variancesy, 1
andhp,,1 in Table 2.

To conclude the simulation exercise, we investigate predictive performance of under- and over-
fitting models through cumulative log predictive Bayes factors in Figure 3; see Kastner (2017) for
computational details. It stands out that the biggest predictive gain over a model that ignores con-
temporaneous correlations comes from introducing the first factor, i.e. allowing for co-volatility
through one common factor. Then, as expected, the second factor bumps the predictive score to

its maximum. After that, it remains (almost) constant for three and more factors, irrespectively of
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Estimated predictive log Bayes factors over the no-factor model
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Figure 3: Log predictive Bayes factors in favor of théactor model over the no-factor model. The

first 500 returns in the data set are treated as prior information and log one-day-ahead predictive
likelihoods are accumulated over the following 500 days. Circles connected with a solid line
indicate values obtained with completely unrestricted loadings matrices; triangles connected with
dashed lines indicate values where the loadings matrix is restricted to be lower triangular.

whether the lower triangular restriction is enforced or not. This points out that underfitting mod-
els are severly worse in terms of prediction while overfitting models hardfgrsitom the extra
parameters introduced.

Note that, similar to a scree plot in principal component analysis, Figure 3 can also be used as
a graphical tool for finding the true number of factors. For this exercise, we clearly find the true

number of two factors.

5 Application to Exchange Rate Data

In this section, we analyze exchange rates with respect to EUR. Data was obtained from the Euro-
pean Central Bank’s Statistical Data Warehouse and ranges from April 1, 2005 to August 6, 2015.
It containsm = 26 (all which were available for this time frame) daily exchange rates on 2650 days
listed in Table 3. For further analysis, we thus lise 2649 demeaned log returns. The data is dis-
played in Figure C.1 in Appendix C. Common “stylized facts” of financial time series are clearly

visible; note e.g. the obvious volatility clustering during 2008 and 2009 and again throughout late

ACCEPTED MANUSCRIPT
18



ACCEPTED MANUSCRIPT

AUD Australia dollar CAD Canada dollar CHF Switzerland franc
CNY Chinayuanrenminbi CZK CzechR. koruna DKK Denmark krone
GBP UK pound HKD Hong Kong dollar HRK Croatia kuna
HUF Hungary forint IDR Indonesia rupiah JPY Japanyen

KRW South Korea won MYR Malaysiaringgit NOK Norway krone
NZD New Zealand dollar PHP Philippines peso PLN Poland zloty

RON Romania fourth leu RUB Russiaruble SEK Sweden krona
SGD Singapore dollar THB Thailand baht TRY Turkey lira
USD US dollar ZAR South Africaand

Table 3: Currency abbreviations.

2014 and early 2015. To put the robustness of our sampler to the test, we use the data as-is, i.e.
without excluding series containing extreme outliers such as the CHF spike on January 14, 2015

or the near collapse of RUB around December 16, 2014.

5.1 Model Specification

For selecting the number of factors in this application, it is important to keep in mind the primary
purpose of the analysis. Derent sampling strategies are applied, depending on whether identifi-
cation of A is of no concern (e.g. for covariance matrix prediction only), or whether identification
is instrumental for understanding the unobserved, underlying factors.

For the first case, we experimented with fitting unrestricted models to the exchange rates data.
This implies that the method is completely invariant to series ordering and there are no model-
implied “leading factors” as is usually the case. With respect to selecting the number of factors, we
found that higher-order models without any restriction on the factor loadings matrix yield higher
marginal likelihoods and are thus recommended. Figure 4 illustrates this via log predictive Bayes
factors.

If identification is warranted, an important step is the appropriate ordering of the variables,
before the usual lower triangular structure is imposed on the factor loadings matrix to guarantee
mathematical identifiability, as outlined in Section 2.2. This, however, makes inference on the
factor loadings matrix dependent on the appropriate ordering of the variables. We exemplify this
by the predictive Bayes factors for models where the component series are ordered alphabetically

and the lower triangular structure is imposed on the first three series appearing in Table 3, namely
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Estimated predictive log Bayes factors over the no-factor model
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Figure 4: Log predictive Bayes factors in favor of théactor model over the no-factor model. The

first 1000 returns in the data set are treated as prior information and log one-day-ahead predictive
likelihoods are accumulated over the following 1000 days. Circles connected with a solid line
indicate values obtained with completely unrestricted loadings matrices; triangles connected with
dashed lines indicate values where the loadings matrix is restricted to be lower triangular. The
component series are ordered alphabetically.

AUD, CAD and CHF. As shown in Figure 4, for a given number of factgréhe log predictive
Bayes factors of the constrained models are consistently smaller than for the unrestricted models,
indicating that a purely mathematical identifiability constraint may be in conflict with the data.

Also for the constrained models, the log predictive Bayes factors is ever increasing for the
exchange rate data. However, it stands out that the relative gain per additional factor is highest
for few factors, flattening out quickly. Furthermore, draws of the factor loading matrix in these
higher-order models are feicult to identify, in particular, if the lower triangular constraint is in
conflict with the data and spurious factors, i.e. factors which are significantly loaded on by only
few series, are present (seaiRwirth-Schnatter and Lopes, 2017, for a detailed discussion of this
issue in the static factor context). Thus, to keep presentation feasible and to avoid spurious factors,
we restrict ourselves to a model with= 4 factors for the following in-depth discussion.

One way to find constraints that are not in conflict with the data is to post-process the MCMC
draws of an unrestricted sampler with= 4 factors, a method that has been applied in Conti

et al. (2014) and ABmann et al. (2016). Note that rather than reordering the variables before
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imposing a lower triangular constraint, we can choose three (out of the 26) currencies, and impose
ther(r — 1)/2 = 6 zero restrictions on the corresponding factor loadings, see e.g. Dunn (1973).
While the choice of these currencies is not unique, inference is robust to specific choices, as long
as the corresponding currencies serve as “leaders” for specific factors. This is exemplified by
Figure C.3 which displays the posterior median of the MCMC draws of the factor loadings obtained
from an unrestricted sampler with = 4. To solve column switching, the columns Af are
rearranged by the size of their maximum median loading. According to Figure C.3 in Appendix C,
USD is a definite candidate to lead factor one, PLN leads a second factor, and AUD leads a third
factor. Alternatively, identification could be based on any other currency strongly loading on factor
1 (such as HKD or CNY), in combination with HUF (instead of PLN) and NZD (instead of AUD).

Prior hyperparameters are the same as for the simulation study in Section 4. A sensitivity anal-
ysis shows that none of the hyperparameter choices turn out to be very influential in this particular
application with the exception of the prior factor loadings variarigesThese, however, are only
important for the absolute scaling of the factors and do not notably influence the relative loadings
sizes or predictive Bayes factors. We run each sampler for 550 000 iterations, discard the first
50000 draws as burn-in, leaving 500 000 which we use for posterior inference. Even after this
substantial amount of iterations, it is not clear that the sampler without interweaving has properly
converged; we therefore omit its presentation. IFs from the interwoven samplers are presented in
Table C.1 in Appendix C.

Finally, we identify the signs of the loadings in the post-processing phase by investigating
the MCMC draws. For each factor, the series whose posterior absolute loadings distribution is
furthest away from zero is assigned a positive sign, the other loadings are aligned thereafter, see

also Section A.4 in Appendix A.

5.2 Posterior Factor Volatilities and their Loadings

We begin by discussing the log-variances of the latent factors, visualized in Figure 5, alongside
the corresponding factor loadings whose posterior distribution is depicted in Figure 6 and means
presented in Table 4.

The first factor can clearly be interpreted as the USD-driven one, as the pegged triplet USD,
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Log-variance of factor 1 (mean +/— 2sd)
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Figure 5: Marginal posteriors of the factor log-varianbgsj:, j = 1,...,4 (meant 2 x sd).
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Figure 6: Marginal posterior distribution of the factor loadings, visualized through arbitrarily col-
ored scatterplots of MCMC draws.

CNY and HKD loads very highly on this factor, alongside many other currencies. Its volatility is
generally very smooth, rising in the aftermath of the 2008 financial crisis and going down again
after 2009; a second increase can be seen in the second half of 2014, possibly in connection with

the Greek government-debt crisis. Factor 2’s log-variance appears slightly less persistent and more
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Aer A2 Az Auy Acr A2 Az Ady
AUD 0.418 1.156 2.772 * MYR 1.285 0.391 0.587 2.439
CAD 0.873 0.805 1.389 NOK 0.619 0.704
CHF -0.184 NzZD 0.342 1.066 2.665
CNY 1.592 0.076 PHP 1.330 0.449 0.389 1.702
CZK -0.099 0.605 PLN -0.292 1.835 * *
DKK  0.002 RON -0.051 0.530
GBP 0.605 0.230 0.627 RUB 0.813 0.104 0.138 0.237
HKD 1.611 0.003 0.005 SEK -0.049 0.529 0.527
HRK SGD 1.065 0.260 0.642 1.463
HUF -0.339 2.028 THB 1.358 0.092 0.273 1.049
IDR 1395 0.419 0.347 1.153 TRY 0.845 1.702 0.549 0.920
JPY 1176 -0.875 0.310 0.904 usbD 1.614 * * *
KRW 1.100 0.617 0.750 1.935 ZAR 0.431 2.303 1.219 1.390

Table 4: Posterior means p{Aly), in alphabetical order. Blank entries signify that the respective
marginal distribution is not bound away from zero with at least 99% posterior probability. Starred
entries are those which have been set to zero a priori.

volatile, it is driven by ZAR, the only African currency in the sample, alongside Eastern Europe’s

/ Southwestern Asia’'s HUF, PLN and TRY. Interestingly, JPY loads negatively on this factor. The
third factor shows a similar overall pattern as the first. The highest loading series for this factor
are AUD and NZD, emphasizing the Trans-Tasman relations. Other commaodity currencies such as
ZAR and CAD also load highly on this factor. Factor 4 is clearly driven by the currencies of the
Tiger Cub economies such as MYR, KRW, PHP and SGD.

5.3 Posterior Volatilities and Correlations

In order not to overload the graphical displays used to visualize the results of the analysis, we
display the results for a two-year period only for the rest of this section. More specifically, we look
at the years 2008 and 2009, covering the most volatile span during the financial crisis. Irrespec-
tively of that, the full data set has been used for estimation and other time spans could be displayed
analogously.

We start out by visualizing the marginal posterior means of univariate volatilities for all 26
currencies in Figure 7 from the last day of 2007 until the last day of 2009. Series such as DKK

or HRK are (very) closely pegged to EUR and unsurprisingly show very low volatility throughout
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the crisis. Other European currencies (CHRON, SEK, CZK) follow suit. Tiger Cub economies

such as PHP, HKD, THB, and MYR align very closely with USD and CNY. Most volatile cur-
rencies during this period are KRW, ZAR, IDR, JPY, but also TRY, followed by NZD, AUD, and
CAD. Overall, it stands out that even though some series-specific ups and downs can be spotted, a
common trend is clearly visible.

Next, implied correlation matrices are displayed in Figure 8, exemplified for the last day of
2007, 2008, and 2009. Additionally to displaying the mean posterior pairwise correlations (at the
given dates) via color and shading, these plots visualize posterior uncertainty; the outer and inner
circles’ sizes correspond to posterior maad standard deviations, respectively. The images were
generated using thie packagecorrplot (Wei, 2016); its optiorhclust (hierarchical clustering)
was used for ordering the series to emphasize the blocks of currencies.

To further illustrate variability over time, we determine the posterior means of the pairwise
time-varying correlations of USD against the other currencies which are plotted in Figure C.2 in
Appendix C. As was to be expected, correlations of CNY and HKD with USD are almost always
very close to one; IDR, THB, SGD, MYR, and PHP show rather high correlation throughout. The
correlation between USD and RUB on the other hand falls from arowthic @arly 2008 to around
0.4 in late 2009, whereas THB moves in the opposite direction; its correlation with USD is around
0.5 at the beginning of the time window and increases quickly to aroutd Bastern European
non-euro currencies, in particular PLN and HUF, appear to be slightly negatively correlation with

USD throughout the entire period.

6 Conclusion and Outlook

Estimating time-varying (dynamic) covariance and correlation matrices of financial and economic
time series constitutes a current and active area of research. One of the main challenges thereby
is the curse of dimensionality, i.e. the fact that the number of elements of these matrices grows

quadratically with the number of observed series. We address this issue by imposing a low-

1t is interesting to note that the Swiss franc stays comparably stable from a EUR perspective throughout 2007-
2009. Very diferently during summer 2011, where CHF shows atypical and very high volatility until the Swiss Central
Bank sets the minimum exchange rate at CHF 1.20 per EUR 1 on September 6.
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Figure 7: Posterior volatilities of exchange rate log returns with respect to EUR, from the last day

of 2007 until the last day of 2009 (meat x sd).
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Figure 8: Posterior correlation matrices on the last trading days of 2006, 2007, and 2008. For
each element, the size of the oujitemer circle is determined by the posterior mean fshisus

two posterior standard deviations, thereby indicating posterior uncertainty. Color and opacity are
determined by the posterior mean. The remaining days are visualized in a video to be found online
athttps://vimeo.com/212887492.

dimensional latent factor structure where the factors are allowed to exhibit stochastic volatility
and thereby govern co-movement of volatility over time. To conduct reliable statistical inference,
we propose novel Bayesian MCMC algorithms which exploit the model-inherent identifiability
constraints. By interweaving filerent (but mathematically equivalent) parameterizations, the pro-
posed strategies substantially improve mixing of draws obtained from the posterior distribution, in
particular for the factor loadings matrix. The method proposed is fully automatic in the sense that
the end-user is not required to manually adjust any tuning parameters.

In an extensive case study discussing exchange rates with respect to EUR we show that the
algorithm plays well with real-world data that exhibits a fair degree of outliers (e.g. CHF, RUB)
which are captured through the idiosyncratic stochastic volatility components. The model struc-
ture allows for a covariance decomposition in four interpretable factors (OSP driven, Eastern
Europe, commaodity currencies, Tiger Cub economies). These, alongside the idiosyncratic volatil-
ities, drive the dynamics of the joint correlation structure. The pairwise correlations with USD
range from “almost perfect” (CNY, HKD) over “hardly existent” (CHF, HRK) to “slightly nega-
tive” (PLN, HUF) with a varying and time-dependent degree of variability.

Concerning extensions of the model, we point out that due to the modular nature of MCMC, all

the ideas of this paper can be straightforwardly generalized to models that independently model the
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mean, be it through a simple nonzero mean vector, a local level model, external regressors, or via
(vector) autoregressive processes. For models where the level of the returns explicitly depends on
the (co-)volatilities yolatility-in-meantype-edfects, see e.g. Chan, 2017) or the returns are assumed

to be correlated with the (co-)volatilitiekeyeragetype-dtects, see e.g. Ishihara and Omori, 2017),
more involved estimation methods are required; this unfortunately places their discussion outside
the scope of this paper. Nevertheless, due to the growing number of successful applications of
interweaving methods in flerent contexts, there is good reason to hope for simitaects when

they are used for these type of factor SV model extensions.

SUPPLEMENTARY MATERIAL

WEes Appenpix containing (A) details of the various sampling steps of Algorithm 1 and details
concerning th&k packagdactorstochvol, (B) the data generating parameter values for the
simulation study in Section 4, and (C) further results for the exchange rate data discussed in
Section 5. (.pdf file)

Vmeo displaying the time-varying conditional correlation matrix distribution for the full data set
(cf. Figure 8). Available ahttps://vimeo.com/212887492. (.avi file)

R-packaGe factorstochvol, version 0.8.3, containing code to run the samplers described in the
paper. Available ahttps://cran.r-project.org/package=factorstochvol. (GNU
Zipped tar file)

REepLIcATION copE for the results in the paper, including the exchange rate data. (GNU zipped tar
file)
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