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Course Grade

e Homework 20%
e Exam 40%
* Project 40%

(Three in a Group)

Text Required

» Packet
» Additional notes distributed in class

Text Recommended

* Box, G., Jenkins, G. and
Reinsel, R. (1994)

» Time Series Analysis,
Forecasting and Control
(3rd Edition)

* Prentice Hall
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Text Recommended
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Univariate and Multivariate Methods

» Time Series Analysis:
Univariate and Multivariate
Methods(2nd Edition)

* Addison Wesley
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Tsay, R.S. (2001)
» A Course in Time Series

Daniel Pena

Analysis (1st Edition)
 John Wiley &Sons
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other patterns — 3

4 I R

change over time

other patterns — 2

Intervention
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SERAS T4 (1)

(a) Yield of Chemical Process - Box-Jenkins Series F
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(a) Yield of Chemical Process - Box-Jenkins Series F
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(b) Monthly Changes in 90-Day T-Bill Rate 1983-1993

AEFAR S TE 41 (1)

(a) Monthly 90-day T-Bill Rate 1981-1993
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(a) Monthly 20-day T-Bill Rate 1981-1923
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{a} Quarter?y Real GNP
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FIGURE 1.4 Concentration readings of a chemical process: Box-Jenkins series A.
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{a) International Airdine Passenger Totals - Box-Jenkins Series G
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{a) International Airline Passenger Totals - Box-Jenkins Series G
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FIGURE 1.6 Two examples of secasonal series.




Variance Change
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FIGURE 1.8 Value-weighted S&P 500 returns 1926-1991.

FIGURE 1.8 Value-weighted S&P 500 returns 1926-1991.
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Asymmetric time series (1)

Asymmetric time series (1)

(a) Annual Sunspot Numbers 1700-1979 Jeak
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Unidirectional Relation between Series

{a) Input Gas Rate
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e 1AV N N MA A A ] « Non-stationary
A\ L,r".l /ARl I W\ A/ VY ‘ « Seasonality
N - v ] * Level Shift
’ S s « Variance Changes
o T T N 1 « Intervention
Coss] ARAN [ . « Bivariate Leading-Lagging Relationship
S - j' | [V Ve . ...
| o | * GOAL: model these different patterns for
5 oo 5o P prediction (forecasting)
- - Outlier
Course Objects — Topics (1)
 Linear Dynamic Models
— ARIMA Models = s
— Forecasting = | /
— Model Building - Sutlir
— Dynamic transfer function =
— Intervention + Outliers She
« Unit Root Tests =
 Signal Extraction, Unobserved components, = —| .

Seasonal Adjustment
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Course Objects — Topics (1)

 Linear Dynamic Models
— ARIMA Model
— Forecasting
— Model Building
— Dynamic transfer function
— Intervention + Outliers

» Unit Root Tests

« Signal Extraction, Unobserved components,
Seasonal Adjustment

Course Objects — Topics (2)
» Models with nonhomogeneous variances

— ARCH & GARCH Models, others

» Adaptive modeling
— Nonlinear Models

e Introduction to multiple time series
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Aspirin Effect
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Aspirin Effect
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Aspirin Effect

Aspirin Effect

stimuli stimuli
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Aspirin Effect
Yi=1mXe + 11 Xoqg + 10X 0 + 13X 3

Aspirin Effect
Yi=1Xe +1n Xog 10 X0 + 15X 5

Xy o SIS 52 21 1R i (stimuli)
Yy o SATRIRL sz o) 5 w2 A

Aspirin Effect
i = nXitnXig+mXio+mki
Xy WOWSE 2R (stimuli)
Vi o AR LSRR .

Vi = nXitnXiogtmwXig+-+yX i+

vi o GHACLRORRRBOVILEY MO
SUERTRIO AT LR Y; Ry
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Linear Dynamic Model - 1
Y; = v(B)X;

Bt et e i S AL

BX: =X

BQJ(t = B/‘{t—l = J(tfz




Linear Dynamic Model - 2
Vi = (v + 1B+ wnB?+-.)X; =v(B)X;

Linear Dynamic Model - 2

Y; = (o + 1B+ wnB?+ .. )X; = v(B)X;

® Vj
— effect of X;_, on Y;
— j-th impulse response
Linear Dynamic Model - 2 Linear Dynamic Model - 2
Y; = (v + 1B+ 1nB?+-.)X; =v(B)X; Yi=(w+mB+mB*+..)X; =v(B)X;
[ ] ]/j () ]/J.,'
— cffect of X;_; on Y} Linear — cffect of Xy_; on Y}
— j-th impulse response Dynamic — J-th impulse response
Model
o /(D) o v(B)

— v(B)=vy+1mnB+1B?*+- .

— transfer function

~u(B) =+ B+1nB*+. .

— transfer function
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Linear Dynamic Model - 2
Y= (v +nB+mnB*+. )X, =v(B)X;

Linear Dynamic Model - 2
Yi=(w+mB+mB*+.- )X, =v(B)X;

Memory Function
] I/j [ ) I/j
Linear — effect of Xj_; on ¥} Linear — effect of Xy_; on Y}
Dynamic — j-th impulse response Dynamic — j-th impulse response
Model Model
o (D) o v(B)
Witz - v(B)=w+unB+nBt .. ~u(B)=w+uB+1nB?+. -
Distributed Lags ' '
Model — transfer function — transfer function
N v ks \ v ks
W2 K5 A2 K
e iU Y = 1o X, v . . . .
’ ’ Y, = X+ 5Xi1+.25X; 0+ 125X, 5+ .0625X; 4 + -+
o W Y, =X +11 X ZH: (vo. 1) .
Y e L B | b (%9=05)
o TLZMH Yy =X+ A1 FveXy_o ZE 0 (Yo, V1,V 9 )
{ 0\t 1ML —1 oA _2 0, V1,V2 YL _ X!,+¢XL—1 '|'¢’ X;,_g'l'(,f)qX:,_3+¢4Xf,_4 +o
[ ] (-]
)
_ D Model Coefficients s ARIMA Models

18

SRR Z A
RO PR 9




Linear Dynamic Model - 2
Y, = (i +mB+mnB*+..)X; = v(B)X;

. i/j
Linear — effect of Xj_; on V;
Dynamic — j-th impulse response
Model

o y(B)

- y(B)=w+uB+rB+--

— transfer function

AL RBL L 5 2 A
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Zy = pAar+rag_g +yvear_o +Pzag_g+ -
a¢ ~ N(0,0’i)
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Zy = pHag+viai_g +Yra_o +YPzap_z+ -

N(0,07)

~J
Possible conceptual formulation as to how
different patterns arise

AL RBL L 5 2 A

Zy = pAar+iag_g +pai_o +Pzag_z+ -

ag N(0,0’i)

Possible conceptual formulation as to how
different patterns arise

Zy = p+tag+ a1 +oap_s +P3a_3+ - Zy = ptap+Prae— +Yoar—o +P3as_g+ -
= p+ar+P1Bag+ v Blag+ s Blar + - -
= pu+ (14U B+ B>+ 3B+ .- ay

No Memory A Simple Example

Zi pHt Qg
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A Simple Example

Zy=pu+a+Prag—

e MA(1) model

A Simple Example

Zi=p+as+vraiq

e MA(1) model

e a short memory model
since Yo = Y3 =Yy =---=0and ¥ #0

A Simple Example
Zt = p+ag+rag—

e MA(1) model

e a short memory model
since ¥y =3 =Py =---=0and 11 #0

o Zy=pu+ay—0ar_1 = 0=—y

A Generated MA(1) Example

Zt 5+ ay — ‘T(It—l

tON(0,1)

2z ]

J
Ay
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A Generated MA(1) Example

A Generated MA(1) Example

22

A Generated MA(2) Example

Zt 5+ az + .3at_1 — .40,,5_2

N(0,1)

d.

3

i.
ag

MA(1) v.s. MA(2)

mewwm i

MA(L)

MA(2)
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Notes : from page 109 to page 232

b 18 P 371 -

B (B)
Notes : from page 109 to page 232 Notes : from page 109 to page 232
Examples: from page 233 to page 373 Examples: from page 233 to page 373

Text Recommended:

v' Box, G., Jenkins, G. and Reinsel, R. (1994)
Time Series Analysis, Forecasting and Control ( 3rd Edition )
Prentice Hall
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Notes : from page 109 to page 232
Examples: from page 233 to page 373

Text Recommended:
v" Box, G., Jenkins, G. and Reinsel, R. (1994)

Time Series Analysis, Forecasting and Control ( 3rd Edition )

Prentice Hall
v Wei, W.S. (2006)

Time Series Analysis: Univariate and Multivariate Methods (2nd

Edition)
Addison Wesley

Notes : from page 109 to page 232
Examples: from page 233 to page 373

Text Recommended:
v' Box, G., Jenkins, G. and Reinsel, R. (1994)
Time Series Analysis, Forecasting and Control ( 3rd Edition )
Prentice Hall
v’ Wei, W.S. (2006)

Time Series Analysis: Univariate and Multivariate Methods (2nd
Edition )

Addison Wesley

v’ Pena, D, Tiao, G. C., and Tsay, R.S. (2001)
A Course in Time Series Analysis (1st Edition)
John Wiley &Sons

Today Topics

Conceptual Formulation

Stochastic Processes — Stationary P113~114
Stationary Gaussian

ARMA

MA(1)

MA(2)

MA(q)

ACF & SACF Var

AR( 1) «——Cov. Structure
AR(2)

Stochastic Process

Stochastic Process:
A sequence of Random Valuable
with specified prob. Structure

See page 113 of notegs




Stochastic Process

Stochastic Process:
A sequence of Random Valuable
with specified prob. Structure

P(Z,,Z,,",Z,)=
Stationary process

See page 113 of notes

PR TR] 32 471

fa 3}

Stochastic Process

Stochastic Process:
A sequence of Random Valuable
with specified prob. Structure

Stationary Process:

P(Ztn Ztg: B Ztg) = P(Zh-l-k: Ztﬁ-ka e aZte-I-k) Vt: k

26

See page 114 of notes
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yk = COV(Zt s Zt_k ) k 20
Depend on @ K, -K

W5 2= R BRI R R
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7k = COV(Zta Zt_k) kZO
Depend on @ K, -K
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s 2= HR5E: 7o =cov(Z,Z)
ne=cov(Z,Zi,) k=0
Depend on @ K, -K
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Conceptual Formulation

Conceptual Formulation ARIMA

Z, @: R AT T T M
a, iid N(0,07)

Conceptual Formulation

Conceptual Formulation ARIMA
Z @: & +y\a . YL, FYsa
a, iid N(0,02)
Stationary if Y vj<w

Memory long — many y 's




Conceptual Formulation

Conceptual Formulation ARIMA
Z, @: &+, YR8, Yt
a, iid N(0,07)
Stationary if Y v <=
Memory long —many y's
Simplify by making v 's functionally related
Poys=¢ oy, =4

4

vi=¢ w,=¢

Conceptual Formulation

Conceptual Formulation ARIMA
Z, @= e W ST NP R A NP
a, iid N(0,07)

Stationary if Y vj<w

Memory long —many y's

Simplify by making ¥ 's functionally related
oy =4 =4
ARIMA
SRS

4

vi=¢ vy,=¢

ARMA

Yule (1927)

ARMA

(a) Annual Sunspot Numbers 1700-1979
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100 -
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sunspot

|
|
|
|
|
I
|
|
|
|
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about 1lyears
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ARMA

Yule (1927)

Zt = alzl—l + azzt—z +€

ARMA
Yule (1927)
Zi=al  +a,Z_,+¢e
Slutsky (1927)

extend to MA models

30

ARMA
MA(1)
Z =u+a,—6a

ARMA

MA(1)

J.

b ' A N
| i | . . Ik |
I | / ] N l ﬂ A h ih A Al fal ]
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|
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see page 233~236 of notes




ARMA
MA(1)
Z, %—%
Z, =a —6a Z,=a,-6., Z,=3a,-6,

ARMA

MA(1)
Z, %— e,

Z =a —ba, Z,=a_ -6, 7L ,=3a_,-0a,
7, =(1+60)o. y,=CovZ,Z,_)=-0c.

7,=0 =0 p» =0 k>2

ARMA
MA(1)
Z, %—9&_]
Z, =a —-6a, Z,=a_,-6_, Z_,=a_,-6a
7, =(1+0")c. y,=CovZ,.Z, )=-0o.

7,=0 =0 »=0 k=2

1+6> -0 - 0

Cov = o2 -0 1+6* - 0
2 : . : )
0 -6 1+6*

see page 115~116 of notes

ARMA

ACF auto correlation function: MA(1)

) L
Pc=3y1+46
0 k=2
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ARMA

32

1+6*> -0 0
_ 2
Cov =0 :9 1+:6' 06 Z, =b, —nb,,
U 0 -0 1+6° b iid N(O,Gi)
1 1
7, 0 ° 0} =0
=0.0° 0 972-'—1 01
e
_1 0 Ly
n=5 0 0
n’+1 -z 1
- o -7 772‘+1 0
-1
0 -n n*+1
Z,=a —0ba_,
Z,=b,—nb., Z,=a,—6h,, \
[atzthré?at_l o<
. <
b iid N(.c)) 3 iid N(0,0;) a_ =2, +0a,,

O_Z — 020_2
two equivalent representations
Invertibility question
Z,=a,—0a,,
- (1-6B)a, <« a,,=0Ba,

\at =Zt+0(zt—1 +0at—2)
=7Z,+6Z, ,+6%a,,
=Z,+60Z, ,+0°Z, ,+0a,,




Sl
lo]<1
a,, =24, + 0at—2
\at =Z, +‘9(th1 +9a172)
=Z,+0Z,  + ezam
=Z,+0Z, ,+60°Z, ,+06a,_,
1- 98)712t = a,
(1+6B+6°B*+0°B’ +---)Z, = a,
a=2+0L +0°Z ,+0°Z ,+--

L =L, —szt_z _93Zt—3 -t

fa, , \
Z,=(1-068B
[at =Z, +0a_,

If |9|<1

ARMA
Z,=a,—-0a,,
[at =7Z,+0a,, \

lo|<1
a,_, = Zt—l + Hat—z

\at =Z,+0(Z,_ +0a,)
—Z,+07Z, +0%,,
=Z,+60Z, ,+0°Z, ,+0a,,

(1+6B+6°B*+6°B* +---)Z, = a,

a,=2,+6Z,_,+60°Z,,+60°Z, _,+-.- invertible form

L =—0L, _szt—z _03Zt—3 —ta

33
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BB (TF)

ARMA
Z,=a, —0a._,
[at =Z.+0a., \
<
a, =2, +0a., 1

\at = Zt + g(zt—l + eatfz)
=Z,+0Z,,+6%,,

=Z,+0Z, ,+0%°Z,,+060%,,
(1-6B)'Z,=a

‘ W Pl
(1+6B+60°B*>+60°B*+---)Z, = a, -

a=2,+60z, ,+0°2, ,+0%2, ,+--- invertible form

Zi=—0L — 922t—2 - 032t—3 —ta

ARMA

Autocovariance Generating Function

34

ARMA

Autocovariance Generating Function
7(B) = (1-B)(L-6F)o,
Forexample: MA(1) @ < Z,=(1-06B)a,
a, iid N(0,07%)
F = Forward Shift Operator
=B




ARMA

Autocovariance Generating Function
7(B) =(1-B){1-6F)o
For example: MA(1) Z, = (1-6B)a,
a, iid N(0,02)
F = Forward Shift Operator
=B
(B)=c2fl-0(B+F)+0?]

= o2+ 0?)-0(B+F)
=70+71(B+ F)

ARMA

In general
7(8):70+71(B+ F)+72(Bz+ F2)+73(Bg+ F3)+"'

ARMA

In general
7(B)=70+71(B+ F)+72(Bz+ F2)+73(83+F3)+"'

L B)=11+p(B+F)tp,(BE+F2)s py(BS+ F¥)s -
7o

(autocorrelation generating function)

ARMA

In general
V(B)=7o+71(8+ F)+72(82+ F2)+73(Bs+ F3)+"'

L B)=1+p(B+F )t p,(BZ+F2)+ py(BZ+ F2)s -
7o

(autocorrelation generating function)
B - e —izf

Vo T 71(5 + F)= [yo+ 2y, cos 27f]

35




ARMA

In general
7(B)=70+71(B+ F)+72(BZ+ F2)+73(BS+F3)+"'

L (B)=11p(B+F)tp,(BE+F2)s py(BS+ F¥)s -
7o

(autocorrelation generating function)
B =¢e —ixf
Vot 71(5 + F )= [y, + 2y, cos 27xf]

2y(B)=P(f)  (spectrum density function)

See page 118 of notes

ARMA

Stationary Gaussian Process

Yo i V2 V3
Yo o P2 Pz "

Learn it yourself

ARMA

Stationary Gaussian Process
Yo 72 V3 o
Yo Po P2 P3 o

MA(1)
Z,=(1-6B)a,

RH (0.07)

36 Learn it yourself

ARMA

Stationary Gaussian Process
Yo i V2 V3 o
Yo o P2 Pz "

MA(1)
Z,=(1-6B)a,

R (0,07)
the series parameters & lag moments 5% 2 ] /£ ?

Learn it yourself




ARMA

Stationary Gaussian Process

Yo i V2 V3
Yo O P2 Pz o

MA(L)
Z,=(1-6B)a,

RH (0,07)
the series parameters & lag moments 5< & i 7£ ?

2

70:(1+92)O-a

71=_90-§

ARMA

Stationary Gaussian Process

Yo i V2 V3
Yo v P2 P3

MA(1)
Z,=(1-6B)a,

R (0,07)
the series parameters & lag moments < 2 fa £t ?

7o=(1+60%)c}
yi=-60 ;
7.=0 k=>2
If know (0,52) , get all moments

% n % - ,howtoget (0,67) ?

7. =0 k>2
If know
Learn it yourself Learn it yourself
MA(2) MAQ) | |
Zi=a -ba_ -0a,, : iy i, I,_ .r' : i
MMt~ 'I.~|"|I.’"|I Tt i Vi 0 "7 ' l. i
R AL R T R
1 L | ] E'I \ I! If | | I
L S B
MA@ | | ;
= i - I | | |
37




MA(2)

z

ARMA

glatfl - 62 a172

MA(2)

ARMA

7, -a -6a_ -0,
Z,,=a., 02,62

Zt-z =a_,— elat‘3 B ezat_A

Z,=8,-0a_,-03
Z,=8_,—-0a_;-6a_

py %0 men e

ARMA

MA(2)
Zt =a, — 91a1’l B ezakz

ARMA

MA(2)
Zt =a, — elat’1 - ezakz

Z,=a,-60a,-63,
Z ,=a_,-0a_ ;-0

Py %0 A

-0,
P2 1+607+0;

Zt—l =a, —491&[,2 _4923.[73
Z,=a_,-0a_;-6a,

*0 [p:29) o -0 ks

P1
—9, # 0

P2 :1+ 0, +0;

7/ : ) ) ~ . O
(B)=(1-6,B-0,B*)1-6,F -6,F*)o?

38




ARMA

Inverted form
Z =(1-6B-6,B%a,
(1-6B-6,8%)'Z =2

ARMA

Inverted form
Z, =(1-6B-6,B%a

Cl—@B—@B?)*Zt -2
(1-aB)1-a,B)'Z =3

ARMA

Inverted form
Z,=(1-6B-0,8%3,

(1-6B-6,B*)"'Z =a,
C(1—0:18)(1—0128)’12t =a

7(B)Z, =4,

7(B)=(1-6,B-6,B%)"

7(B)=r, +7rlB+7rsz +7z3B3 pees )

ARMA

Inverted form
Z, =(1-6B-6,B%a

(1-6B-6,B*)"Z =a
C(l—alB)(l—aZB)’lzt =a

7(B)Z, =a,

7(B)=(1-6,B-6,B*)™

7(B)=r, +7rlB+7zzB2 +7rsB3 Gess g

(1-6B—6,8")(% + 1B+ 7,8’ + 7B’ +--) =1

see page 119 of notes

see page 95~108 of note39




ARMA

why the inverted form

ARMA

why the inverted form

Z,=(1-6B-6,8Ya,

40

ARMA

why the inverted form
Z,=(1-6B-6,B%)a,
7(B)Z, =4,
7(B)=1-zB-7,B° —7,B* — -
-l =l Tl 5=,
Li=ml A+l ,+ml o+ +8

ARMA

Z,=(1-6B-6,BYa,
why the inverted form

n(B)Z, =4,

7(B) :1_72'18—72'252 —7z383_...

Ll —ml ,— Tl s~ =]

Zt = 7[12171 -‘1-72'22172 +7Z'3ZF3 +---+8, «——Relations between Z; and lag Z;’s

Relations between Z; and shocks a;’s

usefulness of the sz form

relate z, to past values of z, plus current noise &,




ACF &SACF

conceptual model

see page 121 of notes

ACF & SACF

conceptual model
Zi=a +y@ +Y,a , tWaa gt
stationary condition ;& iid N(0,07)
{ Qyi<w

see page 121 of notes

ACF & SACF

conceptual model
Zi=a +ya  +y,a v a +-
stationary condition (& iid N(0,07)
1 Yvi<e

Yo=+y’+y’+-)ol
n=E@+wa_+v,a_,+ )@, +wa_, +y,a s+

=0 (YW, Vs )

see page 121 of notes

ACF & SACF

conceptual model
Zy=a,ty,a Y, , W gt
stationary condition & iid N(0,07)
{ Z l//j2 <

Yo=W+y’+yi+--)oh
n= E(at L ZC R 721 NP ')(at—l Ty, tYW,8 g+ )

=0 (Y YW, Vs + )

:>7k

see page 121 of notes41




ACF & SACF

see page 236 of notes

see page 239~240 of notes

ACF & SACF

see page 236 of notes

see page 239~240 of notes

42

ACF & SACF

complex formulate to var(r;)

ACF & SACF

complex formulate to var(r;,)
: 1
ifall pr =0  Var(ry) = ~
13

see page 122 of notes




ACF & SACF

complex formulate to Var(r;)

: 1
ifall pr =0 Var(r) ~ ~
1]

if {p|=0 for 1>q

A#0 for I=q

thenfor k> Var(re) = A[1+2(5% + -+ p3)

see page 122 of notes

ACF & SACF

complex formulate to Var(ry)

] 1
ifall pr =0 Var(ry) = ~
1

if [P|=0 for 1>q
A#0 for I=q

thenfor k>a  Var(ry) = 3[1+2(pf +--- + p7)]

see page 240 of notes

see page 122 of notes

ACF & SACF

practical use

1% assume MA(0) \-'a-r(?'x-)%%

ACF & SACF

practical use
1% assume MA(0)  Var(ry) ~ 1
T
then assume MA(1) for k=>2

. 1 __. 1.44
Var(ry,) ~ ;[1 +2x (0.47%)] = 100

43




ACF & SACF

Zi=a +yia  tW,a , tWad gt

ACF & SACF

Z =3, +yi8  +Wod , t YW gt
e.g. for a long but fading memory the model might be
Z[ =a, + ¢at—1 + ¢2a‘[—2 + ¢3a1-3 +-e

44

ACF & SACF

Zo=a, +y8 W8, t Wl gt
e.g. for a long but fading memory the model might be
Z =a +ga, + ¢2a1—2 + ¢3at-3 e

2
Zt—l =a,+ ¢at—2 +¢ &gt

ACF & SACF

Zi = +yYia g o8, e gt
e.g. for a long but fading memory the model might be
Z, =a +¢a_, +p’a _,+¢°a 5+
@ Z ,=a_+da_,+¢g’a_,+-
—¢Z, ,=—da,_, — ¢2at72 - ¢3at73 .
Z,—¢Z, , =a,




ACF & SACF

Zo=a, +yia Y8, + Y g+
e.g. for a long but fading memory the model might be
Z =a +d¢a_, +p°a_,+¢%a_,+-
Z, ,=a_ +da_,+p’a_,+-
@ —¢Z, , =—¢a_, —p*a,_,—pa,_5— -
Z,-¢Z, , =a, popular

L
Zt = ¢Zt—1 + AR(l)

ACF & SACF

Z =3 +yid  tY,a , +Wed gt
e.g. for a long but fading memory the model might be
Z, =a +¢a_, +p’a_,+¢°a o+
@ Z ,=a_+da_,+¢’a_,+-
—¢Z, ,=—da,_, — ¢2a,72 - ¢3at73 .

Z,-¢Z,, = a, pOpular
il
Z,=¢Z,,+a, AR(L)

Z,=5+0.7(Z,, - 5) +a,
Z,=07Z_, +a,

see page 246 of notes

ACF & SACF

Z,—-¢Z,, = a,

(1-¢B)Z, = a,

Z,=(1-¢B)"aq,
=(L+¢B+¢°B?+¢°B>+---)a,

45
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B=P (B

L ORBER P 2 ] e

» Conceptual Formulation
» Stochastic Process — stationary (p113-114)
« Stationary Gaussian
* ARMA
« MA(1)
* MA(2)
« MA(1)
* ACF + SACF
* AR(1) Covariance Structure
* AR(2)

46

z
z
=
S
St
e

e Var(I'})

* AR(2)

* AR(2)

* AR(p)

* PACF + SPACF

* ARMA(p,q)

» Random Walk

» 1st difference as MA(1)

Variance of I}
For MA(q) model

A >qg=pr=0

s for k> q, Var(Ty) = ?1_1[1 +2(p7 4 ---

If Zy is a white noise, then Var(Ty) = % Vk

H

* See Page 122 of Notes




Zt =9+ at — .7at_1

L= -- R I - Yy I - B L Y

Variance of [},

Ay ~ N(Oa]-)

I

u7 KEENXEK+REENKT +

a5 + XI +
-16 + IXKEX +
17 + KNEXI +
11 + IREE +
an + XI +
ag + XXI +
ag + IXX +
- 86 + IX +
23 NENSENI +
17 + INKES +
ah + NI +

* See Page 240 of Notes

Variance of I},

Zt =95+ at — .7CLt_1

-0.47

-
=
-

I
NI
X8I
IXX
Ix
NENENI
INKEN
NI +

For Zt =a — Gat_l

L =R - I = By T I L

-
=

R EEEREE
N I |

0] <1=[ps| < 0.5

—
M -

Ay ~ N(Oal)

* See Page 240 of Notes

Zt =9+ at — .7at_1

-
[~ =T - B I - RNy I - I L Y

=
-

-8.
-8,
-16
-8.
-11
-8.
-8.
.88
- 86
-8.
17
-8.

u7
a5

an

ay

Variance of [},

BENEKEN+ARXRI +
+ XI
IRXES
KEXXI
IXXX
XI
XXI
INK
Ix
bbb
INXXN
XI

DR E ko 4k
A A

+

ag ~ N(O,].)

* See Page 240 of Notes

Variance of I’}
Assume Vj, p; = 0, then Var[['x] =

1

100

47




Variance of [},

Assume Vj, p; = 0, then Var[[';] = ﬁ

But Var(Iy) = .47 > 0.2 = 2v/0.01 = p; # 0

Variance of I},

Assume Vj, p; = 0, then Var[[';] = 11W

But Var(['}) = .47 > 0.2 = 21/0.01 = p; # 0
Then try MA(1)

48

Variance of [},
Assume Vj, p; = 0, then Var[[y] = o5
But Var(I'y) = .47 > 0.2 =2V0.01 = p; # 0

Then try MA(1)

.1 2
Var(T'y) = 5[1 + 2p7] (ko1)
= 1[1 + 2I']

i)

AR(1) Model
Zt =95+ at — .7CLt_1 A ~ N(O,l)

-1.8 -8.8 -8.6 -8.4 -0.2 B8.0 B.2 6.4 BA.6 8.8 1.0

———————————————————————————————————————————————————

L BNT o _ NNNNXNNSNMEXI_ _ +_ _ _ _ _ _ _ ______
2 -0.05 v KI "

3 0.16 N IXKXX +

4 -0.17 + XXXKI N

5 8.11 N IXKX  + Ny

6 -0.04 v XI N UWLLE i

7 -0.08 v XNI . SACFHLELE /N
g8 0.08 N XK+

9  0.06 N X+

10 -8.23 KANKKKI N

1M1 8.17 . IXEXX +

12 -8.84 . X1 .

* See Page 240 of Notes




AR(1) Model

AR(1) Model

Zy = @ +vYiai—1+ Yoai—o+ Psai_3+ -
* See Page 122 of Notes * See Page 122 of Notes
AR(1) Model AR(1) Model
Zy ar + Prag—1 + Paap—o + Ps3a_3+ - - - Zy = @ +vYrai—1 + Yoo+ Pai_3+ -
a; + pay_1 + d2as_o + p3az_s+ -+ = o+ a1+ P az_o+das_s3+ -
\(}
Zy — QL1 =y Example : Z; —.7Z;_1 = q

* See Page 122 of Notes

« See Page 122 of Note49




Example of AR(1)

Zf — .TZ],I = y iy i.i'-fj' l\r([] 1)

* See Page 244 of Notes

Zy

AR(1) Model
a; + P1ai—1 + Yoai_o + Y3ai_3+ - -
a + pag_1 + P2ag_o + p3as_s+ - -
02y = Example : Z; — 72,1 =

OZi—1 + ay

* See Page 122 of Notes

50

AR(1) Model

ar + Prag—1 + Paap—o + Ps3a_3+ - - -

a; + pay_1 + d2as_o + p3az_s+ -+

OZi—1 = ay Example : Z; —.7TZ;_1 =
Yule Sunspot Data
(ﬁf'Zy_l + ay Zy=PhZi1+ BoZio+ €

S

* See Page 122 of Notes

Covariance Structure of AR(1)

Lt — QL1 = ay

Zy = ap + ¢as_1 + ¢*as_s + - -

What are v, and pg 7

* See Page 122-123 on Notes




Covariance Structure of AR(1)

Zy—QZy 1 = ay
U
Zi o(Ze — dZs 1) = ayZi g
Y
EZi_(Zy — ¢Z1—1) = EaiZyyg

» See Page 122-123 on Notes

Covariance Structure of AR(1)
When ¢ = 0:

EZi ¢(Zy — ¢pZi—1) = FEaiZiy
b =0
EZ(Zy — ¢Zi—) = FEarZ,
U
Yo — 71 = 0'3

» See Page 122-123 on Notes

Covariance Structure of AR(1)

= g+ dag + Pray o+

= alar+ dary + P*ar g+ ) Ea;Z,_,
= Eay(a;+ da;_1 + d*ar_a+---)
£=0
EZt(Zt — qf)Zt_l) = Ea'tZt
1|}
_ 2
Yo — qbfyl = 04

* See Page 122-123 on Notes

Covariance Structure of AR(1)
EZi o(Zy — ¢Zi1) = Eay sy

=0 ’)”O—Gb’h:ag,
E:]. ’yl—gbﬁ/o:o

EZQ fyg—gbfyl:O

£>1 vy—¢y-1=0

» See Page 122-123 on Note81




Covariance Structure of AR(1)
EZi o(Zi — ¢Zs1) = EayZy o

=20 'm—ml:a?,,
=1 ~m—¢yw=0

EZQ ’)/2—(35")/1:0

- -~

£>1 —¢n-1=0 =y = ¢£'f§,3

S~a -

» See Page 122-123 on Notes

Covariance Structure of AR(1)
EZi ¢(Zy — ¢Zi 1) = EayZy

=0 ’)”O—Gb’h:ag,
=1 m—¢yw=0
EZQ fyg—gbfyl:()

- -~

(>1 v—¢y-1=0 v =dv-1=d¢

» See Page 122-123 on Notes

52

Covariance Structure of AR(1)
EZi (Zy — ¢Zi1) = EayZy_

(=0 v —¢n =0 mr0— 70 =0
=1 m—¢p=0 pl-9¢")=0] /

€:2 ’)/2—(35")/1:0

~~ -

pi = ¢*
1 1
£>1 vi—¢y-1=0 ~v=¢vi-1=d

* See Page 122-123 on Notes

Covariance Structure of AR(1)
Ly = QL1+ ay

a; "% N(0,02) and [¢] < 1
AR(L) HiT 5 ALK 7

(’)’0;”}’1;'}’2;"') — (cb,ai)

* See Page 122-123 on Notes




ACF: MAvs. AR

ACF: MAv.s. AR

MA(1) MA(1)
1 2 3 | 2 3 1 2 3 | 2 3
0 i I 0 1 I 0 I 0 1 I
MA(2) )
|, T T
0 1 2
- ACF: MAvs. AR SACF of a Simulated Series - AR(1)
( ) ACF of Cugnal 7
1 2 3 | 2 3 b T |
0 ) 0 1 I
MA(2) ) sk
I —uv2
P2 = 152463 E ||||||
| : g oo 1 1 | | UL I
1 2 0 I|||||I |11
‘ e
_ 4k
ARQ1) pr = 0] -050f
¢ >0 ¢ <0
L 11 : 3|
0 1 2 3 4 0 2 4 it ) S S S S S S ST SN ST ST ST S T S R S =
204 6 B 1017 M 16 18 20 22 M 3 58 30 32 M 3

lag

53




SACF of a Real Series - AR(1)

Page 252 of Packets

Joint Distribution of AR(1)

P(Z\,Z,) = P(2,)P(Z:|%)

P(2,,75,75) = P(Z\)P(24]2,)P(Zs|%,Z)

P(Zy, -, Z) = P(Z))P(Za|2))P(25712s) - P(Z4| 2, -+ Zyy)
I} AR(1)

P(Zy, -+ ,Zy) = P(Z1)P(Zs|Z))P(Z3|Zs) - P(Zy|Z4-1)

» See Page 122-123 on Notes

AR(1) and MA(L)
« AR(1)
(1 - ¢B)Z; = ay

« MA(L)
Zt = (]. — QB)G;t

54

AR (2) Series
(]_ — gﬁlB — ngBQ)Zt = 4y

Zy— 121 — P22 = a4

* See Page 124 on Notes




AR (2) Series
(1-¢B-¢2B)Z, = w

Zt — P11 — @222 = ay

Zy=as+ Yra4—1 + Yeaz_o + - -

» See Page 124 on Notes

AR (2) Series

(1 — 1B — ¢’232)Zt = a¢

Zy— P11 — P22 = a4

I How to connect?

Zy=as+ P1ai—1 +Yoap_o + -

* See Page 124 on Notes

AR (2) Series
(]_ e (251B e QSQB?)Zt = a4

Zt — 141 — P22 = ay
o R AR

How t0 connect? -
* Brute Force

Zy=a;+ Y1041 + Vaap_o + - -

* See Page 124 on Notes

AR (2) Series
Zy=(1—¢B) 'ay

— 1
Zy = T—¢1B— g B2

4
(]_ — Ole)(]_ — O.{QB)Zt = a¢

lar| < 1, |az| < 1

« See Page 124 on NotedS




A Generated AR(2) Example
Zt = .75Zt_1 — .5Zt_2 + ag

Covariance Structure of AR(2)

Zy=a; + a1+ Psap_o + W3ar_g+ - -

where 1); is complicated.

* See Page 124 on Notes

Covariance Structure of AR(2)
Lt — 1Zi—1 — P22 = ay
Y
Zy o(Zy —1Zy 1 — $2Zy o) = ayZy ¢
Y
EZy (Zy — p1 741 — $2Z42) = EayZy—y

56 * See Page 124 on Notes

Covariance Structure of AR(2)
EZy ¢(Zy — 1 Zy 1 — 221 _2) = EayZy ¢

.
=0 Yo — $171 — ¢2Y2 =0,
(=1 Y1 — $17% — ¢211 =0
(=2 Yo — @171 — @270 =0
t=3 Y3 — 172 — 271 =0
t>2 Yo — $1Ye—1 — P2ye—2 =0

* See Page 124 on Notes




Covariance Structure of AR(2)

£>2 Ye — P1Ye—1 — P2ye—2 =0
>

£ > 2 Ye = @1vVe—1 + P2ye—2
T

e>2 K¢ 24

Yo Yo Yo

>

> 2 pPe = d1pe—1 + Pape_-o

» See Page 124 on Notes

Covariance Structure of AR(2)
T — $17% — P21 =0

Y2 — $171 — P20 =0

* See Page 124 on Notes

Covariance Structure of AR(2)
Y1 — ¢17% — P21 =0

Yo — $171 — P27 = 0

4
Y1 Yo M1 D1 _ 0
Y2 Y1 Yo ®2

* See Page 124 on Notes

Covariance Structure of AR(2)

(’}’1)_(’}’0 ’}’1)(@51)_0
97 Y1 Yo P2

]

i
1 _ 1 m 1 .
P2 11 P2
(3
1 p 1 - 1
1 P2 P2
(3
-1
(¢51)=(1 ,01) (ﬂl)
P2 p1 1 P2 57




Covariance Structure of AR(2)

(’Yl)_(’)fo ’}’1)(9‘1‘51)_0
Y2 Y1 Yo P2

i

(o) (1 m)(qn)_
Yule-Walker Equation } 1 b2
( ) (
(o

Covariance Structure of AR(2)

(Yo 7273 ) S (¢1 b2 02)

58

Covariance Structure of AR(2)

ACE ol Duginal £7

tmfF v v r r v r. T r 11 1 T T T T T T 1 -]

S0

ok 1. L1 L1 |IIIII

S

=050

ULl T R S R T T T T ST TN T ST ST N S T T

e

204 6 & W 1 W16 18 MR MM IR M I
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B=W(F)

N 25 ]
- Page 125 of Packets

AR(p)
AR()

Zy = ¢y a2y o+ + Ppli_p+ ag,

ay VB N(0,02)

AR(p)
o = (l-owB—---—¢,BF)Z;
1
Zy = 0y F ly o4+ O pta, @ s N(0,02)

59




AR(p)

AR(p)

60

AR(p) AR(p)
a = (-1 B—-—¢,BP)Z; o = (l-owB—---—¢,BF)Z; Finite
R 1‘r Autoregression
Zy = 0l a2l 2+ 0l pta, @ R N(0,02) Zy = 0y g+ Zy o+ o+ OpZyi_ptar, s N(0,02)
MA(Q) MA(q) -
Z = (1-6B—-.-—§,B%aq Zy = (1-6,B—---—6,B")q Finite Memory
AR(p) AR(p)
Zy = (l—qﬁlB—‘--—qﬁpo)_lat
= @m+ia_+vogy_o+ =¥ ( By
1r
— 144 B2+ ...
a = (1-—¢B—---—¢,B")Z, @ = (1—¢pB—---—¢,BP)Z 'IJ\(B)—1+¢1B+ 2 B2 +
f 1r
Zy = 0l a2l 2+ 0l pta, @ R N(0,02) Zy = 0y g+ Zy o+ o+ OpZyi_ptar, s N(0,02)
MA(q) MA(a)
Zy = (1-6,B—---—6,BY)q Zy = (1-6B—----6,B%)q,
‘U‘ U H(B):l—ﬁlB—Trng—ﬂ'ng—-“
g = (1—91B—---—9qB‘1)_1Z1, q = (1_31B—'--—H,1Bq)_lzt

(1-mB—-mB?—mB*—-..)Z, = I(B)Z;

(1-mB—mB?—mB%—...)Z, = II(B)Z;




AR(p)

AR(p)
Zy = (1-¢B—---—¢,BP) Lo,
= m+rag_y F oo+ =W
EnHE
1
o = (1-¢B—-- —¢,BP)Z,
1
Z = pZia+Zeat 6L pta, o~ N(0,0?)
MA(Q)
Zf = (1—91B—"'—9(1,Bq)(1t

i EH IR
a 1-6,B—-.-—6,B1)'Z,

(1—-mB—mB?—mB®—...)Z, =I(B)Z;

AR(p)
AR(p)
Zy = (l—qﬁlB—‘--—qﬁpo)_lat
= m+Pim_1+oay_o+---= 2
ENHE
fr Stationarity region of ¢’s
o = (l-owB—---—¢,BF)Z;
1r
Zy = iz g+ ddy o+ Oply pta, o R N(0,07)
MA(q)
Z.l = (1—91B—"'—H,IBQ)(1.L

' E NI
a 1-6,B—---—6,B")7'z, Invertibility region of = ’s

(1—mB—mB? —mB% —...)Z, = II(B)Z,

Covariance Structure of AR(p)

 See Page 126 of Notes

Covariance Structure of AR(p)
Zy — (ﬁﬁl Jg_1— " — Qﬁer,—p — Q¢

4
EZ; (Zr, - (;51 Li—1— 0 — ¢er,—p) = FEaZ;_

« See Page 126 of Note61




Covariance Structure of AR(p)
=08 s

EZt_g (Zt - (f)l Zt—l -t (;{)IJZt—P) = Eatzﬁ_f

! 1

Yo — P1Y1 — - — dpYp :0‘2

Zy=as +p1ag_1 + Yoo+ -

* See Page 126 of Notes

Covariance Structure of AR(p)

EZt_g(Zt — (f)lzt—l - ‘i’pzt—l?) = EGtZt_E
=0 Yo — P171 — — PpYp =02
I=1 m—d1vo—"—¢prp—1 =0
l=2 y—d1mi— " —¢pyp—2 =0
l=p Ww—d11p1——dp0 =0
I>p m—o1vi—1— - —¢pri—p =0

* See Page 126 of Notes

Covariance Structure of AR(p)

EZi (Zt - Q-{)l Ly — - — (f)pi,_p) = Fa;Z;
=2 ym—dimi——¢prp—2 =0
l=p Ww—®17p-1——¢p0 =0
@c&m_l — - %D%ﬁ}ﬁﬁ
62 * See Page 126 of Notes

Covariance Structure of AR(p)

EZt—E (Zt - ‘f)l Zt—l — = fi?pzt—p) = Eﬂtzt_g
=0 Yo — $1Y1 — — OpYp :0'2
I=1 m—¢17% —— dpYp1 =0)
1=2 y2—dim1i— - —dpyp—2 =0]| General
> Yule-Walker
Equation
l=p YWw—¢17p-1—-—¢p0 =10)
I>p m—p1vi—1— - —dpyi—p =0

* See Page 126 of Notes




=1 RS T T g =[o
Lo |
ol .
1=2 lyigin == B | =0
S :
L ; !
L |
1 .
= }l_’?’p:r:_?ﬁ_l’?’_p_—_l_: ______ ¢pr0 j =9 |
B S S ¢
[ ; :I 1 pt p Pp—1 o1\
I q
i P2 |i] p1 s |!
| Iz 1
Vs :I‘ 2 pa P3 !:U
: : :| ) I
! . 1 T £1 .
: f |
A W AL AN

* See Page 126 of Notes

P1 1 pr P2 Ppa )

P2 pr e T T P2

P3| — pa - o T po 3 | =0

f1
Pp Pp—1 "+ P2 M 1 Pp
. B
;|
o 1 pP1r P2 Ppa 1
0P ~ ; P2
s — 2 P2 P3
M
Pp Pp—1 '+ P2 P 1 Pp

* See Page 126 of Notes

° EE/J
'77/2

PACF

DU ARFLAY I %

» »

JH 1L Yule-Walker Equation

* See Page 127 of Notes

PACF
‘AR(1): ©=p and p1=¢
_p2—pi
"ARQ): =TT 5 P2

1\ [ 1 m ZE I -m P 1
2 pro 1 P2 -p 1 P2 1—pf

« See Page 127 of Note63




PACF PACF
1 pL pa e
1 ;1 [p m 1 m
P 1 02 P2 M 1
pQ pl p3 ¢ —1 09 01
ps =  =¢s Cramer’s Rule! =1 = Cramer’s Rule!
1 Pl P2 1 p1 op2 o pea
M 1 m
pp 1 m p2 p 1 po
P2 71 1 Jeil
Pi—1 0 P M 1
* See Page 127 of Notes * See Page 127 of Notes
PACF SPACFI 15
. '1&&%H¢I‘Eﬂ}?§u Zl:"‘:Zn:
o If true model is AR(1) : _ _
LFitAR(): Z; = ¢Zi_1 + &
o1 =p = F0 -
¢ =t
2 =3 =4 ="--=0 2.FitARQ2): Zt = ¢1Z1—1 + P2Zi 2+ €
e If true model is AR(2) : b2 = Po
P2 F G2 3.FitAR®): Z, = 1 Zy—1 + $2Z1—2 + $3Z1-3 + &
3 =4 =5 ="-+-=10 3= s

64 * See Page 127 of Notes

4. Fit More... :

* See Page 127 of Notes




PACF Example

* f511: A GENERATED AR(1) EXAMPLE
Page 244-251 of Packets

e f5]2: THE BATCH DATA
Page 252-259 of Packets

* See Page 244 of Notes

PACF for MA(1) Model

Z;f o (1 — QB) i
& (1-6B)'Z; = o
& (1+60B+60°B*+6°B*+--)Z; =

= Z!, — _QZ,i,_l e QQZL_Q — 9321’_3 — e .

PACF Example

« #413: SERIES A OF BOX-JENKINS AND REINSEL
Page 274-282 of Packets

PACF Example

« #§13: SERIES A OF BOX-JENKINS AND REINSEL

Page 274-282 of Packets

Mixed ARMA(p,q) Model

65




The mean of stationary AR model
* For MA(1) Model

Zy =p+ag—0ap
& Zi—p=a—0a;

& u= E(Z)

The mean of stationary AR model
e For MA(1) Model

Zy=p+ap —0a
& Zi—p=a—0a

& p=E(Z)-—

The mean of stationary AR model

® For AR(1) Model
Zy = Lt

[} E(Zy) = p

Zy—p = (21 —p)+a

Zy = p+d(Zig —p)+ a
= pu+¢Zi_1— op+ ay
U C=p—¢pu=pl-ae)

66 = CH¢Zi1+

The mean of stationary AR model

® For AR(1) Model
Zy = ¢Zt1t+w

[} E(Z) =p

Zy—p = (21— p)+ay

Zy = p+d(Zia —p)+ax
= pu+oZi_1 — ou+ o
U O=H—¢'H=H(1—¢5){

= C+¢Zi_1+

(C,¢,02)
(1, ¢, 02)




mixed ARMA(p,q) model
(1-¢B—---—¢p,B?)Zy=(1—-6,B—---—0,B)ay
b, Z, =2, — p and ay S N(0, 02)

mixed ARMA(p,q) model
1-¢pB—---—¢,B?)Z;=(1-6,B—---—60,B%)a,
Hrh, Z, =27, — p and a; A N(0,02)

p=0=1H7:
ARMA(1,1) model (1 -¢B)Z, = (1 -6B)a,

* See Page 129-131 of Notes

mixed ARMA(p,q) model
(1—-¢gB—--—¢,B?)Z;=(1—6,B—---—6,B)a
rh, Z, =2, — pand ay S N(0,02)

p=q=1/}: P
ARMA(1,1) model (1-¢B)Z, = (1 -6B)a

__F

* See Page 129-131 of Notes

mixed ARMA(p,q) model

Three Forms of ARMA(1,1):

L7, = (1-4B)'1-60Ba,
= @ +V1a1 +Yaap_2 +YP3as_3+ -
= ¥ (B)y

2. (1-¢B)Zi=(1-0B)ay

3 (1-6B'(1-¢B) %4 = a
llErB)
H(B)Z; =
Zy = mli1+Tmelio+ -+ ay

67




mixed ARMA(p,q) model

(1-¢B—---—¢pBP)Z =

stationary if

Z’t,b?<ooand
1-¢1B—---—¢,BP=0

roots all outside unit circle

(1-6,B—---—6,B")

invertible if

2
E 7 < 00 and

1-6,B—--—0,B" =0

roots all outside unit circle

mixed ARMA(p,q) model

H l.,‘l 1 I '|| J\',,‘ L ,Ifl" | ”u. i | i i il ki "“Ilp 1
A B bt
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HIH (L)

A% (Rt

- ACF/PACF of MA/AR/ARMA model

» Random Walk

* Differencing Data
*(0,1,1)

*(p.1,0)

*(0,2,2)

* (p.2,0)

* (p.d,a)

AT RFEN A

* Prediction:
 Basic
* AR(1)

Example of Random Walk

69




Example of Random Walk

Stepl : noise generation
Let a "% N(0, 02), where 02 = 1

Generate 500 data points: ay,as,- - , asoo

Example of Random Walk

Step2 : series generation

:-"“1‘&;’7';
A
N A ]
?ﬁ"’m N ey, ,f-
s o
il e
e T e
Zy =
Zo = a1+ az
Zs = a1+ a2+ ag
Zsoo = a1+ ax+az+---+ asoo

70

Example of Random Walk

Theory Exploration :

Zy = m+a_g+ag_o+ag_3z+---+

aj

Example of Random Walk

Theory Exploration :

Zy = a+Urap—1 + voap_o+ P3ap_3+ -

’U’ %01:15102:1:%03:1:

Zy = @ty ta—2t+a_3+--

_|_

aj




Example of Random Walk

Theory Exploration :

Example of Random Walk

Theory Exploration :

Zy = o t+vYia-1 +Yoa_2+ P3ai_3+ - Zy = @ +rag—1 + Y00+ Y3043+ -
b =1, %=1 43=1, - b =1, 92=1,93=1, .-
iy = @mpra_1ta_o+a_s+---+a Zy = @mray_ 1 ta_o+a_3s+---+a
Zi1 = qata;o2taz+-o+a Zi1 = @t a2t as3+-+a
4
Zy = Zy1+w
Example of Random Walk Example of Random Walk

Theory Exploration :

Z-"z = a + 77‘-/)1 at—1 + T,bgfl-.g_g -+ ’1’/)3({;,{_3 + ...

U =1, 0a=1, ¢p5=1, ---

Zy = mtraqt+a_ota_s+---+a
i1 = G- 1+t a_ota_s+-+a
Zy = QL1+ ay
Zy = Zia+ta =

=1

Theory Exploration :

Zy

ar + Va1 + Voap_o + P3ap_3 + -
?7!)1 =15 ’l,bg = 1= 2’[)3 — 11
a + a1 +a_o+ a3+ + aq

1+ a2+ a3+ +a

ZJ',—l + a; < Z;{ — Z.t_l = a;

71
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Example of Random Walk Example of Random Walk
Theory Exploration :
Zy = @+ + Yaap—2+P3ap-_3+ - - e 4
et A fﬁi’w*‘; P )
1 .’?“;ﬁ’ = ﬂ.‘a“_f
b =1, %=1 43=1, - 1 s ’
e e et s
Zt = @t ataot+tay_3z+--+a § =»
Zii = Gatastasto+a Sl ol L | e
u MYl
Zy = gt Zi—Zi 1=
AR(1) v.s. Random Walk Stationary 5 Nonstationary [t 5< %
AR(1) % = ¢hata ¢l <1 Time series starts at some fixed time point : t = m
Y « AR(L) :
Zy = QL+ Do+ t=m Zm =Wm+ Gm
U t=m+1 Zm+1 = 0Zm+ amt1 lp| <1
2
M o= (1+¢*+¢"+¢%+- ‘)02_1ja¢2 = ¢(wm + @) + Gt
RandomWalk 2z, = 7, +a = Gmi1 + Gm + m
U t=m+2 Itz = 0Zmy1 + Amqa
Zt = w + ap_1 + ag_s 4+ 4y = Am42 + ¢am+1 + ¢’2am + ¢2wm
U
v = (Q1+1+1+1+--)02 Zy  =at+da_g +rar_o+ o+ T May + ¢ MW,

* See Page 142 of Notes




Stationary 5 Nonstationary[/] 5% £

Time series starts at some fixed time point: t=m

* AR(1):
t=m L = W+ am
t=m+1 Zm+1 = 0y + Ay o] <1

= ({b(ﬁdm + am} + Gm41
= Qm+1 + (,é'am + ¢w?n.
t=m+2 Zmtz = @Lmi1 + Gmya

= Gm+2 + Qﬁ'ﬂm+1 + Qﬁgﬂm + ¢2W?n.

Zy = a + qﬁﬂ.',—l + ‘{bgﬂrf? + Tt qﬁtimam +
» See Page 142 of Notes

Stationary 5 Nonstationary ¢ 5% £

Time series starts at some fixed time point:t=m

* AR(1):
Zy = wm+oapq + (;52(1!,—2 + -+ Qﬁtimam + Qﬁr)imwm
I
Ww0(Z) = oall+ ¢+ o+ ] 4 G2 Var(wyn)
I assumew,, La; s and ¢t>m
02(1 - ¢2(t—m+l)) —m)y7
- 1—¢2 + ¢'2“ WVar(w,,)
o2
1 1 a
W W<l 2
(2) o/ =1 o[t —m + 1] + Var(wy,)

* See Page 142 of Notes

Stationary 5 Nonstationary ) 5% %

Time series starts at some fixed time point: t=m
* AR(1) :
Zi = @+ o1 +a s+ + 0 "am + o "Wy,

=

0'2[1 + ¢)2 4o qﬁg(.l—m,)} + qbg“‘_m)Var(wm)

Yo(Z1)

| assumew,, La s and t>m
0_2(1 _ ¢2(571W,+1))
1—¢2
T,
W bl<1 2
(2) |¢]=1 o2t —m4 1

4 1] + Var(wy,)

n qﬁ‘z(t—m,}\rar(wm)

* See Page 142 of Notes

Stationary-5 Nonstationary[1] < %
(]_ — B)Z; = iy
* 7247 Jristationary

¢=1
(]_ — l;'(?B)Z; =
o AR unit root

« 7247 Jristationary

73




Stationary-5 Nonstationary[1) ¢ %

#4y Jastationary+MA(1)

wy = (1 —B)Zy

!

wy = (1 — 60B8)ay

74

rate

rale change

Z24% Jhstationary+MA(1)

(a) Monthly 90-day T-Bill Rate 1981- 1993

\_/kJH —~ |

— S —r— ——— —— —
1983 1985 1987 1989 1991 1993

(b} Monthly Changes in 90-Day T-Bill Rate 1983-1993

I iy
J

1983 1985 1987 19896 1991 1993
vear

FIGURE 1.2 A nonstationary series and its first difference.

74y Ja stationary+MA(1) — W -form

Tkl (1-B)Z, = (1—6B)a,
4
Zy—Zyy = ay—0a_y
Zy1 =249 = a1 —Ba;_»
t > mb Zy_o—Zy_3 = ap—»—HOa_3
i1 — Zm = amy1 — Oam,
t = mlf I = Wy +apy
4
Zy = a+(1-Na—1+-+am)twn
4
W) = oull+ E—m)(1—-6)"] + Var(wn) = Ot)

* See Page 133 of Notes




/3 Ja stationary+MA(1) — W -form

ikl 1-B)Z, = (1-6B)a
¥
Zy—Zy_1 = ap—Bai_q
Zi1v=Zy_s = a1 —Bag_s
t > mlhf Zyo—Zy 3 = apo—0ba3

Fm+1 = Zm =ap+ a1 +Peaa+ -
i= Tﬂ“‘J- Zm

=yp=ty=-=(1-6) ;%0

Zy = a+ (1 - 9)({11_1 + - +arm) + Wy

Yot) = oL+ (t—m)1l-8)’]+ Var(wn) = Oft)
* See Page 133 of Notes

4y Ja stationary+MA(1) — W -form

Tkl (1-B)Z, = (1-6B)ay
4
A i
Zy1—=Z49 = a1 —Ba4_» —
t > mi Zyo—Zy 3 = apo—0a_3 _ —
Zmi1— Zm = amy1 —Bam
t = mlf Zn = Wy +any
4
Z = a+({1-Na—1+-+am)twn
4
W(t) = oull+ (E—m)(1—6)"]+ Var(wn) = Ot)

* See Page 133 of Notes

i /3 Ja stationary+MA(1) — W -form
152
(1-¢B)Z; = (1 - §B)ay
1-6B 1-6B

= Zt:l—:;‘)Bat:lm‘B}ah Hrh¥(B) = 1= 6B

!

1-¢B)1+¢1B+4¢oB2+..-)=1-6B
Hrh, p=1,9¢'s=1-86

* See Page 133 of Notes

7247 Jastationary+MA(L) — = -form

Zg, e Zg,_l = ; — gﬂ-g_l
Ly — Zy_o = a1 —Oag_»
Zi—9 — Zi_3 = ag—o — Bay_3
Zm,+1 —Zm = Am+4+1 — 'gﬂm,,

In = wWpm+ Ay

« See Page 133 of Noteg5




%4y Jastationary+MA(L) — = -form

Zg; — Zi‘,—l = a; — 9{1’;_1
S(Zf,—l ' Zt_g) == {at—l e 9(1.11_2 )9
Li—2 — L3 = ag—2 — Bay_3
Zm+1 — Zm = Am4+1 — ﬂﬂm,:

gy = Wm + Qm

* See Page 133 of Notes

#/y Jastationary+MA(1) — = -form

Zi‘, — Zi’,—l ~ iy — 9(1-5_1
H{Zf,—l e Zt_g) == (ai',—l ' Hﬂt_g )9
0%(Zs_g — Zy_3) = (as— — Oa;_3)0>
Zm+1 — Zim = Qm+1 — 'gﬂ*m:

Loy = W + Ay

* See Page 133 of Notes

754y J5 stationary+MA(L) — 7 -form

Zt — Z;_l = {3 — Hﬂi;_l
H(Zi',—l ' Zt_g) == {(I.t_]_ e 9(1.11_2 }9
0*(Zi_s — Zi_3) = (as—2 — Bas_3)8*
gt-mt [Zﬂl-l—l = Zm,) = {ﬂ*m,+1 — Bap, )Ht_ﬂl_l
gt_mzm = {f-‘-’m + am )gt—m
76 * See Page 133 of Notes

+

7247 Jastationary+MA(L) — = -form

Zt — Z;,_l - rt’lt — 9(1-5_1
G(Zf,—l e Zt_g) == [:(lt_]_ ' 9&;1_2 )9
62(Zs_a — Zy_3) | = ' (as—2 — Bas_3)8>

gt_ﬂl_l [:Z:m+1 - ZﬂL) =

gt_mzm = !.Lw.m.i'ﬂm.}gt_m

Zy-(1-0)Z_1 -0(1-0)Z,_g -2 (1-0)Zs_3 == 1-6)Z,,| = La; + 0w

* See Page 133 of Notes




/3 Ja stationary+MA(1) — = -form

Z-(1-0Z_1-001-0Z 3 -P(1-0Zg- -0 1-0Zp = o460 ™wy

|

Zy = (1=0)Z14+0(1=0)Z 2+ 0 (1=0)Zi3++ 07" (1= 0)Z, + 8" ™wy + 4

* See Page 133 of Notes

4y Ja stationary+MA(1) — © -form

Zy = (1-0)Z_1+8(1-0)Z 2 +621-0)Z 3+ + 6™ 1 - 0)Zp + 6" ™wp + a4
#i¥-

t=month, Z;=t-th month sales

¢ and all Z;_;’s are known and |0| <1

1-6) Zin LAH
0(1—-0) Zy» 29 HAI

6°(1—6) Zi_s 3P AW

* See Page 133 of Notes

/3 Jastationary+MA(1) — = -form

L = (1=8)71+0(1-8)Z o+ (1 —0)Z g+ +67 " (1= 0)Z,
BIF -

t=month, Z;=t-th month sales

6] < 10, SEITA B

6 and all Z;_;’s are known and 0] <1

1-6) Zy_1 I4H
6(L—-0) Z;_» 20HuT

62(1—9) Zy_3 3 1Hur

* See Page 133 of Notes

74y Ja stationary+MA(1) — © -form
7, = @9(1 — )2+ 6 (1-0)F s+ + a'«—@ 0w + a4

il N -
t=month, Z;=t-th month sales s H T%DL‘\{)H\D

¢ and all Z;_;’s are known and |0| < 1

(1-6) Z;_1 IAA
61 —-60) Zi_o 24-HAl

6°(1—6) Zi_s 3AAWT

« See Page 133 of Noteg 7




/3 Ja stationary+MA(1) — = -form

Zy = (1-0)Z_1+0(1-0)Z, s +0°(1-0)Zp_3+ -+ 6™ 11 - 0)Z + 6" ™ + a4
Bl

t=month, Z;=t-th month sales

6 and all Z;_;’s are known and 0] <1

Zy_, IAH
Zy_o 2 HTEI

34 H A

Zy_3

o SR AL
AT
* See Page 133 of Notes

4y Ja stationary+MA(1) — © -form

Zy = (1-0)Z_1+8(1-0)Z 2 +621-0)Z 3+ + 6™ 1 - 0)Zp + 6" ™wp + a4
il

t=month, Z;=t-th month sales

¢ and all Z;_;’s are known and |0| <1

Zy_y IA4A
Zi_o 20Hur

34 H i

Zi_3

« MR
AT

* See Page 133 of Notes

/3 Jastationary+MA(1) — = -form

78 * See Page 133 of Notes

7=y Jastationary+MA(1) — n -form

30 T ]
1
: Given Zy,--- , Zsp, to forecast Zs;

If series is stationary
19
A /\/\ ‘rhon forecast via Z = &(Z1 + -+ + Zso)
: /\V \/\j\ A (/\ :
V V i Forecast Origin t = 50

* See Page 133 of Notes
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S0B(F)

Nonstationary Series|K) 4k 2

» Nonstationary Series

o Stationary

Nonstationary Seriest)4b ¥

» Nonstationary Series
£5 72— 2,

o Stationary

Nonstationary Series )4k #

Zy

1.9
2.4

2.7
2.3
1.8

t
1]
2
3| 2.2
4
D
6
7

1.5
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Nonstationary Seriest) 4t ¥

t Zi‘, Zﬂ_l

1.9

24 19
2.2 24
2.7 22
23 27
1.8 23
1.5 1.8

=] O v k= W b

Nonstationary Series )4k #

t | Zy Zvv Zy—Zya

1.9 - S
24 19
2.2 24
2.7 2.2

1.8 23
1.5 1.8

5
2
5
2.3 27 -4
5
3
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Nonstationary Series 1Ak 2

Nonstationary Series )4k ¥




Nonstationary Series Ak 2

Nonstationary Series /1] 4k ¥

* SACF of Random Walk

Zy — Zy_1 = ay is reasonable!

Nonstationary Series 1Ak 2
- Example 2 (1- B)Z, = (1 — §B)ay

e Very important in practice

for Forecasting economic variables

o t; weights = (

Nonstationary Seriesf] 4t ¥
1-¢B)Z; = (1-6B)a

e v-form
(1—¢B)1+ 1B+ aB? +9¢3B3 +---)= (1 -6B)
Jo=1
’t‘.'i?j=(]-_8) j=112331...
e 7 -form

(1-¢B) = (1-6B)Y1l-mB—-mB>—...)

b o=1

m = (1—0)9! for j=1,2,--

81




Nonstationary Series Ak 2

Nonstationary Series|] &b #

82

(]_ —_ B}Zf — (1 —_ HB}HL Zy — Zi )= ay
1-B
P [ }Z; = (I
o 1-6B +60B — BZ ., (tz)BB (1-0)[B+6B>+6°B* +6°B" + -]
1-6B e
1-6)B
A= { _(]_—H_}B }tht'l;
. 1-6)B, S~ _
o = |
" 1-6B "
Nonstationary Seriesf# &b ¥
Zy — — at
(1-6)B y oa (1-8)B _ 2, g2p8 L p3ph L
5 = (1-0)[B+0B +0*B* +9°B* +. -] —op = (1-0)[B+6B +0°B +9°B 4]
y ) -9 )
(1 - Q)BBZL = (1-0)Z1+0(1-0)Z 5 +6"(1-6)Z 3+ %i— 0)Zi-1+6(1-0)Z2+0°(1-6)Z 5+
\ / 1-6 , W /
1-6B ’*‘j
N




Nonstationary Series[] &b #

Nonstationar

eriesH Ab #

(tgf = (1-0)[B+6B*+6°B*+6°B" +- -] (tg)BB = (L-0)[B+6B*+6’B*+6°B" +-- ]
(1:3)3%' = (1-0Zi1+00-0)Z, 2 +6*(1-0)Zy_3+ - (tz)BBZ" e (=02 +0(1 =8 Zps + 621 - 87y + -
L 9(1_9()1_6) (1—B)Z; = (1—9B)(1,|,

-0 o) L -
1—¢B7 "1 3 t2 1 ot “Exponential Smoothing”

ARIMA(p,1,9) ARIMA(p,1,q)
(1 — B)Z.\‘ = (1 — BB) (4 .1St lef MA(].) Wy = (1 —_ B)Z.ﬁ
(1-¢B—+-—¢,By = (1-6B—6:B*—...—8,B)a

83




ARIMA(p,1,q) ARIMA(p,1,9)
wy = (1 — B)Z, w; = (1 — B)Z,
l ARMA(p,q) l ARMA(p,q)
(1—-¢B—+—¢,B)wy = (1-6,B—0,B*—-.-—0,B)a (1-¢B—+-—¢,By = (1-6B—6,B*—...—6,B)a
Y
1-¢uB—---—¢,B"Y1-B)Z, = (1-6,B—8,B*—...-6,B)a,
ARIMA(p,1,q) ARIMA(p,1,9)
w = (1 —-B)Z w; = (1 - B)Z _
r= )2t + = V2t Key Features In
1 ARMA(p,q) l Page 135 of Notes
(1—-¢B—+—¢,B)wy = (1-6B—0:B*—-.-—0,B)a (1-¢1B—-+—¢,Bwy = 1\B—0,B>—...—9,B")q
Y U
1l-¢pB—--—¢,B"Y1-B)Z; = (1-6,B—6,B>—-.-—6,B)ay 1-¢pB—---—¢,B"Y1-B)Z; = (1-6,B—6:B"—...—0,B)a

» AutoRegressive Integrated Moving

* (p,1,q) model
Average model
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» AutoRegressive Integrated Moving

* (p,1,q) model
Average model




Two forms : ¢ w’s weight

e 1’s weight
« variance Yo(t) = O(t)

e property of = > i~ m; =1

Two special forms : ¢ Random Walk : (0,1,0)
« Z7 5 AMA(QL) : (0,1,1)

ARIMA(p,1,0) ARIMA(p,1,0)
(1-¢1B—--—¢pB")(1-B)Z, = (1-6:B- §sB% — ... — 0,B") a, (1-¢1B—+ —¢,B")(1-B)Z; = (1-6B- fsB% — ... — 0,8%) a;
bo(B) 02(B) 60 (B) 02(B)
4 U
¢p(B)(1-DB)Z; = 04(B)a ¢p(B)1-DB)Z: = 0,(B)a
Two forms : ¢ w’s weight
o 1’s weight
ARIMA(p,1,0) ARIMA(p,1,0)
(1-¢1B—--—¢pB")(1-B)Z, = (1-6B- §sB% — ... — 0,B") a, (1-¢1B—+—¢,B")(1-B)Z, = (1-6B- 6B — ... — 0,8%) a;
#5(B) 0.(B) 05 (B) 0,(B)
4 U
¢p(B)(1-DB)Z; = 64(B)a ¢p(B)(1-B)Z: = 6,(B)a
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ARIMA(p,2,0)

Fi e o
i vt W ’54-!‘“5%1;% =~
’J\S"‘F L
. ¥
e I ——

ARIMA(p,2,0)

}-_r"'-g._i-‘-\ ).!
i et ﬂaf’&*i‘ﬁ -
s - i > 2
o
ﬂf{'\é‘w
A ————

ai,

-+, asoo from N(0, 15““%”“’

86

ARIMA(p,2,q)

ARIMA(p,2,0)

————={ Accumulate again
. o i ; 1 "F‘r

ar]-:oto




(.Ill:.“

ARIMA(p,2,q) p=g=0

, as00 from N(0,1)

* See Page 136 of Notes

(1'1.‘...

U1

Ut

ARIMA(p,2,q) p=g=0

, az00 from N(0,1)

aq

a; + as

ap+ as+ - -+ ag

* See Page 136 of Notes

al:...

U1

ARIMA(p,2,q) p=g=0

, as00 from N(0,1)

aq

a1 + aq

ar+as+---+ o

U1

Ul + U9

U1 + us + us

* See Page 136 of Notes

(1'1_‘...

U1

ARIMA(p,2,q) p=0=0

, as00 from N(0,1)

ay \

a1 + as

a+as—+---+a;

U1

Ul + U9

U1 + uos + us

a1
201 + ay

3aq + 200 + ag

tay + (t —ag+ - + 20,1 + &7




(.Ill:.“

ARIMA(p,2,q) p=g=0
, as00 from N(0,1)

U1 a \ (1 - B)’U‘,L = 4y
ws a1 + as (1- B)Z; = uy
2 —

Ut al+ as+ -+ o (1 - B) Zy = oy
Zl U1 2 =

Zy = 2m + ay
Zo uy + uo

S

Zy = 3a +2a0+ a3

Zs3 Ul + Ug + Us

} Zy = ta+({t—-1ag+- + 241 + a

ARIMA(p,2,q) p=g=0

SR 457 A
SACF

Lo

Al

Bl =T=1_

-0.50fF

-1.00E

ACE of Dogingl 7

o0

24 6 8 1012 M 16 1§ 0 22 M M o2 O3 O3 O3 I
log

88

[ =

ARIMA(p,2,q) p=0=0
IR 7 51— IR 2253 )5 FISACF

Lo

Al

Q0

-0.50F

100k

ACF of Differenced 7 (d=1]

204§ B W M oG 8 M 3N MoMO R M
log

ARIMA(p,2,q) p=g=0
VAR 3 51 PR IR 2253 I I SACE

100

]

O D e e

-050F

-0

AL of Differenced 7 (d=1.1]

i

204 6 8 W12 16 18 0 2 M MMM
lag




ARIMA(p,2,q) p=0=0
(1-B)?Z; = a4

S Zy=agp 4241+ +(E—1)as+tay

ARIMA(p,2,q) p=g=0
(1- B)Z; = a

& Zi=a+2a 1+ -+t —1az+ tay
* m=1, Series start at t=1

ARIMA(p,2,q) p=0=0
(1-B)Z; = a

S Zy=ap+2ai1+ -+ (E—1)as + tay
* m=1, Series start at t=1

() = o2[1+22+32+.. 417 > O(t)
2
= %“t(t +1)(2t+ 1) = O(t%)

ARIMA(p,2,q) p=g=0
(1-B)*Z; = a4
S Zy=ap 4241+ -+t —1)az+tay

e m=1, Series start at t=1
Yw(t) = 2[1+224+32 4+ 4+ ¢7 > 0(t)

9

. %t(t +1)(2t + 1) = O(t°)

If series is stationary, then ~o(t) — Constant
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ARIMA(p,2,9)

» Generalization :
(]. — B)QZt = Wy

(p,2,q) model
Op(B)we = 6’q(B)}

ARIMA(p,2,9)

» Generalization :
(1 — B)QZt = Wy

(p,2,q) model
¢p(B)wy = 9q(B)}

* For all (p,2,g) models: ’m(t) — O(tg)
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ARIMA(p,d,q)

Entire Class of (p,d,q) Model:
* stationary + invertible

bp(B)Z, = 0,(B)as

* nonstationary

¢p(B)(1 - B)'Z,

gq(B)at
U (1-DB)Z = wy

¢p(B)wt

O (B)ay

ARIMA(p,d,q)
Entire Class of (p,d,q) Model:

e stationary + invertible

(;5;;(8) Z.f, = gq(B) (1

* nonstationary

¢p(B)(1 - B)'Z,

Il
)
]
—
vy
~—
=




ARIMA(p,d,q)

En lass of (p,d,q) Model:
. @ + mvertlblé
m) t —'9 ( )nr

« nonstationary -

¢p(B)(1 - B)*Z;

gq(B)at
U (1-B)Y%Z=w

Pp(B)wt

¢p(B)(1 - B

0,(B)ay

u-ll

dZ;x = gq (B) (14

lass of (p,d,q) Model:
Gty e
Zr, —'9 (B )blr

ARIMA(p,d,q)

* nonstationary

¢p(B)(

1-B)YZ, = 6,B)ay

‘ p-th \ d-th
polynomial polynomial | — Qq(B)at
) Zy =

¢,(B)(1 — B)*

ARIMA(p,d,q)
Entire Class of (p,d,q) Model:

¢p(B)(1 — B)*Z; = §,(B)ay
*Writing:

®(B) = ¢(B)(1 - B)"

*Then:

8,(B)ay

zeros can be ON or
outside unit circle

ARIMA(p,d,q)

Entire Class of (p.d ,
(B)(1 - B)*Z; = 0,(B)a
*Writing: %
®(B) = ¢(B)(1 - B)* %Y

*Then:

zeros can be ON or
outside unit circle
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ARIMA(p,d,q)
Entire Class of (p,d,q) Model:

¢p(B)(1 — B)*Z, = 0,(B)ay

 See Page 136-140 of Packets

Example: ARIMA(0,2,2)
(1-B?X; = (1-6B-60,BY)a
« For ARIMA(O 1,1) :
BYZ; = (1 —-60B)a

Exponentlal
[ smoothing } (1 — (1 6)
forecast
(1-40)

t-3 t-2 t-1 t

92

Example: ARIMA(0,2,2)
« ARIMA(0,1,1) 1k g

(1 — B)Z; = (1 — QB)I’,EL
PRI _ETHES AN

|

forecast

Example:
« ARIMA{O,1,1) )%

|||

Double Exponential Smoothing

(1-B)*X; = (1-6,B-6,BYq

uuuuu




Example: ARIMA(0,2,2)

Double Exponential Smoothing:

* If the model is of the form:
(1-B)*Z; = (1 — aB)*ay

Example: ARIMA(0,2,2)

Double Exponential Smoothing:

* If the model is of the form:
(1-B)*Z; = (1 — aB)*a

| LA

(1 - B)’X; (1-6,B - 60,B*q
= (1-aB)(1-aB)a
Example: ARIMA(0,2,2) S DRAE PN 25 [a] it

Double Exponential Smoothing Double exponential
. hi I
« If the model is of the form: @M
(1 — B)ZZ.*, — (1 — fIB)Zr}JL

| LA

(1 - B)2X, (1-6,B - 6,B%)ay

= (1-ayB)(1—-—wBa

* Pattern

 Conceptual Formulation

* Dynamical memory

* Linear Dynamical Model

* Parsimonious Models

* ARMA Models (stationary)

* ACF, PACF; Sample Version

* Nonstationary Models (Differencing)
* (p,d,q) class * See Page 109-140 of Note®3
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HhDF(E)

Today’s Topic

1. Review of ARIMA
(p,d,q) models
2. Prediction
General MSE
« AR(1)
« AR(2)
MA(1)
« ARIMA(0,1,1)
* ARIMA(p,d,q)
3. Model Building

» 3-stage iterative procedure

» Tentative Specification : SACF, SPACF, SEACF

94

Review of ARIMA(p,d,q)
Z; . obs. time series

Zy « NEIT RIS

Review of ARIMA(p,d,q)

Z; . obs. time series

Z o« Ry JEUEFER

’

5y TR ARy
stationary
series




Review of ARIMA(p,d,q)
/Z; : obs. time series

7 o« RIEL EHEES)

> ZEI AR A

BN stationary
(1- B)QZL « IKED series
(1= B)'Z, * 75y )
(1-¢pB----—¢,B?Y1-B)¥Z; =(1-6,B—---—6,B")q,

as L N(0,02)

Review of ARIMA(p,d,q)

ARIMA Representation : ¢,(B)(1 — B)?Z, = 6,(B)a;
Y form : Z; = Y(B)ay = @ + V101 + 2042+ -

mform: Zy=mZi a1 +meli o+ +mpZik+

Today’s Topic

1. Review of ARIMA
* (p,d,q) models
2. Prediction
* General MSE
« AR(1)
« AR(2)
. MA(L)
« ARIMA(0,1,1)
*  ARIMA(p,d,q)
3. Model Building
» 3 stage iterative procedure
» Tentative Specification : SACF, SPACF, SEACF

Today’s Topic

1. Review of ARIMA
* (p,d,q) models

2. Prediction Based on the feature of the
» General MSE ‘ model
« AR(1)
¢ AR(Q2)
¢ MA(L)

« ARIMA(0,1,1)
* ARIMA(p,d,q)
3. Model Building
» 3 stage iterative procedure
» Tentative Specification : SACF, SPACF, SEACF 95




Prediction
Mean Square Error (MSE)

Prediction
Mean Square Error (MSE)

) @

Given 2 r.v.s x and y, find a h(y) to estimate/predict x

* See Page 140 of Notes

Prediction
Mean Square Error (MSE)

i) L
Given 2 r.v.s x and y, find a h(y) to estimate/predict x

%2 F-J7 (loss function) :
Elz — h(y)]?

96 * See Page 140 of Notes

Prediction
Mean Square Error (MSE)

7] AL
Given 2 r.v.s x and y, find a h(y) to estimate/predict x
2=~V J7 (loss function) :
Elz — h(y)]*
AL
min, E[x — h(y)]? = = = E(z

y)

* See Page 140 of Notes




Prediction
Mean Square Error (MSE)

7] 2L
Given 2 r.v.s x and y, find a h(y) to estimate/predict x
2= F-J7 (loss function) :
Elz — h(y))?
s
min, E[z — h(y)]? = = = E(z

y)

Prediction — AR(1)
¥tk
Zy = QZy 1+
[FE

Zy, -+, Zp known, predict Zp4p,0=1,2,3,---

HAT: forecast origin

* See Page 140 of Notes * See Page 140 of Notes
Prediction — AR(1) Prediction — AR(1)
"z er‘_2 Zfl‘ na Z'_{'_Q Z]‘
. \}/ . v/ 22
“ Zr—s Zr
Origin T Origin T

97




Prediction — AR(1) Prediction — AR(1)

Foiecog! Plol of 7 Fonecosl Plol of T

e T 16

12 Z]‘_g Z] s Zj‘_g /{
718 4 e [T ‘ e
Zr_y

" 204 6 & W 12 1 M6 18 20 2 M M O I 2 M I 36 40 42 4 4 48 : 52 54 56 58 6D B 204 6 8 W 12 M W 18 20 2 M B X O30 32 M 3 3B 40 42 44 46 4B ; 52 o 56 56 60
* best point forecast T * best point forecast
Origin T « uncertainty Origin T

Prediction — AR(1) Prediction — AR(1)

g : I\I:T‘I}—\Eé)_ﬁ\_ :
Zy, -+, Zr known, predict Zp4p,6=1,2,3,---

1nz2 Zf_{‘_g

718 \\f
ZT—l

. | the expectation of Zp., given Zp, Zp_y, Zp—9,++

2 4 B 8 W 12 M M6 B 20 2 M ¥ B WM 2 M I I 40 42 44 46 48 S0 52 54 56 586D
lng

HrpT: forecast origin

¢ = 1K}, model Zpy1 = ¢Z1 + a1

CIAN

V7 2 a
vase S

* best point forecast

®

« uncertainty Origin

« updatin
3 p g




Prediction — AR(1)
) L
Zy, -+, Z7 known, predict Zpy¢,0=1,2,3,---
AT forecast origin
¢ = 1K), model Zyy1 = ¢Z1 + arp
(E S

Prediction — AR(1)

=

it

¢ = 11, model Z7,1 = ¢Z7 + arqq
B2

=

i

M

E : conditional expectation given Zp, Zp_1, Zp—o,- -
7

. : E(Zr = o¢oE(Zr)+ E
= ¢Zr+0 :
B ¢Z1 N(0,02)
Prediction — AR(1) Prediction — AR(1)
BA 125 [i i TG

¢ = 11, model Z71 = ¢Z1 + ars

K 2z
R

E : conditional expectation given Z¢, Zp_1,Z1—_9, -
7

E(Zry1) = oE(Zr)+ Elary1)
= ¢Zr+0
= Z:(1) = ¢Zr

Model ZT'—H = (,Elej + ariyq

MSE Forecast Zp(1) = ¢Zrp

Forecast Error ep(1l) = a1
Variance Var(er(1)) = o2
S.E. o,

929




Prediction — AR(1)
247 [ Fi TR

Model Z1‘+g = ¢'ZT+1 + apio

e

MSE Forecast Zp(2) = ¢Zp(1) + 0

Forecast Error ep(2) = ¢ep(l) + aryo

Prediction — AR(1)
| 22 ) i P00
MSE Forecast Zr(f) = ¢Zr(f — 1) = ¢*Z,
— 0, when /£ large

Forecast Error erp(f) = ger(f — 1) + ariy

Prediction — AR(1)
| 25 0] R TG
ep(f) = apiq =1
er(f) = per(f — 1) + apyy

100

Prediction — AR(1)
| 25 [a] iy P50
er(f) = apyq {=1
er(f) = per({ — 1) + apyy

/ 1 \ / er(1) \ / arT+1 \
—¢ . er(2) _ a0
\ o 1) \erd) |\ ore )

er(€) = arye + darii1 + -+ ¢ rary




Prediction — AR(1)
| 2 [m) Hif Foem
er(f) = ariq r =1

Prediction — AR(1)
[ i TR 64 7 2 AR A

er(f) = ger(f — 1) + arys | J e
[ 2 =1 e LA
Varler(0) =4 |
=70, (>1 \ I
Prediction — AR(1) Prediction — AR(2)
) B FIGI ) 5 2224k H -
Page 259 of Packets Zy = 121+ ¢2Zy o+
[

Z1,++ , Z7 known

Forecast Z; ¢, £ =1,2,3,---

« See Page 143 of Nott1




Prediction — AR(2)

Prediction — AR(2)

B i
Ly =2y + @221 o+ oy Zy =12y + P22 2+ wy
1=1: I=2:
Zry1 = Orlr+ o227+ arp Zrys = O1dryr + @247+ aryo
Zr(l) = ¢1Zr+ ¢2Zr Z7(2) = ¢ Zr(l)+ d227
er(l) = a1 er(2) = ¢rer(l) + a4
* See Page 143 of Notes * See Page 143 of Notes
Prediction — AR(2) Prediction - MA(1)
Stationary AR(2) Ft3L [A) 14 i IRLE

B

(1= 4B - 2B Z1(l) = 0

filith:

Zr(f) = Ao+ Azaf

m — 0 /large
R

er(l) = apye+rarie 4+ Yprary
logar(eT(ﬁ)) = oi(L+¢i+-+ i) — v (Clarge)

= ap — 0 at —1
i) 78
Z1,++ , Z7 known

Forecast Z; ¢, £ =1,2,3,---

* See Page 143 of Notes




Prediction - MA(1)

Prediction - MA(1)

A A
Zy = ap — Oag Zy = — OQap
178 [m) Hif TR IGAEEEIRTE
ZT—}—l = ar4+1 — Q(LT ZT—H - ar4+1 — 9(1]‘
Zp(1) = — 65 (ar) Zr(1) = - :@
* See Page 142 of Notes * See Page 142 of Notes
Prediction - MA(1) Prediction - MA(1)
L5 771 £ 9
*%i ' *j%i | Everything known
Zy =a —Oay4 Zy = — Oy A
128 [ Hi Tl Invertible = ap
Zry1 = ars1 —bar N
7 - ) A - )
24 [ Hif L : 24 [ i F
Zrys = arga—bGarg Zrys = apyz—fary
Zl’(?) = 0 Z_[(Q) =

* See Page 142 of Notes

« See Page 142 of Nott83




Prediction - MA(1)
PRI
Zy=aq — 0y

125 [n) Hij FoT0:
Zry1 = apy — Bap

— E(ar) = ar
er —

4‘@7 \) (lr ]
25 [e] B P T+1

Zrys = ary2—Oary
——
Z;(?) =

* See Page 142 of Notes

Prediction - MA(1)

L [ Hiy TG0 Z_(T)“
er(1)

Var(er(1))

125 ] iy 000 er(f)
Var(er(£))

—bBar

ar+1

o

S %]

arye — 0arie—

(1+6%)02 =0

* See Page 142 of Notes

104
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FHHCF)

Prediction - MA(1)

UERETN:  ZD
er(1)

Var(er(1))

125 i i 000 Z1(0)
er(l)

Var(er(f))

—bar (if invertible)

a1

2

Oq

0 £>1
ar¢ — 0arie—

(1460 =

* See Page 142 of Notes

Prediction - MA(1)

Zy=aq —Oa
0] <1 invertible form
0] > 1

9| =1 2

* See Page 142 of Notes

Prediction - MA(1)
Zy = — bQap
9] <1 invertible form
0] > 1
o|=1 2

[ 2z

Cov : _ Y11 X9 2
A Yo 1462

\ Z71+1

« See Page 144 of Notk@5




Prediction - MA(1)

Zy = ap —Bag 4

0] <1 invertible form

Tnvertible = ap = Zp —0Zp_; — 02 Zp_y— 0 Zp_5— -

([ 7

o : _ Y1 Xie 2
Zr Yo 1462

\ Z7111

* See Page 144 of Notes

AR P58

1. (0,1,1) model forecast

2. (p,d,q) model forecast in general

Prediction - ARIMA(0,1,1)

PR
Zi=Zi 1+ a; —0a;_

7] 7L
Zy, -+, L7 known, predict Zpyp, £ =1,2,3,---

H.HIT: forecast origin
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Prediction - ARIMA(0,1,1)

(1 — B)Z.ﬂ = (1 — GB) iy
Zi = (1—60)Z1+0(1—0)Z4_s+ 6%(1 — 0)Zi_s
+ v + a




Prediction - ARIMA(0,1,1)

|=1] (invertible):
Zry, = (1—0)Zr+60(1 —-0)Zr_1+---+ars

Prediction - ARIMA(0,1,1)

I=1] (invertible):
Z]‘+1 = (1 — Q)Z_{ 1 9(1 — Q)Z]‘_l + -+ ar4q

Invertible when | 6 | <1 |

Prediction - ARIMA(0,1,1)
|=1F] (invertible):

Zry1 = (1—-0)Zr+60(1—-0)Zr_1 +---+ars
U Invertible when | 0 | < 1 |
Zr() = (1-0)Zr  + E(ars)
+ 61 —-6)Zr_
+ 021 —6)Zp -
+ 031 —-6)Zr_3
n

Prediction - ARIMA(0,1,1)
I=1] (invertible):

Zrya = (1—-60)Zr+60(1 —0)Zr_1 + -+ a1y
U Invertible when | 0 | <1 |
Zr() = (1-6)Zr  + E(ars)
+ 6(1 —0)Zr_,
+ 0?1 —0)Zr_o
+ 6031 —60)Zp_3
4

107




Prediction - ARIMA(0,1,1) Prediction — ARIMA(0,1,1)
|=1] (invertible):

Zror = (=) Zp+ 001 —0)Zr_1 + -+ ars weight (1-6)
U Invertible when [ 6| <1 |
Zr() = (1-0)Zr  + E(ars)
+ 61 —-6)Zr
+ 0?1 —60)Zr_o
+ 031 —6)Zr_3
+
er(l) = 0+ aT+1
Prediction - ARIMA(0,1,1) Prediction - ARIMA(0,1,1)
|=2H : |=2HF :
Zry2 = Zry1+ ary2 —0arqa Zrye = Zry1+ arys —0Oaryg
= Zr(2) = Zr(1)
|=3H :
Zrys = Zpyo+ arys —0args
= Z:(3) = Zr(2)
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Prediction - ARIMA(0,1,1)

Prediction - ARIMA(0,1,1)

I=1H (invertible): =211 -
Zrya = (1-0)Zr+0(1—-0)Zra+ - +orn Zrye2 = Zry1+aryz2 —bary
U e——
_ = Zr(2) = Zr(1)
Zj(].) — (1 — Q)Zj_r | :EF{T((l.]'_}_l)
+ 01 —6)Zr_y er(2) = er(l)+ ary2—0ary
+ 021 —0)Zp_s = ar41 + ary2 —0Oarq
+ 031 —6)Zp_3 = arqe+ (1 —0)ars,
+ @ ; 2 2
, Var(er(2)) = o2[1+ (1 —6)?]
er(l) = 0+ aril
Prediction - ARIMA(0,1,1) Prediction - ARIMA(0,1,1)
|=3} : - -
Zr(l) = Zp(1
Zrys = Zria+ arys —Oargs () (1)

= Zr(3) = Zr(2)
er(3) = er(2)+ apss—fapss
= ar43+ (1 — 9) ar4+o + (1 — 9) aT41

Var(er(3)) = o;[1+2(1-6)*

Var(er(f) = o1+ (¢-1)(1-6)?

a6 108 120 132 144
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Prediction - ARIMA(0,1,1)

Zr(l) = Zp(1)

Var(er(t)) = o021+ (¢—1)(1-6)?

| important feature/l

9 08 1z

1128
) \
1
12 i) biid 48 i) 72 2] 9% 108 120 132
Ime

Prediction - ARIMA(0,1,1)

Random Walk; (1 — B)Z; = a;

Prediction - ARIMA(0,1,1)

Stationary model:

7 e s )
e

Nonstationary model: (0,1,1)

110

AN ANl
“ M - h

AN AN
“ M - -
o j‘fvj n ., - \\\\\\\\

Prediction - ARIMA(0,1,1)

Any stationary model:

Nonstationary model: (0,1,1)




Prediction — ARIMA(0,1,1)

weight (1-6)
91— )

6*(1-9)

—

K Zpa(1)

14 IF J5 I¥) Forecast X

orecast Z7(1) known

-

Prediction - ARIMA(0,1,1)
At time T+1, Zr41 known, forecast Zr2

Zryas = Zrs1+arys —bary
Z.]‘_H(i) = Z]‘_H + 0 - H[Z]‘_H - Z;(l)]

—

= (1=60)Zrs +0Z2(1)

Prediction - ARIMA(0,1,1)
At time T+1, Zr4+1 known, forecast Zr4»

Faecosl Plol of 7

136

mz

I 68
id —
0 PO S S S S S S S S S RS S S S S S S S S
12 M i 48 il 7 Ll 96 1og 20 132
lime

144

Prediction - ARIMA(0,1,1)
At time T+1, Zr+1 known, forecast Z72

Foiecasl Plal of 7

136

0.2

New obs Z7.;

I 68
{
34 —
\ Zr(1)
L PR S T T S S S S S S S S S S St S S S S S S S
12 M i} 48 60 T 8 a5 108 120 132 144
limne
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Prediction - ARIMA(0,1,1)
At time T+1, Zr., known, forecast Zr+»

Zrys = Zry1+arys —fary
Zr(l) = Zru+0-0[Zpy — Z7p(1)]

—

= (1= 8)Zps1 +6Z7(1)

Prediction - ARIMA(0,1,1)
At time T+1, Z7., known, forecast Zr+o

Foiecasl Plal of 7

136

0.2

New obs Z7.;

Prediction - ARIMA(0,1,1)
At time T+1, Zr., known, forecast Zr+2

Faecosl Plol of 7

136

& IF 5 K forecast

mz

New obs Z74;

id —
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Prediction - ARIMA(0,1,1)
At time T+1, Z7., known, forecast Zr+o

Zryas = Zrs1+arys —bary

Zra(l) = Zru+0-0[Zpy — Zp(1)]

—

= (1= 8)Zpys +0Z7(])

Zrn() | = Zr() + (1= 0)Zr — (1 0)Z2(1)
Zrn() | = Zr(D) + (1= 8)[Zr41 - Zr(D)

new forecast = old forecast + (1 — 6) X forecast error




Prediction - ARIMA(0,1,1)
At time T+1, Zr., known, forecast Zr+»

Zrys = Zry1+arys —fary
Zr(l) = Zru+0-0[Zpy — Z7p(1)]
= (1-0)Zry +0Z7(1)

Zea(D) = Zp(1)+ (1= 0)Zpy — (1-6)Z7(1)

—

Zra(1) = Zp(1)+(1 —gUpdating formula ’

new forecast = old forecast + {1 — 6) x forecast error

Prediction - ARIMA(0,1,1)

Nonstationary, Simple Example (0,1,1) :

iecosl Plol of 7

] L s e L e e e B B

nz

A

12 M 16 48 &0 a2 ] 9 108 120 132
lime

T T+k

Prediction - ARIMA(0,1,1)

Example: Page 260 of Packets

i

Prediction - ARIMA(p,d,q)
¢p(B)(1 - B)Z, = 8,(B)ay

6p(B) = 1—¢B— - —¢,B"

stationary condition all roots outside unit circle

0,(B) = 1-6,B—-..—,B"

invertible condition all roots outside unit circle

« See Page 147-149 of Not#d3




Prediction — ARIMA(p,d,q)
fiR: <o, 7y = GQ(B)(LL

Op04(B) = 1-9 B~ -, B

!

®p1a(B)Zy = 04(B)a

* See Page 147-149 of Notes

Prediction — ARIMA(p,d,q)

Rtk
Zy — P12y — - = PpraZi_(p+a)
= g —bhay_1— - — qulr,—q
] L

Zy,+++ , Z7 known, predict Zp 4,0 =1,2,3, -

HrpT: forecast origin

* See Page 147-149 of Notes

Prediction — ARIMA(p,d,q)

|=1:
Zr1 = v+ + PpraZirin)—(pta)
+ary1 —bhar —--- — 001741
Zr(l) = @1Zr+ -+ CpiaZ(rin)—(pra)
+0—6i1ar —---—0yar4+1—
er(l) = ary
114 * See Page 147-149 of Notes

Prediction — ARIMA(p,d,q)

|=2:
Zrye = Q127+ + PpraZ(T42)—(ptd)
+(}JT+2 — 91 ar+1 — - — gqa]‘_}_g_q

* See Page 147-149 of Notes




Prediction — ARIMA(p,d,q)
TR I 2504

Y

Zryj J<0
| Zr(j) >0
0 >0
E(ary;) = 9
| ary; J<0

* See Page 147-149 of Notes

Prediction — ARIMA(p,d,q)

For ¢ > max(p + d, q) :

(1= @B~ — ®ppq B Z1(l) = 0
Solution:
m o b(] SRS bd_lgd_l +

1 cxf + -+ r:pa‘;

* See Page 147-149 of Notes

Prediction — ARIMA(p,d,q)

For ¢ > max(p + d, q) :

—

(1=®B—--—®, gB*)Zp() = 0

Solution: _
- non-stationary
r(f) 4[ Transient ]

* See Page 147-149 of Notes

Prediction — ARIMA(p,d,q)

For ¢ > max(p + d, q) :

(1=® B—-— &, qB*)Zp({) = 0

Solution: :
non-stationary

r(f) 4[ Transient ]
1

d=1 bo horizontal line
d=2 bo + b1/ straight line
d=3 bo + b1l + bof?  quadratic line

» See Page 147-149 of NotédS




R 2
Model Building

How to pick a member from the ARIMA(p,d,q)
class to fit your data at hand?

!

Trail+Error

Iterative Process:

* See Page 149-159 of Notes
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ASVRIN 25
Model Building : Conceptual Framework

1. Tentative Specification

 SACF
1A |
i PSS . concr
s  SEACF (EACF)
S (L) .
2. Estimation (MLE)
« AR(1)
* AR(p)
3. Diagnostic Checking
\% ‘TJ‘ Vl * %};I;U / lj_:f
ARIMA models 10 1 SACFFISPACKF | W Y [y e 15
1. mixed model
ACF MA Cut-off property « Difficult to specify mixed model
. . 2. non-stationary model
Differencing
» Often hard to decide on differencing
SACF Decide on MA order
;‘é/\
{PACF AR Cut-off property r ‘ ‘ ‘ ‘ ‘ ‘ TT
SPACF Decide on AR order

S B IR 7 15 3l ok SACFRISPACE K ) s i il

* See Page 149-150 of Notes




18 15 SACFRISPACKE | WA 72 (1 e i

1. mixed model
 Difficult to specify mixed model

2. non-stationary model

» Often hard to decide on differencing

tondt

ARIMA(p,d,q) =]
(1-¢B-+—¢,B)(1-B)"Z, =(1-6,B----—0,B")q

ARIMA(p,d,q) [H] )i

(1-¢:B--—¢,B)(1-B)*Z, =(1-6,B~----—6,B"q
K
®B)=(1-&B--—,.4B"
! |

order: (p+d)

order : (p+d, q)

4

ARMA(P,d) = ARMA(p+d,q) < ARIMA(p,d,q)

118

Stationary ARMA(1,1)

Example : From Page 233 of Packets

* See Page 151 of Notes




Stationary ARIMA(1,1)

Example : ;&5 %51 ?

1“\\||||? ...... 1T|||||||? ......

1 2345 6 7 1 23456 7

EACF for Stationary ARMA(1,1)
Zy — QL1 = ap — Ba; .

Zy = + Y1041 + Y2040+ +P3ai 3 + - -

Covariance Structure:
EZL—k(ZL - ¢5ZL—1) = EZL—k(U:r, - 91'11,—1)

i [=¢ i0=0
k=1 p1—¢po=—bo;/7 m
+¢ if6#0
k=2 pm—gm=0  é=p/m
k=3 p3s—@Qpa =0 & = p3/p2

EACF for Stationary ARMA(1,1)
Ly — QLy_1 = ay — Bas_q

Zy = +V1ai—1 + Yoap_o+ +p3a—3 + - - -

Covariance Structure:
EZ.t—k(ZL - ¢5Z1—1) = EZt—k(fIr, - 9674,—1)

1 #0 unless 0 =0
f}' —¢ =0

k=1 pL— Opo = —903/70 /M i

£¢ ifO#0
k=2 p2 —¢p1 =0 ¢ = p2/m
k=3 p3—opry =10 ¢ = p3/p2

EACF for Stationary ARMA(1,1)

Zy — ¢Zr,—1 = a¢ — 90‘4,—1

Zy = + Y1041 + Y2040+ +P3ai 3 + - -

Covariance Structure:
EZL—k(ZL - ¢5ZL—1) = EZL—k(U:r, - 91'11,—1)

i (=6 i6=0
k=1 p1—d¢po=—bo;/v0 m
£¢ if6#£0
k=2 p2—¢p1 =0 ¢ =p2/m
k=3 p3s—@pa =0 & = p3/p2
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EACF for Stationary ARMA(1,1)
If we know ¢ =7, then let :
wy =Ly — 7214
Note: w; can be calculated from data !

!

{Z,} = {w}

!

Then wr = @ — 8a;—1 is a MA(1) model !

EACF for Stationary ARMA(1,1)

i [ —¢ ito=0
k=1 p1—¢po=—bo;/70 m
b HO£0
k=2 p2—¢p1 =10 ¢ = p2/p
k=3 p3 — ¢p2 =10 ¢ = p3/p2
k=4 ps — ¢p3 =0 ¢ = pa/ps

Consider : per1 — ¢Pp =0

Define : ¢©) solution of the above equation

120

EACF for Stationary ARMA(1,1)
Consider : pes1 — ¢pp =0

Define : ¢ solution of the above equation
For ARMA(1,1) :
{m{: for £ =1,2.3 -
£ ¢ for { = 0
Consider: w'” =2z, — ¢ z,_,
Then, for ¢=1,2,3,--- of ARMA(1,1)

=) ’u;fﬁ) ~MA(1)

EACF for Stationary ARMA(1,1)
Compute : ¢() = 751/

w) = 2, — 07, _,
SACF of w") ~MA(1)

f\lag |1 2 3 4 5 6
il
17 1 X O O O O
=
: 2 X O O O O
3 X O O 0 O
4 X O O O O




EACF for Stationary ARMA(1,1)

Compute : 6 = pi31 /4

’u;fﬁ) = Z; — qﬁ(ﬁ)Z,,_l

If the model is ARMA(L,2),
Then?

EACF for Stationary ARMA(1,2)
Ly — @1 = g — Bra;—1 — Oaa4_»

EACF for Stationary ARMA(1,1)
Zy — Qf'Zr,—l =a; —OQar—;
Zy=a +Yrap_1 +oas_o+ +p3ap_3 + - -

Covariance Structure:
EZ.t—k(ZL - ¢5Z1—1) = EZt—k(fIr, - 9674,—1)

|

i (=6 if0=0
k=1 p1—¢po=—-bo;/7 m
£¢ ifO#0
k=2 p2 —¢p1 =0 ¢ = p2/m
k=3 p3—opry =10 ¢ = p3/p2

EACF for Stationary ARMA(1,2)
Ly — @21 = g — Bra;—1 — Baa4_»

EZ; (Zr, - ¢'Zr,—1) = EZ!,—k((l'!, - l91 ar—1 — 9204,—2)

k=2 p2— op1 # 0
k=3 p3— opa =10
k=14 ps— op3 =10

Transform ., = 7, — (O 7,

m) Fori=223,- -, ’u;fﬁ) ~MA(2)
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b 1B P 371 -

SN CF)

EACF for Stationary ARMA(1,2)

Zp — ¢5Zr,—1 = a4 — lf91 a1 — 920‘4,—2

EZ; (Zr, - ¢5Zr,—1) = EZ!,—k((l'!, - 91 g —1 — 9204,—2)

k=2 px—¢p1 #0
k=3  p3—¢p2=0
k=4 ps—ops=0
Transform: (") = z, — 9Oz, ,

m) Fori=223,- -, ’u;fﬁ) ~MA(2)

* See Page 151 of Notes

EACF for Stationary ARMA(1,9)

ARMA(1,2) ARMA(1,1)

\|1 2 3 4 5 6 |[f\lag|l 2 3 4 3

1 [®o0 00 0

9 @ooo 2 X 0 0 0 0

3 X O O O 3 |X 0 0 0 O

4 X 0 0 O 4 |X 0 0 0 0
122

EACF for Stationary ARMA(1,0)

EZ_y (Zr, - ¢'Zr,—1) = EZL—A:(GL —biap_1 — - — qulr,—q)

k=q  pg—¢pg—1 #0

k=qg+1 Pg+1 — Opg =0

[

wff) = Zt — fﬁ(f)zr,—l = wf} NMA(CI)

» See Page 151 of Notes




EACF for Stationary ARMA(1,0)

EACF for Stationary ARMA(1,9)

ARMA(1,2) ARMA(1,1)
\[1 2 3 4 5 6 |[f\lag|l 2 3 4 5 6
1 1 |[® 0 00 0
2] ® o0 0 0 - 2 |X 0 0 0 0
3 X 0 0 O - 3 |[X 0 0 0 0
4 X 0 0 0 - 4 |X 0 0 0 O

\ 1 q q+1 q+2
1
: Q o

q+1 X O

q—+2 O

EACF for Stationary ARMA(1,9)

\ 1 30 0o q q+1 q—+2

1

q @ O O
q+1 X O O

1) Define ¢'©) as solution of ppr; — ¢ py =0
2) Transform Z;: wgﬂ) =Z,— ¢V Z,_4

3) Take p¢(1) as the ¢-th autocorrelation of w,ﬁf)

EACF for Stationary ARMA(1,0)

ARMA(1,1)
(\lag |1 2 3 4 5
1 X0 0 0 O
2 X0 0 0 O
3 |X 0 0 0 O
4 |X 0 0 0 O
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EACF for Stationary ARMA(1,0)

ARMA(1,2)
\|[1 2 3 4 5 6
1
2 X 0O 0 O
3 X O 0 O
4 X 0 0 O

EACF for Stationary ARMA(1,9)

ARMA(1,q)
\ 1 oas q qg+1 qg+2
1
q X O O
q+1 X O O
q+2 X O O

124

EACF for Stationary ARMA(1,9)

ARMA(1,9)

\ I - a qtl of2

S
<> How about (2,9)?

q+2

EACF for Stationary ARMA(1,0)

ARMA(1,2) ARMA(1,1)

[a—

L SV

O -
O -
O -
O -




EACF for Stationary ARMA(1,0)

ARMA(1,q)
\ 1 .- q q+1 qg+2
1
q
q+1
q+2

EACF for Stationary ARMA(1,q)
1) Define ¢'©) as solution of pir1 — ¢ p, =0
2) Transform Z;: wﬁf) =Z;— 07,4

3) Take p¢(1) as the ¢-th autocorrelation of wgg)

Then pe(1) has the following property :
pe)#£0  L=g¢q

pe(1) =0 L>q

pe(1) : 1st Extended AutoCorrelation Function (EACF)

EACF for Stationary ARMA(2,9)
(Zr, — 1241 — ¢QZr,—2) = (flr, —biag_1 — - — gqﬂr,—q)

(La) pm—90Ym=0

(¢)
(2.0)  di,¢ = ( o )
| 7 65

* See Page 152 of Notes

EACF for Stationary ARMA(p,q)

MA order >

m\j| 0 1 2 3 4 5
- 0 | p1(0) p2(0)  p3(0)  pa(0)  p5(0) ordinary ACF
Bl 1 a0 w0 w0 a0 ) 15t EACF
a4 2 | m(2) p2A2) p3(2) pa(2) ps(2) 2nd EACF
< 3 m@) p2A3) p3(3) pa(3) ps(3) 3rd EACF

4

3

« See Page 153 of Notk35




EACF for Stationary ARMA(2,0)

(Zy — 121 — (ﬁ'zzr,—g) =(ag —brap_1 — - — 9:‘}(}"",—:‘})
From sample

N

; o
ite g )
Po

* See Page 152 of Notes

EACF for Stationary ARMA(p,q)

¢ AR order

MA order >
m\j| 0 1 2 3 15
0 | pi(0)  p2(0)  p3(0)  pa(0)  ps(0) ordinary ACF
Lo pi(1) p(l) ps(1) pa(l) ps(D) 1st EACF
2 ;2 p2) 232 pa(2) ps(2) 2nd EACF
31 m3) p2A3) pa(3) pa(3) ps(3) 3rd EACF
4

* See Page 153 of Notes

EACF for Stationary ARMA(p,q)

MA order >
m\j| 0 1 2 3 4 5
s | 0 [P0 p2(0) ps(0) pa() ps(0) ARMA(0,q)
S| 1 @ @) @) ) ps(l) ARMA(L,0)
Et: 2 [ p(2) pa2) pa@) pa(2) ps(2) - ARMA(2,0)
3| pi(3) p23) pa(3) pal3) ps(3) ARMA(3,q)
4 ..
||

126 * See Page 153 of Notes

EACF for Stationary ARMA(p,q)
True Model MA(1)

\[o 1 2 3 4 5
0[X O O 0 O
1

2

3

4

* See Page 153 of Notes




EACF for Stationary ARMA(p,q)
True Model MA(1)

Vo 1 2 3 4
0|X 0O 0 O O
1{? X2 0 0 O

o

A~ W b

* See Page 153 of Notes

EACF for Stationary ARMA(p,q)
True Model MA(1)

\V[o 1 2 3 4
0{X 0 0 0 O
1{? X2 0 0 O
7 7 X? 0 O

[y §

=~ W

* See Page 153 of Notes

EACF for Stationary ARMA(p,q)
True Model MA(1)

0 X
11 ?
2|7
3
4

* See Page 153 of Notes

EACF for Stationary ARMA(p,q)
True Model MA(1)

V{io [1] 2 3 4 5
0] X

11 7

2 | ?

3

4

« See Page 153 of Notk27




EACF for Stationary ARMA(p,q)
True Model ARMA(1,1)

AR order \ MA Order | O |1| 2 3 4 5
0
1
2 O O
3 O
4

* See Page 154 of Notes

EACF for Stationary ARMA(p,q)

Simplest Example : Z; =

A
\[o 1 2 3 4 35

ofO O O O O ACF
1[X? O O O O IStEACE
2|X X2 0 O O 2nd EACF
3

* See Page 154 of Notes

EACF for Stationary ARMA(p,q)

Simplest Example : Z; = &

pr=pa=ps=---=0
\| O 1 2 3 4 53
00 O O O O ACF
P2 — Cb(l)Pl =0
wﬁ” =Z;— ¢V 7 4
128 * See Page 154 of Notes

EACF for Stationary ARMA(p,q)

Simplest Example : Z; =

pr=pa=p3=--=0
Vo 1 2 3 5
0]O0 O O O ACF
1|X? O 0 O IstEACF
2| X X? 0 O 2nd EACF

p2 — ¢(1)p1 o 0 (;5(1) arbltral‘y
wt(l) =Z;— ¢V 7 4

* See Page 154 of Notes




EACF for Stationary ARMA(p,q)

Simplest Example : Z; = a;

p1 =;02=;03=“‘=O
\V[o 1 2 3 5
0O O O O ACF
1|X? 0O 0 O ISLEACE
2| X X2 O O 2nd EACF

p2—dWMp =0 o) arbitrary
wV =7, — ¢ 7, <D How?

* See Page 154 of Notes

EACF for Stationary ARMA(p,q)
Simplest Example : Z; =

pr=p2=ps=---=0

p2— ¢Wp =0 —*—» »1) arbitrary
wiV =2, - W2z, 4 <D How

If oM =12 then W) =2, —1.22,_,

* See Page 154 of Notes

EACF for Stationary ARMA(p,q)
Simplest Example : Z; = &

pr=pa=ps=---=0

(1) l
p2— ¢ p1=0 —*—» ¢1) arbitrary
wt(l) = Zy — Gb(l)zt—l J How?

If ¢@ =1.2 then w\” = Z, — 1.2Z,_4
+
Zy =

!

wt(l) =a; — 1.2a;_4
* See Page 154 of Notes

EACF for Stationary ARMA(p,q)

Simplest Example : Z; =

pr=pa=p3=--=0
vfo 1 o2 3 4 5
00 O O O O ACF
X2 0 0 0 O 1st EACF
2/ X X2 O 0 O 2nd EACE
3

« See Page 154 of Notk29




EACF for Stationary ARMA(p,q)
True Model ARMA(1,1) (JASA 1984)

AR order \ MA Order | O |1| 2 3 4 5
0
1
2 O O
3 O
4

* See Page 154 of Notes

EACF for Stationary ARMA(p,q)
True Model ARMA(1,1) (JASA 1984)

AR order \ MA Order | O |1| 2 3 4 5
0
1
2
3
4 Sample EACF!

* See Page 154 of Notes

EACF for Stationary ARMA(p,q)
True Model ARMA(L,1) (JASA 1984)
AR order \ MA Order | O |1| 2 3 4 5

0

= W b

130 * See Page 154 of Notes

EACF for Stationary ARMA(p,q)
True Model AR(2)

\[lo] 1 2 3 4

o

O
O

0
1
2 O O
3 O
4 O

* See Page 153 of Notes




EACF for Stationary ARMA(p,q)

True Model ARMA(1,1)
(nonstationary)

Zy —QZ 1 =ar —Oay
He: @ =1

* See Page 154 of Notes

AR A 7% 1] ot

Model Building
1. Tentative Specification
* SACF MA
» SPACF AR
» SEACF Mix (including (1-B))

2. Estimation (MLE)
3. Diagnostic Checking

131




ARIMA(p,d,q) - Model Building

1. Tentative Model Specification

e SACF
N o SPACF
I} 18] 2 371 43 #
e SEACF
BLit(E) 2. Model Fitting or Model Estimation
3. Diagnostic Checking
Today’s Topic Likelihood Function
Likelihood Function + MLE Data: Zy,++ ,Zp
1 AR Models Likelihood Function: P(Z1,--- ,Z,|6) (p.d.f. of data)
2. MA Models

e Conditional Likelihood
e Exact Likelihood

o Extensions

132 * See Page 156-166 of Notes




Likelihood Function

Data: Z1, ** ,Znp SHr 0 F ]
Likelihood Function: P(Zy,- -+ , Zy| (p.d.f. of data)

Data A4/ j

Likelihood Function

Data: Z1,*** ,Zp SR 0 A4
Likelihood Function: P(Z1,--- , Z,| (p.d.f. of data)
BRI i l\i Data K41 |

Ei oA P
Sample n points from N (y, 02)

Joint p.d.f. : 1

1 n_—n 1 2
P(Zh' o =Z'-'1|H= 0-:12) = (T) 0q eXp{_ 202 Z(Z.’ - ,u)‘)}

a §=1

3

Likelihood Function
Suppose: [t =9, 0, = 1
Data: 5.1,4.7,5.32.4.85, ......
What is the likelihood function? (assume the obs. are from N (u, o2))

Likelihood Functio -
- ML
Suppose: 1 =9, 0, = 1 (Data . 41)

Data: 5.1,4.7,5.32.485, ......

What is the likelihood function? (assume the obs. are from N (g, 02))

SER N

133




Likelihood Functiop—
Suppose: ft =9, 0, =1 (Datat\H)

Data: 5.1,4.7,5.32.4.85, ......

What is the likelihood function? (assume the obs are from N (,u o2

%iﬁﬂiiﬂ

Likelihood Function : function of unknown coefficients for given data
p,0205.1,4.7, - - -)

x P(Zy,--,Z,|0)

X exp{—2 5 Z(Z, ,u

a."l

Likelihood Function

Likelihood Function : Up, 02|21, , Zy)
—n 1 - 2
x o, "exp{— 707 E(Z" -}

l maximize

MLE of u p=27

MLE of 6> o2 = — Z

MLE is one of the most basic and popular
estimation methods !

Likelihood Function for AR(1)

ARQ): Zi—p = ¢(Zio1—p)+a T N(0,0?)
U
Zy = ¢+ ¢Zi1+w c=pu(l— o)
134 * See Page 156 of Notes

Likelihood Function for AR(1)
ARQ): Zi—p = NZi-1—p)+a W L N(0, o2)
U

Zy = ¢+ 21+ a c=pu(l—¢)

Stationary P(Z1,Z4,-+ , Zn)
AR(l) : = P(Zl)P(ZQ‘Zl)P(Z?‘Zﬁ) T P(Zn‘Zn—l)

* See Page 156 of Notes




Likelihood Function for AR(1)

ARQ): Zi—p = ¢(Zio1 —p)+a o N(0,02)
"
Zy = ¢+ oZi 1+ c=p(l—¢)

N(¢Zy,0,)| IN(¢Zs, 02)
Stationary P(Zy,Zs, - '/Zn)

AR(l) . = P(Zl)P(Zg‘Zl P(Zq‘Zg) v P(Zn‘Zn—l)

N— g
~—

ga—(n—l}ex:p{_%gZ(Zt — qﬁzt—l)g}

* See Page 156 of Notes

Likelihood Function for AR(1)

id.d.

AR(Q): Zi —u NZi—1 — p) + ar a; "'~ N(0,02)

Zy = ¢+ QL1+ c=pu(l—¢)
N((,ﬁZl:O'E) N(¢Z2.0'2)

Stationary P(Z1,Zs, - '/Zn)

ARD: = PEIPZAZIP o Za) - P(Zo) Zno)

— _
?77? Y

ga_(n—l) exp{— %EZ(ZL —¢Z;1)%}

* See Page 156 of Notes

Likelihood Function for AR(1)

i.4.d.

ARQ): Zi—p = ¢(Zio1—p)+a a '~ N(0,02)
U

Zy = c+ o1+ ¢=p(l—¢)
Assumec:Ol, N(¢Z1,03)| IN(¢Z5, 02)

Stationary P(Zy,Zs, - '/Zn) /

AR(1):  _ (Zg\zl P(Z4]Z2) - P(Zn|Z 1)

— v
?? Y

o_a—(n—l}ex:p{_%gZ(Zt — gﬁZ.{_l)g}

* See Page 156 of Notes

Likelihood Function for AR(1)
Stationary P(Z1,Z4,-+ , Zn)

ARW: = (P(Z)P(2:12:) P(Z5125) - P(Za)Zn-1)

Zy=c+dZo+ oy
)7, = +oay_1+ -+ a4+

mmm) |f Stationary (|¢| < 1)
- Var(Z,) = 1%

1 cu 1-6 ,
ﬁ( 1_(;52) eXp{— 202 (Zl _:u) }

1}

P(7,) =

« See Page 156 of Noth3S




Likelihood Function for AR(1)
P(Zy,Z5, - ,Zp)

= P(Z1)P(Z3|Z1)P(Z3|Z3) - P(Zp|Zn-1)

o P(Zl)aa_("_l) exp{— 23}_2 Z(Zﬁ —c— (;SZ,,,l)?}

a

+

9

o Cu 4 Llogr
P(Zl) - \/% \/m) eXp{ 20_3 (Zl “’) }
1 Ta _ 1 — > 9
g(nu: ¢': 0-2|Z) X \/%( 1 (;52) L eXP{— 202 (Zl - H)‘)}
1 n
o, ("D exp{— 553 Z(Z" —c—¢Z;_1)%}

a t=2

Likelihood Function for AR(1)

2 1 Ta ~1 1—¢° 2
ﬂ(‘u_‘ qﬁ, JQ|Z) X \/%( \/1_7(;52) exp{— W(Zl - 1u) }
1 T
o "D exp{— 53 Z(Z,, —c—¢Z;_1)%)}
G =2

* See Page 156 of Notes

Likelihood Function for AR(1)

2

1 a 1—¢°
=) el (% — )’}

Up, ¢,021Z) o (

V2T /1= 2
n

¢ — 1 )
1 o 1)exp{—2(72 Z(Zr, —c— ¢Z11)*}

‘. /' l =2

{ x fl f*

n t [, dominate

136 * See Page 156 of Notes

Likelihood Function for AR(1)
o< b0,
nt [, dominatel
Ignore ¢, or P(Z;)
by x P(Z3|Z1)P(Z3|Zs) -+ P(Zp|Zp—1)

Note: Both for stationary |¢| <1 or

nonstationary case |¢| = 1

* See Page 156 of Notes




Likelihood Function for AR(1)

Approximately( ignore ¢ )

o 1 &
E(H: ¢= ‘72|Z) X 0Oq (n-1) eXp{_ 202 Z[ZF — M ¢(Z;,_1 - u)]?}

@ t=2

1 n
= o, " Vexp{- 553 Z(Z,{ —c—¢Z;1)*}
¢ t=2

Note: ¢ = pu(l — ¢)

* See Page 156 of Notes

Likelihood Function for AR(1)

Approximately( ignore ¢ )

o 1 <&
ff()u_{ P, JE‘Z) X Oq & l}eXp{_Qo_g Z[Zf —H qﬁ(Zl—l - #)}2}

@ =2

1
— 7(1171)9 _
et

Note: ¢ = (1l — o)

* See Page 156 of Notes

Likelihood Function for AR(1)

Approximately( ignore £;)

1 T
0, $,021Z) o< oy ™D exp{- za
a =2
1
L

Note: ¢ = pu(l — ¢)

* See Page 156 of Notes

Likelihood Function for AR(1)

Approximately( ignore /;)

U, b,0012) o o5 "D exp{-

1 T N
[(Ze —pp— Pp(Zp 1 — )]"}

2

2
202 ‘

Based on linear
regression model

Zy=c+ ¢l 1+

« See Page 157 of Notk37




Likelihood Function for AR(2)
ARQ2): Z;—C—¢p1Zi 1 — P27t 2=«
t=1,2,3,---,n

P(Zl :Z?’!) = P(leg)P(Z%ZH|ZlZ-))

= P(Z,,Z2)[| P(Z|Z,-1, Zi—»)

1=3

* See Page 158 of Notes

Likelihood Function for AR(2)

ARQ): Z1—C—01Zi 11— 271 2=

t=1,2,3,---,n

P(Zl :Z?l) = P(Z1=Z2)P(Z3:“"-ZT1|Z1:Z2)

NI P(Z|Zi1, Zi )
=3
1 |

Complex but
limited effect if n
is large

* See Page 158 of Notes

Likelihood Function for AR

Example :
* BATCH Data, P252 of Notes

(1,2)z = ¢ + noise

138 * See Page 158 of Notes

Likelihood Function for MA(1)

MAQ): Z,=c+ a — Ba;_4

LN

kK

kK

Zl:“' :Zn

Likelihood Function ¢
lﬁo{ P(Zl, :Zn)

P(Zl:'“ :Zn) 1

e BE(Zy)=c
A 1+6% -6
Zs -0
e Cov = a2 = o2
-0
Zy, —f 1+92

* See Page 159 of Notes




Likelihood Function for MA(1)
MAQ): Z, = c+ a — Oa;_
2 Zy,ee- 2y
Joint Distribution :

1 . )
P(Z) = o7 "0 2 exp{—5 52 07 2)
o2
(1+92 -0 /ZI—C
—f Zy — ¢
0= Z=
—4
\ -6 146 \ Zn—

* See Page 159 of Notes

Likelihood Function for MA(1)
MAQ): Z, =c+a —Ba;_
L4 Zl;“‘:Zn

; TR very complex
Joint Distribution : y/ P
1 . )
P(Z) = o7 "0 exp{—5 =2 @ 2%)
O,
( 1 + 92 _9 / Zl —C
very §imple
A -6 . Zy—c
> z=| "
» :
\ -0 1+86° \ Ln— ¢
* See Page 159 of Notes

Likelihood Function for MA(1)
MAQ): Zi=c+ a —Bay 4

1 c=0

Zy=a — Qa4

Z1 =a; —0Bag

Zg i R}
A 1 m Bag
7y -8 1 ao 0
Zn —9 1 n O

* See Page 159 of Notes

Likelihood Function for MA(1)

YA 1 a fag
Zg —f 1 1o 0
Zn -4 1 a, 0
/ fag ( 1
) 7 = Dya— i Dy =
\ 0 \ -6 1

AN

* See Page 159 of NotdS9




Likelihood Function for MA(1)

\ gn—l

nxn

140
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FHLHCF)

Today’s Topic
Likelihood Function + MLE
1. AR Models
2. MA Models
» Conditional Likelihood
» Exact Likelihood

* Extensions

* See Page 156-166 of Notes

Likelihood Function for MA(1)

Z 1 ay fag
Zg —0 1 D] O
Zﬂ _9 ]. (J,n 0

* See Page 159 of Notes

N 1
-6 1
-6 1

Likelihood Function for MA(1)

* See Page 159 of Notdgt1




Likelihood Function for MA(1)

( . ) / ) )
Z (n4+1)x1 \—ACG(] + Dg@ (n4+1)x1

/ 1 0 ao
\ —AC) Dy a
(n+1)x {n+l_) (nt+1)x1

Hr: Cp =
/ 1 / —fBay ay
0 0
—ACyay = — - | fao = _ a=
\ 0 \ 0 p

Likelihood Function for MA(1)
( 0 ) = ( 0 ) all ¢;’s i.i.d. N(0,02)
Z (n+1)x1 —AC’ag t+ Dgg (n+1)x1 \

1 0 ag
—-ACy Dy a
(n+1)x (n—l—l_) (nt+1)x1

Hrp: Cy = /
/ 1 / —0Bagy ay
0 0
—AChay = — | fao = _ a=
\ 0 \ 0 (n

Likelihood Function for MA(1)

( o ) _ ( o ) linear transformation
ACap+ D 1
Z (n4+1)x1 C(l(] + 04 (n41)x1

1 0 ao
—ACy Dy a
(n41)x(n+1) (n4+1)x1

Hrp: Cy =
/ 1 / —fBay ay
0 0
—ACyay = — - | fap = a=
142 \ ¢ gl in

Likelihood Function for MA(1)

( . ) ( , )
Z (n+1)x1 —AC(I(] t+ Dg,@ (n+1)x1
1 0 (g
—-ACy Dy Q
(n+1)x(n+l) (n41)x1
¥

P(ao, a)




Likelihood Function for MA(1)

( . ) / ) )
Z (n4+1)x1 \—ACG(] + Dg@ (n4+1)x1

/ 1 0 ao
\ —AC) Dy a
______________________________________ (n+1)x(ntl) (n+1)x1
H .

linear t@nsformation v
> P(ao, a)

p-| | —]] =1

Likelihood Function for MA(1)

( . ) ( , )
Z (n+1)x1 —AC’ag +D9L§ (n+1)x1

1 0 ag
—-ACy Dy a
_______________________________________ (n+1)x(n+1) (nt1)x1
L —

Likelihood Function for MA(1)

P(ag,a) = Plag,Z) = P(Z) = /P(QO,Z)dag

1

proportional to likelihood

Likelihood Function for MA(1)

P(ag,a) = P(ap,Z) = P(Z) = | Plag, Z)dag

1

2
207

P(Z) = o, 2 exp{—=—2Z Q17}

143




Likelihood Function for MA(1)

P(ag,a) = P(ag,Z) = P(Z) = | P(ag, Z)dag

1 . )
P(Z) = o7 "0 2 exp{—5 52 071 2)
T4

Likelihood Function for MA(1)

P(ag,a) = P(ag,Z) = P(Z) = | P(ag, Z)day

1

2
202

P(Z) = o7 2 exp{— =2 Q17}

n

_ 1 2
P(ag,a) x o, ") exp{— 53 Z a;}

a =0

144

Likelihood Function for MA(1)

P(ag,a) = Plag,Z) = P(Z) = | P(ag, Z)dag

1 . .
P(Z) = o7 "0 2 exp{—5 52 071 2)

2
T4

_ 1
Plao, a) oc o, ") exp{— 2%

o

P(ag,a




[ w)

A

1 . ao
Zg =
_ —ACy Dy a

\ Z. )

Likelihood Function for MA(1)

1
P(ag, a) g (n+l) exp{— Z a;}

i’)
Jd
a =0

Likelihood Function for MA(1)

(2)- (o 0 ) (2)
l

ag _ 1 . ag _ v~ Xag
a D,'AC, Dyt 7
: 1
He: Y= X=-
D,'z D,"ACy

Likelihood Function for MA(1)

1
P(ag,Z) O'Q_(”H) exp{— (Y — Xag) (Y — Xap)}

2
a

:H: .
Hp | .
Y = X =-
(D,;IZ) ( D;'ACy )

[ 1

145




Likelihood Function for MA(1)

1
P(ag, Z) x o, ™) exp{— —
207

(Y — Xap) (Y — Xag)}
o

P(ao, Z) = P(Z|ao)P(ao)

!

P(Z) = /P(Z\a@)P(ag)(ia@

Likelihood Function for MA(1)

1
P(ag, Z) x o7 "V exp{— —
20}

(Y — Xap) (Y — Xap)}

P(ao, Z) = P(Zlao) P(ao)

!

P(Z) = fP(ZMg)P(ag)dag

Hrp
. 1
Y = X = —
( Dy'Z ) ( Dy ACy )

Likelihood Function for MA(1)

1
P(ag, Z) < o7 ") exp{—

b
y={
D'z

Z1 = a1 —HBag [ 1

(V- X@®) (Y - X@))

o

apg =0 -0 1

146

Likelihood Function for MA(1)
Conditional Likelihood :

P(ao, Z) = P(Z|ao) P(ao)
Suppose ag = 0
md P(Z|ag = 0) = £(0|ag = 0)

1 1

00, 02lap = 0,7) (TE”QXI){—F}/TY—}

(1
Note : .
Y =
D,'z




Likelihood Function for MA(1)

Whatis D,'Z ?

1 1
7] 1
Dy = R - D, = 92 6 1
-4 1 gn—1 1 02 0 1
(1}0) 1 7z
“lm7 _ (0) _ : 0 1 Zy
(0) " ‘
1 (n
gt o2 e 1)\ 7,
Z = Dya'®

Likelihood Function for MA(1)

1 (Lgo)
-6 1 aé )
-6 1 ag])
A ago}
Zy a(go) — 9(150) <) ag]) = Zy+ 9(1&0)
Z3 ag]} — Qago) ) ag]) = Zs+ 9(1;0)
Recursive Calculation : afo) = Zy+ gaf‘]_)l with o = 0

Likelihood Function for MA(1)

Two ways to get a?) :

« H D;'Z = a9 titH

(l](_(])
(1(20)

& D, Z =a%
(l;(?)

. . 0
« Recursive Calculation aﬁ )

Zy + 9(1,@1 with ) = 0

Likelihood Function for MA(1)

Conditional Likelihood : Suppose ag = 0

€0, c,021Z,a0=0) x o, "exp{— S

n

=S (@6.0))

@ t=1

147




Likelihood Function for MA(1)

L= Z;—c
To compute likelihood of 6, ¢, o> :

Conditional on ag = 0,
T

_ 1
o, "exp{— 503 Z(rjio)(ﬂ, ))?}

@ —1

e 0l = 7, — e+ 0alY; (with o) = 0)

Likelihood Function for MA(1)

=7 —c
To compute likelihood of 6, ¢, o2 :

Conditional on ag = 0

o, " exp{—

Dat
Hopr: ol =@— ¢+ 0al”; (with o) = 0)

Likelihood Function for MA(1)

Suppose : = .5 and ¢ = 2.5

148

t| 2| Zi—c| a | (a2

1|23 2] -2 .04

2 | 3.2 7| .6 .36 3-34

3|35 10| 13| 169]| |= z(aﬁo)(.;s,z.;i))?
4|29 41]1.05| 110 =

5| 2.2 3| .23 05

Likelihood Function for MA(1)

L =7 —c
To compute likelihood of 6, ¢, o> :

Conditional on ag = 0




Likelihood Function for MA(1)

1
Play,Z) o« o "D exp{—

2
T4

(Y — Xag) " (Y — Xag)|}

Likelihood Function for MA(1)

1
Play,Z) o o "Dexp{-

2
T4

(Y — Xag) ' (Y — Xap)|}

(Y — XrLO)T(Y — Xag)

= (Y =Xa)" (VY — Xap) + (ap — @)*X ' X
(

Likelihood Function for MA(1)

1
Plap,Z) o« o ("D exp{—

2
a

(Y — X(,LO)T(Y — Xap)}

(Y — JYUJO)T(Y — Xayp)

= (Y —Xa)" (Y — Xap) + (ap — @)’ X ' X
= (

Likelihood Function for MA(1)

1
P(ag,Z) J_("‘H)exp{— 2(Y—Xcto)T(Y—Xao)}

. —/

(Y — XrLO)T(Y — Xag)

= (Y —Xa)" (Y — Xap) + (ag — @)*X ' X
= ( |

149




Likelihood Function for MA(1)
1

2
T4

Play,Z) o« o "D exp{—

(Y — Xag) " (Y — Xag)|}

Likelihood Function for MA(1)

P(ag, Z)

1

2
T4

x o, "exp{——[(YV - Xap) " (Y — Xdp) + (X " X)(ap — do)*]}

Likelihood Function for MA(1)

Pao, Z)

1

5o3l(Y = Xap) " (Y = Xip) K(X " X)(ao — o))}

x o, "D exp{—

150

Likelihood Function for MA(1)

P(ag, Z)

1

2
Oq

(Y — Xag) (Y - Xap) + (X' X)(ao — do)*]}

o r;*'a_(r""‘H)exp{—2

Integrating out @o ,we finally obtain :
P(Z)

1

2
04

(Y — Xag) ' (Y — Xag)}

x o, (X "X)V2exp{- 5

Whatare ag, ¥ — Xag ?

* See Page 160 of Notes




Likelihood Function for MA(1)

P(ag, Z)

— Xao)" (Y = Xdp) + (X" X)(ap — do)*}

o« o, "exp

(Y — Xap) " (Y — Xayp)

= (Y —Xay) (Y — Xag) + (ag — @)?X ' X

1
X =- ( B ) = — 2 ‘ 1 — g2(n+1)

Likelihood Function for MA(1)

Whatare ag, Y — Xag ?

(1+99+---+99” )

on
6 1 1 1
2 f 0 )
Dylag=|  |@mD;'A= | = _
o gn—l L I 1 0 gn—l

Likelihood Function for MA(1)
Whatare ag, Y — Xag ?

a=(X"X)"

1
T ()
X=- =—| ¢ - f
D;'AC \
agm
0 = _( 1 6 2 ... ¢ ) j{lfll
\ @)

Likelihood Function for MA(1)
Whatare ag, Y — Xap ?

ay =

1 _ 99 n . 0)
1_ g2(nt1) ZG ay
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Likelihood Function for MA(1)

P(Z) o likelihood function
1

x o "(XTX) Y 2exp{- 53
a

(Y — Xap) (Y — Xayp)

ag calculable

What is Y — Xag 7
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F\Bk(E)

Today’s Topic

1. Estimation ( L.S. linear + nonlinear)
« MA(1) conditional likelihood
exact Likelihood
Iterative Scheme
* MA(g)
 ARMA(p,q)
2. Diagnostic Checks
* Box & Pierce Box & Ljung
3. Examples (BJF, A, C)

4. Seasonal Models

Likelihood Function for MA(1)

Z=1 : a=| 9
Dy =

Likelihood Function for MA(1)
( . B 1 . aop
_ —ACy Dy a

P(ag, a) —>= f P(Zlap) P(ag)day = P(Z)

153




Likelihood Function for MA(1)

N ([ 1 %

- —ACy Dy a
: fP(Z|flo)P(ao)dao = P(2)

) (o ) (2)

Likelihood Function for MA(1)

ag 3 1 . ag
a D,'ACy Dyt Z

C Hr- 1
=) (m)=Y—Xag ”‘E'sz—(

Likelihood Function for MA(1)

ag B 1 . ag
a D,ACy, Dt 4

DH_IACQ

Y = '
D'z

a

|

1
P(ap, Z) x o, (»*1) exp{—2

(Y —Xap) (Y — Xap)}

2
a

154

Likelihood Function for MA(1)

conditional likelihood on ag = 0




Likelihood Function for MA(1)

conditional likelihood on ag = 0
MA(L) :

Zy = a; —bBa; a; = Z1 + Bag

Zy = a9 —0lag as = Zy + Bay

Z3 = a3 —Hlas as = Z3 + Bas

Likelihood Function for MA(1)

conditional likelihood on
MA(L) :
Zy = ap — Bap_4

ap = 21 +
Zy=as —BHay ar = Z9 + 0y

Z3=a3 —Has a3 = Z3 + Bas

Likelihood Function for MA(1)

1
P(ay, Z) x o, ") exp{—

2
Oa

(Y — Xap) " (Y — Xag)}

\conditional likelihood on ag = Ol

1
08,¢,0%Z) x o, "exp{—=Y 'Y}

as
(1 ([ 7,
—6 Zs
Y=D,'Z= _
\ _gn—l _9 1 \ Zn

Likelihood Function for MA(1)
To calculate D,;lg

Given 0
(1(0)(91 c) = Dg_l(Z —¢)

& DgaV0,¢) =27 —c¢

= Z1= (150)(9, c) — 9(1((]0)(9, c)
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Likelihood Function for MA(1)

n

00,c,0%|ag=0,Z) x o, " eXP{Qig Z(GEO)(\Q: 0))*}

|

Likelihood Function for MA(1)

08, ¢c,02|ag = 0,Z) o o, "exp]

I{glin 508, ¢) = Sm)(é: c)
| 1

— 1
2 — (0) 2

A= 20.0)
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Likelihood Function for MA(1)

00,¢,0%|ag = 0,Z) x 0, "exp{—

NON-linear : -I{glin 50)(9, ¢) = S8, 7

I
o 1 n (0) ;
0=~ (a,(0,¢)’
t=1

Linear : |AR(1) a =2y —c— Ly

AR(Q) ag =2y —c— 11— Q2242

Likelihood Function for MA(1)

08, ¢,02|ap = 0,Z) x 0, "exp{—

NON-linear : —>I£}1in 5©)@8, ) = 58,7

I
o 1 n (0) ;
0=~ (0,0
=il

MA(1) : a0) = Dg_lz & Dya® = Z




Likelihood Function for MA(1)
Exact Likelihood :

1
€0, ¢,0%Z) x 0;("'”1)9}{}_;){2—9(}’ — Xap)' (Y — Xap)}
Tg

N— A

—

P(ap, Z) — P(Z)

: 1
Y = X = —
D;'z D, ACy

J
|

Likelihood Function for MA(1)
Exact Likelihood :

08, c,02|Z) x o7 ") exp

2
207

(Y — Xaog)" (Y — Xao)

(Y = Xap) ' (Y = Xao) + (a0 — @)’ X ' X

Likelihood Function for MA(1)

(8, c 02|Z) G;(”H)e}{p{gig Y — Xag)' (Y — Xag

(Y — Xag) " (Y — Xag)

= (Y -Xa)" (Y —Xay) + (ap — @)’ X "X

1 . . .
P(ag, Z) x rfa_("mexp{—z—g(}’ — Xag)" (Y = Xdg) + (ag - 6g)° X "X}

0y

Likelihood Function for MA(1)

(9, c,02Z) Ja_(“H)eXp{ngg Y —Xag) " (Y — Xag

(Y = Xag)" (Y — Xay)

= (Y -Xa)" (Y - Xa) + (a0 — a@)’X "X

Plag, Z) x UG_(HHJEXI){— + (ap - dp)* X "X}

e 4 Y ap JoR
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Likelihood Function for MA(1)

1
0, ¢, 02|Z) x o'ﬂl_(””rl)(—‘:}{]_:){2(Jr2 Y — Xag) ' (Y — Xag

(Y — Xao)' (Y — Xag)
(Y — Xap)' (Y — Xdg) + (ap — ap)*X ' X
1 . - A
P(ag,Z) rfa_("mexp{—g—o(l’ - Xag) (Y - Xap) + (ap — Go)* X "X}
2

1!

Exact Likelihood :

1
{ox P(Z) x Ja_"(XTX)l/gexp{— 5
o2

B
a

YV —Xa) (Y — Xdg)}

Likelihood Function for MA(1)

1
0, c,02Z) x ofal_(”H)exp{Qg2 Y — Xag) (Y — Xag

(Y — Xao)' (Y — Xao)
(Y — Xao)' (Y — Xap) + (ap — ao)*X ' X
1 N -
Plag, 7) o o, " exp{- 7 —(V - Xdp)" (Y - Xtg) + (a0 — @)*X " X}
o2

{1

482

Exact Likelihood :
(x P(Z) x @ "(XTX)2e

Likelihood Function for I\/IA(l)

9‘7’ n+1)

1_99 ZQ,a, (@, c)

ap=X"X)7' Xy = -

HLA [ 1 \
vo_|* 0)
X=-| a, (9 ¢c) =7y —c+0a,_,(0,c)
' : (0) _
o } with ay ' (6,¢) =0
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Likelihood Function for MA(l)

2(n+1)
9 ZG,&, )(9 c)

: 1
Y - Xay = + ag
D'z D; ' AC,
ao
DY (Z + ACyap)

Go=X"X)'X"Y = -




.
N
—
|
=
—
(]

Likelihood Function for MA(1)
a= D, (Z+ ACov)

Dya = Z + ACyag

(8, c) = Zy + fd;1(8, ¢)

o /1 \ /rﬁ\

-9 . as
Dy =

1)
I

\ 1) \a)

Likelihood Function for MA(1)
Exact Likelihood Function:

1 — g?(n—}—l) 1
(6, ¢,0:|2) UJH{W}A/ZGXP{—

202 Z(ffr,(ﬂ, ¢))?}

a =0

* See Page 161-162 of Notes

Likelihood Function for MA(1)
Exact Likelihood Function:

N B 1_92[?1-}—1) s 1 n B .
€9, ¢,0412) x o, H{W} 12 exp{- 552 Z(ﬁtw: )"}

a =0

Given (6,¢) —~ 1

n
02 = ~ rz:;(ri,,(ﬂ, c))?

Thus, there are 2 ways to get the likelihood

* See Page 161-162 of Notd$9




Likelihood Function for MA(1)

Exact Likelihood Function:

1 _ g‘? n+1)
00, c,0%Z) x z:r_”{—} 1/‘P}q){—

Z(a, 0, c)

%a t=0
max out o2 for given (0, c)

1— 92(?1+1}

U, clZ) o {W}_"/QH{Z(@(Q, (;))2}_"/2
t=0

& {Z(gr(g c))2} /2

9‘? (n+1)

where B(6,c) = (6,0){ )"

* See Page 161-162 of Notes

Likelihood Function for MA(1)

n

> (a8, ¢))2y

t=0

— 92(71—}—1)
1—62

(6, 12) <(

I- QZ(HH) ny1—n
Way 1 {(WW } /2
2(n+1)
.z « (552 lfnz(a,(g( 2

x {Z(b, (8,c))2) "2

* See Page 162 of Notes

Likelihood Function for MA(1)

Way 2

1 — 92(?1—}—1)

n/..exp{_ ‘)[Z(a’ + 0_;13 log(W)]}

a!(]

* See Page 162 of Notes

Likelihood Function for MA(1)

Way 2
_njz gl — 62D .

A }—1/°exp{—2i S (@0, 0)%)

a =0

. 1 & 1 — g2(nF
O, /geXp{— 20_2 [Z(CLL(Q:{J))Q + o‘: Og(W]}
@ =0

* See Page 162 of Notes




Likelihood Function for MA(1)

Way 2
1— 92(?1—}—1) 1 n

— 12 exp{— 552 Z((E,,(Q, c))?}

o_—n/?{

a

[ ®AEHT

. L g0
g, /ge}(p‘{—QO_2 [Z((M,(Q:{j))g + 0';13 Og(W ]}
@ t=0

* See Page 162 of Notes

Likelihood Function for MA(1)

Way 2
_ayp 1 =020 1 .
o {W / exp{—2 Eg(rly,(ﬂ )}
1979 Hillman/Tiao JASA -
iterate between o> and (6, c)
BA IR
1 92(71—}—

* See Page 162 of Notes

Likelihood Function for MA(1)
Conditional Likelihood

e One recursions with ag = 0
- 2
e For given parameter values (6, ¢, o)

e nonlinear L.S.
Exact Likelihood
Two recursion
o aEO) (0, c) with ag = 0

O(EE]

e (0, c) with ag

Likelihood Function for MA(1)
MA(1) Z = Dpa — Acgag

Hor: ! !
0 -9
0 -8 1
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Likelihood Function for MA(2)
MAQ2) Z; = a —biai—1 — 60,9

If known ap =a_1 =0

Z1 = a1 —0ia9 —02a_1
Zg — (lo — 91 1 — 92{1(]
Z3 — (lg — 91 o — 92{11
Z4 — g — 91 a3 — 92(12

7\

Z 3

\ Zn )

Likelihood Functi\on for MA(2)
1

@ 6, 61 )
-6 as 6
a_7
= _92 . ag -
. g
\ ~6 —6 1) \an /] \ /
10 )
0 1
g, 6 _
= Dga—| 0 0 C -
. . 913 L]
\0 0

* See Page 164 of Notes
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b 1B P 371 -

FHI\BE(F)

Likelihood Function for MA(2)
(%) (i o) (2)
Z —ACy Dy a
/1 0\ er=(&3 81) a*z(ﬂl)
0 1 93 (e}

A=|o o | =

0, 0 a
Co = b ay = ’
&, a_

* See Page 164 of Notes

\0 0

ARIMA(p,d,q) - Model Building

1. Tentative Model Specification
 SACF
 SPACF
« SEACF

2. Model Fitting or Model Estimation

e MLE of unknown parameter

3. | Diagnostic Checking

Diagnostic Check — AR(1)
Zy=c+QZi_1+ a; “X N(0,02)

l

Estimate ¢ and ¢

l

Residuals: @ = Z; —¢— ¢Z; 4
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Diagnostic Check — AR(1

Zy=c+ ¢Zy_1 + a4 W)

Estimate ¢ and ¢

l

Residuals: a; = Z; — 4

Diagnostic Check — AR(1

Zy=c+dZi 1+ o W)

Estimate ¢ and ¢

|

Residual:, — ;“ |

Diagnostic Check — AR(1 Diagnostic Check — AR(1
Zi=c+ L1+ o W} i =c+ L1+ W)
Estimate ¢ and 5 | Estimate ¢ and (3 |
Residual:, 410 Residual:, il




Diagnostic Check — AR(1

Zy=c+ ¢Zy_1 + a4 W}

Estimate ¢ and ¢

l

Residual:, — E. |

Diagnostic Check — AR(1)

1. Plot Residuals

2. Check if residual still have lag correlation

Diagnostic Check — AR(1)

1. Plot Residuals

2. Check if residual still have lag correlation

For Time Series Model

Most Popular Checking Technique:

Check to see if residuals are auto-correlated

Diagnostic Check — ARMA(1,1)
Ly —QLy_1 = 4 — Bap

U

ap = Zy — OZy 1 + 0a;
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Diagnostic Check — ARMA(1,1)

Zy —@Zi1 = a — Oag
ap = Zy — ¢Zy—1 + 0a;—y

If model adequate, a; "N (0,02)

study to see if a; — ay

Diagnostic Check — ARMA(1,1)

Theoretically if model is correct

for large sample: Vi (a@;) — 0

Diagnostic Check — ARMA(1,1)

Theoretically if model is correct
for large sample: Yx(a;) — 0
SACF of a;: v; = xj
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Diagnostic Check — ARMA(1,1)

Theoretically if model is correct
for large sample: Vi (a@z) — 0
SACF of a;: v; — x§

!

m
ny @) ~ x5
f=1




Diagnostic Check — ARMA(1,1)

Theoretically if model is correct
For large sample: g (a;) — 0
SACF of a;: vi — x3

Diagnostic Check — ARMA(1,1)

Theoretically if model is correct
For large sample: Y (@) — 0
SACF of a;: v; — xi m JASA (1970)

l Box-Pierce

m
Q=) (@) ~xj

Diagnostic Check — ARMA(1,1)

Biometrika (1978)
Box—Ljung modified Q Stat :

Box-Pierce n Z v; (@)
=1
. — 1 .
Box-Ljung n(n + 2) Z p— Efyf(at) ~ an_(erq)

Diagnostic Check

Examples :
» Box-Jenkins Series F (Page 252)
» Box-Jenkins Series A (Page 274)
» Generated ARIMA(0,1,1) (Page 260)
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Diagnostic Check

Examples :
* Box-Jenkins Series F (Page 252)
» Box-Jenkins Series A (Page 274)
o Generated ARIMA(0,1,1) (Page 260)

model v@) @ oise

Gizis) Cua

|

(1-B)Z, =

(1—-6B)a;

Diagnostic Check

Examples :

» Box-Jenkins Series F (Page 252)
» Box-Jenkins Series A (Page 274)
» Generated ARIMA(0,1,1) (Page 260)

model @ @ oise

Gs) Cwaas
u—$z

A& vHI nno checkiilﬁl

=(1-6B)y

Diagnostic Check

Examples :
* Box-Jenkins Series F (Page 252)
» Box-Jenkins Series A (Page 274)
o Generated ARIMA(0,1,1) (Page 260)
ARMA(l,l){ model z(1) = (1)noise Z, — Z;_,
model (1)z = (1)noise Z; — ¢Z;—;

168

a — Oa;_

a — Ba; 4

pASSEngers

0zone

Seasonal Model

{a) International Airline Passenger Totals - Box-Jenkins Series G

SO0 ‘I ) - |Pl|
500 - a \
400 - | ]

2300 4

200 4 Y A=
| —~, ¢ r‘-' e .
| o~ ~ N
100 {7 o S ]
1950 1952 1954 1056 1958 1960

wear

(b)) Monthly Readings of Ozone at Downtown LA, 1955-1972

=% | ’ -
1
I|
5 I
| | |J f .' [ L h]
[N A 1 l
i | |r' |I I__,l |IH Lo I, h | | I | H, | I.J | “Iﬂ ihll |||.-I!| ‘I“ .
.‘l L |1 J || I N | | | |‘ | | | -I |'I Ii II.'l’ || ,':' -I'-. f II
2 ! YV VU WA
1ess  1se0 .

FIGURE 1.6 Two examples of secasonal series




Seasonal Model

.2
Z; = nsm(ﬁt+¢5)+et

. 27rt b+ 27Tt in ¢ +
= mn — —11 S1n
nsin -2t cos 7cos 1o ts et

= X101 + X202 + €4

s L1 = S Qﬂt Ty = COS Qﬂt
L1 = S 12 L = CO: 12
fr=ncos¢d B2 =mnsing

* See Page 167 of Notes

Seasonal Model
yr = ¢+ Braxyy + Poxoy + Er,l

] T

C

Seasonal Model
yr = c+ Braxyy + Boxoy + ELI
] T

C

o} 2 4 = = 10 12

Y = ¢+ at + Bixyy + Boxoy + €

Seasonal Model
yr = ¢+ Braxyy + Poxoy + Er,l

] T

C

Yy =(trend)+seasonal>+ noise
.
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b 18] /7 5 93 i

B (L)

Topics

1. Review
* ARIMA(p,d,q) models
* Model Building
2. Seasonal Models
* BJ Approach
* Airline Model (various details)
* Multiplicative models
* Ozone example
3. Linear Dynamic Model

* Intervention Analysis

passengers

0zone

170

Seasonal Data - Examples

(a) International Airline Passenger Totals - Box-Jenkins Series G

soo |
500 /, \ /
|
400 | n I.'r\ J \ J,J \,4.
i SN WV
300 A I ) f W
I £\ ~ \ l,rJl \\ ~
200 N nd R N u
J gt G N
100 - T T L] — T T T
1950 1952 1954 1956 1958 1960
wvear
(b) Monthly Readings of Ozone at Downtown L.A. 1955-1972
8

| “'ﬂ MJ \ Iﬂ* ” e \
P

1955 1960 1965 1970

yvear

FIGURE 1.6 Two examples of seasonal series.

Seasonal Data
Deterministic Function :

2
Y, =d Sin(%ﬁ +w)+ ¢

10 05 00 05 10




Seasonal Data
Deterministic Function :

2
Y, =|d Sin(%i + w)H+ &

Linear Model :

2
dSiIl(%t +w) = Prwy + Baxy
He: f B = dcosw
i B = dsinw

( P e el 2T
i xr1; = sin ﬁt

27
9y = COS l—f,t

Seasonal Data
PIEA O 25 K s A
G =C + Brxy + Boxo + &

Seasonal Data
Hias =T R B

i = CHat+ iz + Pz + e

= trend+ seasonal + ¢;

a 20 40 60 80 100

Seasonal Data
Bacon — Two Way Table :

year\month | J F M A M J J A S O N D

1 Ly Iy Iy Ly Iy Zy Iy Iy Iy Iy In i
2 Zis Zu Zis e Zin iy Zig Doy Ly Zyy Zay iy
3 s Zog Zoy Zog Zog Iz Iy Z3n Zsz Ly Zss Zsg
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Bacon — Two Way Table :

Seasonal Data

|\Vhat‘s the relationship between Z; and Z;_19 ?|

year\month | J  F M A M J J A § O N D
1 Ly Iy Iy Ly Iy Iy It Iy Ly Zn In In
2 iy Zu Zis Dy L Ly Ly Zw Zn Iy Iy In
3 Zys Zos Lot Zoy I Iy Iy Iy Ly In Iy Iy

Seasonal MA

MA(1) : Zy = ap — a4

Seasonal MA(1): 2 = € — Oer_12

MA(1) : Zy
Seasonal MA(1):  Z;

If
then

172

Seasonal MA

=a —fa
= e — Oe;_19

e K N(0,02)
Zp = (1 - @BIQ)BL

pe
otherwise.

r;’-‘U, (=12,
Lo

MA(1) : Zy
Seasonal MA(1):  Zi

If
then

Seasonal MA(2) :
Seasonal MA(q)

Seasonal MA

=aq —fa;_;
=e — Oe_10
€ i N(0, 0'3)

Z;) = (1 - @Bl?) €t

{#U, {=12;

p i

= (), otherwise.

Zy=(1—0,B° — 0,B%)¢




Seasonal AR

T e s
Yi=pmYi 1o

!

AR(1) : (1-¢B)Z; =
Seasonal AR(1): (1 — pB*)Z; = ¢
Seasonal AR(p); :

* See Page 167-168 of Notes

Multiplicative Model

Bacon — Two Way Table :

year\month | J F M A M J J A S O N D
I Ly Ly Iy Ly Iy Iy In Iy Ly Zn ZIn I
2 Ly Zu Zis Dy Dy Ly Ly Zw In Iy Zy In
3 Zys Zog Zm Zwy Iy Zw Zn Ly Iy Iy Iy Iy

Multiplicative Model
Bacon — Two Way Table :

year\month | J  F M A M J J A § O N D

| Ly Iy Iy Iy Iy Ly Iy Iy Iy Iy In i
2 Zis T iy T Zin Zig Ty Ly Do Ay Doy Ay
3 Zos Zog Loy oy Zog Iy Zz Zzn Z3z sy Lz Zsg

Periodic Time Series Model

Multiplicative Model

Seasonal MA(1) :

Zy

= e — 0126112

e (1 — @12B12)£’5

°t

¢ If e, 1.1.d. , then we can only accommodate seasonal relationship

tIfe, NOT i.i.d. , but simply an MA(1) model :[€&; =

ee=(1—-0B)qy

year \month | ] F M A

Mol 1 A S 0 N D

I ooh Iy
2 Ly dn Ly iy

3 Ay Dy By I

Z;, - (1 — @12812)6

&y By Iy &y By Iwn En dn
Ly Zw Zw Iw In Im Iy Iy
:,‘1211 ;{W "’51” Z.L) ;{:l}t z.“ ;"lulu Z:ﬁl‘;

ap — Bay_;
= (1-6B)a
173




Multiplicative Model

ZL = (1 - @12B12)BL
e, =(1—60B)a;

Multiplicative
Model

Multiplicative Model

Zy=(1-60B)(1 —01,B%)q
Correlation Function :
P1s P12, P13, p11 7 0,

all others = 0

N @@123”)(1 —0B)a P11 = P13 = p1 X P12
& Zy=(1—-6B— 08" +00,,B"%)q __—9 _ _—Ouw
1 12 12 t £1 1+92 P12 1+ (_)‘132
ACEF Pattern :
12 | 12 |
1 I I 1
Multiplicative Model Multiplicative Model

Not original data has this type of model
But: (1 - B)(1-B'?)Z, = (1-6B)(1 — 0,,B"%)q

174

Not original data has this type of model
But:|(1 — B)(1 - B'*)Z, = (1-6B)(1 — ©,,B'%)a/|

Most useful member of the general class (p,d,q)
¢(B)(1 — B)*Z;, = (B)a,
Seasonal (P,D,Q),




Multiplicative Model
o(B*)(1 — B5)P: Z, = ©,(B%)e;

If: #(B)(1 — B)e; = 0,(B)ay

Then: ¢(B)(1 — B)p(B*)(1 — B*)P: 2, = 0,(B)0o(B*)a,

Non Seasonal Part/Factors Seasonal Factors

Multiplicative Model

Most Useful/Common :

1 - B)(1-B?)Z =(1-6B)(1 - 0.872)a,

Multiplicative Model

Most Useful/Common :

1 - B)(1-B?)Z, =(1-6B)(1 - 0,:.8"2)a,

Airline Example (Page 315):

Multiplicative Model

Most Useful/Common :

(1—B)(1-B?)Z =(1-6B)(1-0.82)a,

Airline Example (Page 315):

For Airline data, after (1-B)(1-B'?)Z,
it roughly consistent with correlation pattern of
(1-6B)(1-0,,B12)a,

Or we can use

(1-B)(1-B'?)Z, = (1-6B)(1-0©,,B!?)a,
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Multiplicative Model

b 18] 37 0 A
FEHUE(CF)

Most Useful/Common :
(1—-B)(1-B2)Z, =(1-6B)(1—0,,8"%)a,

Airline Example (Page 315):

Airline Model

Airline Model

(1 — B)(1— B'?)Z; = (1 - B)(1 — ©,5B%)a,|

Forecast: Z1,--- , Zp known, predict Zp, ¢, =1,2,3,---
AT forecast origin
ForZ;,,:

Zrye = Lyt Zrse-12 — 2113
tar g~ Oapig-1 — Oapip_12 +00ar 13

When | > 13 ;

Zp(0) = Zp(b — 1) + Zp(€ — 12) — Zp(£ — 13)
(1-B-B"2+B")Z(l) =0
* See Page 171 of Notes

Data :
v\ m J F M A M J J A S QO N D
1 Z Za Z3 £y Zy Zg L Zg Zy Zio 2L Zi2
2 Ziz Zw Zis Zie Zir Zis Zio oo Zoi Zax oz Zoy
3 Zas  ZLag Loy Zog  Zag Lo Zmi Zax  Laz Zza Zas  Zag
Forecast :
y\m| ] F M A M J J A S 0 N D
0 | B0 AR LG HO) H6) O L0 mE) Z0O) 400 Z) 7Y
U | Z(3) Zr(d) Z(5) Z(8) Z(7) Z(8) Z(9) Z@) Z@) Z@D) Z(3) Ze)
n(B) H®) LE0) Ze) ZE) HE) 6 EH 7@

2 | Ze(%) L) Zo@) Z(B) @) Z(0)

* See Page 171 of Notes
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Airline Model

Zryr = Zrgjpa+ Lrgg—in — Zrpes
tarpe—0ar -1 — Oaryr—12 +00ar 13

Airline Model

Zryy = Zryi—1+ Zrse—12 — Zr4e-13
tar e — O0arpi—1 — Oarii—12 +00ar. 13

Forecast : Forecast :
rn=0,1,2,---, year; rnzO,l,Q,---, year;
{=m+12n f=m+12n
m=1,2,---,12, month of the year. m=1,2,---,12, month of the year.
Ze(l) = Zr(m)+{Zr(13) - Zr(D)}n
* See Page 171 of Notes * See Page 171 of Notes
Airline Model Airline Model
Forecast: — Zu(0) = Zr(m) + {Z:(13) - Zr()}n
m=1: 23,28,3.3,3.8

Forecast :
rn=0,1,2,---, year;
{=m+12n
m=1,2,--- 12, month of the year.
Ze(0) = Zr(m)+{Z:(13) - Zr()}n

Zr(1) + {Z¢(13) = Zr(1)}n

* See Page 171 of Notes

* See Page 171 of Notéy/7




Airline Model

—

Airline Model

Forecast : Zo(l) = Zp(m)+ ¢ Forecast : Zr(0) = Zp(m) + ¢

= Zr(D) +{Z2(13) - Zr(D}n = Z0(1) + {Z2(13) - Zr(1)}n

Same slope Same slope
m=1: 2.3,2.8,3.3,3.8 m=1: 2.3,28,3.3,3.8
m=2: Z;(0) = Z7(2) + .5n 1.9,2.4,2.9,3.4 m=2: Z;(0) = Z1(2) + .5n 1.9,2.4,2.9,3.4
) ) S - = s . . o B s
Airline Model Airline Model

Forecast : Forecast :

o W

178 * See Page 171 of Notes

o W

2
Y, = o+ et + dsin( %t +w) + &




Airline Model

Forecast :

]
~ —

o L= =0 =0 e S0

| Q: Where is the difference ?

Airline Model

Forecast :

0 a0 ETS

TQ: Where is the difference ?

A: trend and seasonality can
change over time

Yi=co+at+ dsin(jgt +w) + & Y =¢c+ it + dsin(?—;rt +w) + ¢
Airline Model Airline Maodel

model :

(1-B)(1-B*Z,=(1-6B)(1 -0B"%)q

* See Page 172 of Notes

model : (1—5)2(1+B+“-+BH)]
(1 — B)( 1 =(1-6B)(1—-0DB")a
11—z = (1—2)(1+)
1-2° = (1—-2)1+z+ 27
1—x2?2 = (1—:1:)(1—|—:1:+---+:r:11)

* See Page 172 of Notéw/9




Airline Model

model :

(1-B)Y(1-B?Z,=(1-6B)(1 -0B"%)q

1-B(1-B%zZ, = (1-B?*Q+B+---+BY)Z

* See Page 172 of Notes

Airline Model

model :

(1-B)Y(1-B*Z,=(1-6B)(1 -0B"%)q

(1- B)(1- Bz, = u—BPQEEE;;iéEED

* See Page 172 of Notes

Airline Model

model :

(1-B)(1-B*Z,=(1-6B)(1 -0B"%)q

(1_ B)(l_ Bl?)ZL = (1_B)2(1+B+“‘+BII)ZL
N ~ t
(1 + B+ 4+ Bll)Z.{ = Zi+Zi 44+ Zi11
(1+B+"‘+BII)Z£ ~
12

180 * See Page 172 of Notes

Airline Model

(1-B)(1-B*Z,=(1-6B)(1 -0B"%)q

1-B)(1-B%Z, = B -B?(1+B+.---+BMZ

Wi
t 4+ 21

(1+B+---+B"MYZ,

(1+B+---+BM)Z,
12

-

1-Bw = ( ) )

W wy o 12HBErY
* See Page 172 of Notes




Airline Model

(1-B)(1-B?)Z, =(1-6B)(1 -0B"%)q

1-B? = (1-B%(1+BY

——
[
I
oy
j=p]
——
I

(1 - B*(1 + B?)

(1+B% = (1+B*(1-B*+ B

* See Page 166-175 of Notes

Airline Model

(1-B)(1-B%Z, = (1-6B)(1-060B%q

on Seasonal Part/Factors Seasonal Factors

* See Page 166-175 of Notes

Airline Model

(1 —B) Zy, o (1 —HB) ay

on Seasonal Part/Factors Seasonal Factors

* See Page 166-175 of Notes

Airline Model

(1-B"%Zz, = (1-0B")q

on Seasonal Part/Factors Seasonal Factors

* See Page 166-175 of Noted 81




Airline Model

(1-B)(1-BY%Z, = (1-6B)(1-060B?q

on Seasonal Part/Factors Seasonal Factors

1—B)( 1—B12)
1-6B""1-0B"?

( Z t = oy

* See Page 166-175 of Notes

Airline Model

1-B  1-B'Y?

G o4 =«
1-0)B 1-0)B'2
< {L‘ﬁ_eg}“‘( @gﬁ}z“'m
— .y 1-0 1-6
= Zr(l)= mzfj‘ + m[zl‘ﬁ—lz - mzl‘—lﬂ

* See Page 166-175 of Notes

Airline Model
-
—HB apz) A=
2006.12 2mm11 1_é2m512
1-93) 1—®B”J
1—6
= Zr(1 1—9B Blt)[ T+1-12 — Z1 —12

182 * See Page 166-175 of Notes

Airline Model

1-B . 1- B” ~
u—c
1—@BN
1— 1—

Blr) 1+1 12 —

[ 2006.12 U_—[200611
~ 1 00°

= Zl(l) =

~(1=0)[Zr+0Z7_y +0*Zp g + 60275+ ﬂ

* See Page 166-175 of Notes




Airline Model

1-B 1 - B2
Z.[:(Lt

5\ T—ane)
[ 2006.12 | (1-[ 2006.11 |(1 -  2005.12
” 1-0B_ 1-0B7
1-0

= Z_[(]_) = + — @Blg[

—(1—9][ZJ‘+QZ’1'_1+922'1‘_2+93Z1-_3[ EKAEMIRE, if we use J

exponential smoothing

* See Page 166-175 of Notes

Airline Model

1-B  1- B
(75 \T—ar®
[ 2006.11 |1 -6

Iy =

(=) Zg+ 02y + 81 +/ \\[ FIFHIRE, if we use ]
exponential smoothing
/

[ L0 =(1-0)(1+6B"”+0B* +...)

1- 0B

* See Page 166-175 of Notes

LA OZONE DATA
(1-B?)Z, =(1 -6B)(1 - 0B?)q

* See Page 328 of Notes

LA OZONE DATA
Zy =S + €

« HEERl: Sy = Si—12 (deterministic seasonality)

* See Page 328 of Noteé83




LA OZONE DATA
Zy = Si+e
b (S = Si-12)
(1-B'%2, = (1-BYeq

*» See Page 328 of Notes

LA OZONE DATA

Zy = S+«
U (S = Si-12)
(1-B%2z, = (1-B"%¢

(1-B'")2Z, = (1-0B"%)q

1. © = LN %A fay b £ 2

2. Conditional likelihood or Exact Likelihood?

* See Page 328 of Notes
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Topics

1. Dynamic Models
2. Intervention Analysis

* Ozone example

» Crest example

*  WEPCO example
3. OQutlier Detection

» Effect on obs + residuals

e \arious type of outliers (10, AO, LS, TC)

 lterative detection procedure

Examples: 1. Crest
2. Production

3. Food Data

Linear Dynamic System
Yt = Vot + V1 F V2o + -+ VT

e v;: effect of z;_; on y,

e v;: impulsc response

* See Page 176 of Notes

Linear Dynamic System

Yt =VoXr + 11T + Vol + -+ Vil +

e v;: effect of z;_; on y;

e 1;: impulse response transfer

function

Yt =
V(B) = 1y +V1B+I/‘3B2+"-= C:;((—ﬁ))Bb b:delay
w(B) = wo—wB—-—w,B"
{S(B) = {S(]—{SIB—"'—{STBT

185




Linear Dynamic System

Y = Voxy + 11T + V2o + -+ VT F

Observe :
Yi = w+ 4
y = v(B)x {z} L{Z:}
e = i((?) a a; "X N(0, 02)
Ty ‘@byt -~y Y
6(B) A
(¢ ey~ Zy
cb(B)‘ >

Linear Dynamic System
1. X, deterministic :

Y, = v(Bxi+ 27,

= VoI +unx_1 oo+ +UpTi_p + 2
ot 184 —1 t KTtk t
——

Regression model

with time series error term

2. X, stochastic :

Linear Dynamic System

Y = VoTy + V1T + VT 2+ - F VT +

* general

deterministic J[- indicator type model

186

r 1, t=T,;
Iy = P’u) = ,
0, ow. T1 T T+ T2
- (1 t>T.
2 =S _i ......
0, ow. e t

* See Page 178 of Notes

Linear Dynamic System

() ( 1, t>1T,
Input : =87 = i

0, ow.
Response: Yt = v(B)m
w(B) _,
4(B)
f.dB (1)
Yy = w @ constant
Yi 135"t
w -
—_— ain
1-5 &

* See Page 178 of Notes




Linear Dynamic System
__wB
Ui = T 5B
w
/ : gain
First order dynamic model 1-0
very very useful!

Example :

w : constant

Linear Dynamic System

wB (T) .
: 2y, — s W : constant
Example Y= 135"t
W .
/ © gain
First order dynamic model 1-4¢
very very useful!
—1 . _ wB o — wB
If6_1 y-',_l_BS.', yl_l_ﬁlB_{sng t

w

Linear Dynamic System

. ( 1, t=T;
Input :z, = P'") = ’ ’
0, our T
o
Response : wBP,,(”
T T+1
6'2
wBP™) ° “ ‘“Tz
t
— I LR
1-4B T T+1 T+2 T+3 T+4

Linear Dynamic System

(T rl, t="1T;
Input :z; = P, )=i

0, ows T
(O]
) (1)
Response : wBP,
T T+1
o as’
wBP" MT‘
_ | -
1-0B T T+l T+2 T+3 T+4

FKAMERUR B IERCR

187




LA Ozone LA Ozone
«MOZ (1-B'7)Z, = (1-6B)(1-0B")q
1-6B)(1-06B'?
Zy ( 11F1p2 )“5
* See Page 328 of Notes * See Page 333 of Notes
LA Ozone LA Ozone
*MOZ (1-BY%)Z, = (1-6B)(1-0B"Y)a «MOZ (1-BY7)Z, = (1-6B)(1-0B%)q
1-6B)(1-6B" 1-6B)(1-06B'"
e = ( 1)_(312 )a" = ( 1)_(_312 )”J’f

o5

L

T T+l T+2 T1+3 T+

Jan. 60

188

* See Page 336 of Notes

~(T

T T+1 2 T+3 T+4
Jan. 60

- MOZZ
(1-B%)Z, =c¢(1-B%5" +(1-6B)(1-0B?)a

* See Page 337 of Notes




LA Ozone Crest
t=60M} 7 w 1 pm, 1608,
level shift 1-6B1-B ° 1-B
: 1-0B)(1 - OB _ W gmn 1-0B
Y, = Xop+ ez X ( 1)_(3126 Lo s8¢ TI1-p™
U = : 5
(@ z=R"= b=t A
(1-B"YY, = aX;(1-B")+ Xy +e3Xy+(1-60B)(1-0B"%)q & ¢
0, ow. T I
(7) ( 1, t>T,; g™ E’}:
(b) J‘p - S” - ',. ..... gll
0, ow. t| —
T T+ T+2 —
* See Page 338 of Notes * See Page 344 of Notes
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Outlier Detection
Outlier detection :

« What is outlier ? (%18, 45FH71H)

« outlier is relative to a model

H‘T lﬁl?ﬁ”ﬁ*ﬁ « outlier is quite different between regression and time series

FHHIHCF)

[k

Outlier Detection Outlier Detection

iR att=T

: line Yr=0¢Yp_1 +ar
T : Yr  T=51 $K
N T
Yy = ff?;r_.ﬁ +e; + WP;,( ) line Yry = ¢Yr+ ary
In time series, AR(1) model ¥t = QYir—1 + ¢ Outlier in Time Series is more complex !
-- Fox (1972) JRSS

190 * See Page 184 of Notes




Outlier Detection
S (7) 1, t=T;,
4 common types of outlier : z, = P’/ =
0, ow.

Yysobs: ye = (B)a
9A0 ye = Y(B)ar + -'—'«'Pftb}

[ Additive Outlier

\.

gross error model

N~

10 Yy = E'!{B}[ﬂ'g + .‘.u'P;b]]

r

7

Innovational
L Qutlier

special shock at T = b.

work through the dynamic system

=~ LS Y = Ww(B)a, + 1:IBP:“J]

Level Shift

)

level shift at t = b

=>TC oy = p(Blay + =y P

) ¢

-~

Temporary
Change

transient change beginning at t = &

Outlier Detection

0 wo= (B)a+wh)
Ignoring outlier, residual : w = P(Bla
By = e

Y = TiYi1+ T2+ +e

. . . . b
Considering outlier, residual : e = gt wP,,(’)

Wip = €

Standardize : Ay = e/a

Outlier Detection

AO: v = d(Ba+wh"
Ignoring outlier, residual : € = W(B)yr,
= ¢ (B
Considering outlier, residual : ¢, = a; +wn(B) p®
= a +wry

* See Page 185 of Notes

Outlier Detection

t
e = a+wn(B)PY
!_'I‘ 2 (b)
Ly = 1—7T1B—7T2B—“‘P
— at +|E_=’@ ( Y ) : |
t P,f,(b) T, [ ;
_WBB(J} — _ﬂ‘P.!(i)l
1 0 0
2
- A 4
— Tee
b-1 0 0 wap = Lo -
b 1 ' 2wt
€p — T1€pt1 — M2€p o+ « -
b+1 0 — T = 5 o)
1 + ﬁl + ﬁg + A
0] — 2
_ Tz m(F)ep
— s N

191




Outlier Detection

. o, 1, t=T;
4 common types of outlier : z; = P = {
0, ow.

Yysobs: ye = (B)a
9A0 ye = Y(B)ar + -'—'«'Pftb}

[ Additive Outlier

\.

gross error model

=

10 Yy = E'!{B}[ﬂ'g + .‘.u'P;b]]

r - 7
Innovational special shock at T = b.
S Outlier work through the dynamic system
. w (6]
[ Level Shift =~ LS ye = W(B)ay + =5 P

level shift at t = b

=>TC oy = p(Blay + =y P

) ¢

-~

Temporary
Change

transient change beginning at t = &

Crest
0att=h: = (B)a +wP")]
If model is (0,1,1) :

1-6B
(B —
1-68B )
w = T—plut+wh”]
1-60B w

b
= TTp%t 1 B(l—aB)P,F”

Note : for nonstationary series, 10 and LS tends to get mixed up

* See Page 344 of Notes

Production Data
Model : (1 — B)Z; = (1 — QB)(LL

Estimation and outlier : 1. Level Shift at T = 47
2.0=1

EZ40E Z=c+ a

192 * See Page 352 of Notes
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Topics
1. Food Example (regression + time series)
2. MTS Examples
3. Transfer function model (unidirectional)
4. \Vector ARMA « individual
* Vector MA(1) properties< e transfer function

5. Cross Correlations * moments

T(0) = B(Z_1Z,")

6. ldentification of MA model

Food Example

* See Page 360 of Notes

Food Example

Regression Model :

yr = Bo+ Bz + Pz + Baxge + Ny
Nty =y — Bo— Brxir — Pazar — B3T3y
* individual

Analysis N; < e transfer function

* moments

* See Page 360 of Note93




Multivariate Time Series

Multivariate Time Series

(a) Input Gas Rate
LR ORI M THIE SO 1n
3 4 il
(Al Showchc Brmche
] 1 —
1 | N, P .
b | " . o
& S | A
(=] Lol E— /AR./‘ __.-/
s - e
-1 L — . . . .
p— 195= P Pp— e 1om= rsoa 1o
-2
v v . R e FrCa o brmtess
o] 50 T 150 200 250 300 -
| e
OO - - A o ——
(b) Output CO2 ] WA ot
- I [N o
~—, - !
B0 ] ] /// St |
R —— B s e 5= Rp— e e
55 \/\
=3 = ey b
(=3 ILI'IJI o
50 — J . |
| | W "
o5 pak = L} 1
. o [ =0 | e
[} 50 100 150 200 250 300 3 =
tirme
FIGURE 1.10 The gas furnace data: Box—Jenkins series J.
(2] Hog Suppy =) Basfoio
| - o
= i MAI/\/L | ™
== \ e~ .
== — . '
H o] AN .
- = — — E | | X p
= so | - . !
= | . i
| Y e
_ a8 4 S Ny
(B} Hog Prece | AT o
SE i " W r‘\_,r‘/\/ P ) i T 1OTE e e
=z | . R C g T
. [ J— — o
= =
(el o Supphy A
. 3 ) ™ P _ I
e, — J "
p—— N g = ~ N 7
== M £ == / o
= e - ¥ - [
[— oa - - aa L \ .
— — i Ll
weT= asTa asTs B sowa 1900
) Choem Price
a=
== —. ’
' - \/ﬂ—’fwﬂ/
E E S _‘..-"’.-.\A *'F\(l'\'-\v ;’—‘). () Kmmnsas Tty
=
e - . - - Fa
— S= l,'ﬂ\"' ™ . S N
(=h Fasmm Wages = __ = My i
- = = ] ™ S i
== 48 o .'I et T __4-‘-\‘-"
= | — Vsl
e - as W
- P e 15=a 1o7z ToTa ) ToTs TeTE Toan
y==mr

FRGLIRE 182 Oeeoooilbe s hog dees |EGT PS8

FIGURE 1.14 Losarthms of ssoarthiy Soar perics indices 19721980




Multivariate Time Series

(=) 3-rmonth rate

w
@

onih fafo
[} @

DS TDET RE= iyl TATE RE=lr 1979 Toaz

(b} G-month rate

femonth rate

B-fmonth rata

=t —
\ |
| -, r .
o 1, | —
1964 1967 P 1973 197E 1e7a 1982
Hc) S-rmroanith rabe
p— .
I\ AN
I—.
r 1 |
— f -, 4 " |
i I, —
|
96 96T 1970 ars 1976 1979 1eaz
wear

FIGURE 1.15 Taiwam's interess rate data 1'9SI—1959.

Multivariate Time Series
Analysis several time series together
vaxril=l:u
o AT BTN 5 &
« ARG (&JE) KR
AT 3K L 1) A7
* Dynamic Model

* Transfer Function Modeling
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Topics

1. Food Example (regression + time series)
2. MTS Examples
3. Transfer function model (unidirectional)
4. \ector ARMA « individual
* Vector MA(1) properties< e transfer function
5. Cross Correlations R
T(0) = B(Z_eZ,")
6. Identification of MA model

Transfer Function Model
Chapter 11 of BJR : Dynamic model

Transfer function modelling

FA[r) unidirectional relationship

— —
Ziyy Loy L3
~— £
W=t

* logically simple

* easy to be understood

196

Transfer Function Model
Zyy = Li(B)ay
Li(B) = o + 1 B+¢2B* + -+

Zy = va(B)Zi + La(B)ay

I/lg(B) = (V(] + VlB + VQ.BQ + .- )le,
=iy +wnZyy—1 +velyy_o+ -

Ly(B) = (o0 + Vo1 B4 199 B* 4+ -+ oy

e {on} L {og}
i.1.d. 1.1.d.

N(0, 07) N(0, %)




Transfer Function Model

X1t a2t

Ll(B)J’ Lg(B)J/

Vlg(B)

AT Zoy

Transfer Function Model

Nt = L(B)Cl{lt

input X, ﬁ-- Y: output

Y; = v(B)X; + N

a14: 1.1.d. series

Transfer Function Model
Y, = v(B)X,+ N,
Ny ~ Li(B)ay,
Xy ~ La(B)ag
{arefL{aze ) & { X ) L{N:}

Univariate ARIMA Model

Generalize to Vector ARMA Model

Vector ARMA Model
Univaraite : ARMA(p,q)
e =012y == Ppliap = ar = 011 = - = Oyly—y
a; "RYN(0, 02
Bivariate ARMA :

Zt Gy i
Z = a = " NG (0, %)
Zoy G2
(s (s (s) (s)
s = 1;) 1?3) 0's — 0y 65 ¥ g1
n 0%/, 05 05), 721
s=1,---

» D




Vector ARMA Model

1t income at time t
Zoy spending at time t
Z1 _ o1 P12 Zip—1 [ Qe
Zoy G211 P22 ) \Zar-1 az¢
Income Eqn. Z1t = @11Z1¢—1 + Q124241 + ayy
{Spending Ban. Zoy = ¢21Z1t-1 + @oador1 +asy

Vector ARMA Model

Z1t income at time t

Loy spending at time t

Z1|AR()

BEIUNORT S RIS —> B i

F—1 ait

Z2t} . \4521

Income Eqn. Zyy =
Spending Eqn. 75, =

W%—l azt
Pr1214-1 +2t—1 +a¢

P21 214—1 + @P22Loi—1 + aot

Vector ARMA Model

AT income at time t

Loy spending at time t

BER TR0, B P4~ Fph
Z1|MAR() -1 a1t

Z?t)_ kﬁf’m W%—l ) a2t

{Income Eqn. Z1t = $11Z14-1 +2t—1 + ayy

Spending Eqn. 75, = @ 1t—1 + P2 Zoy 1 + aoy

198

=

Vector ARMA Model

Z1t income at time t

Loy spending at time t

Z- % =
AT b1 P12 AT _ ait
Loy P21 P22 Zot—1 a2t

Income Eqgn. AT
Spending Eqn. 75, =

D1 Z1i—1 + ¢radop—1 + ary

P21 214—1 + P22 loi 1 + as




Vector ARMA Model

Topics

Vector ARMA :
1. Food Example (regression + time series)
Zi =02y~ = Oplpp =~ bhagy — - = fyi—g
- — N 2. MTS Examples
2y a1y . e
7= 0 iy 0,5) 3. Transfer function model (unidirectional)
7k axt 4. \ector ARMA e
* individual
(s) (5) ) (5) » Vector MA(1) properties< e transfer function
0 o 0y 0 ol o Ok
ds=] ! f's = Y= 5. Cross Correlations * moments
N o 0 \om o ok L(0) = E(Zi2,")
s=1,- P
6. ldentification of MA model
Vector MA(1) Model Vector MA(1) Model
Vector MA(2) Dimension K=2
AT a1t 011 12 a1¢—1 7 0 0
- - 1,6t = a1t —Un1ar¢—1 — V12021
Loy 2 021 Hao (2 —1
a tid. Ny (0, ) Example :
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Zl,t = dait — 911a1,t—1 - 91202,t—1
Z1¢ individually MA (1), NOT MA(2)
Zl,t—l = ait—1 — 911031,1:—2 - 912(12,1:—2
Zl,t—2 = dai,t—2 — 911051,15—3 - 912052,15—3

Vector MA(1) Model

Vector MA(1) Model
Zy =

—

ay —fa;—y

——

= (I-0B)q

200

Vector MA(1) Model

= ay —fa;_;

——

(I -60B)a

1 0 011
0 1 01

1-611B
—021 B

012
B2

—ngB

1 - GggB)

)B

Z = a—fun
= (I-0B)y
e (1 0)_(911
0 1 B2,
~ (1-6uB
- (-9213
Invert : a = (I—GB)_IQ
(I-6B)' = I+60B+6’B*+

Vector MA(1) Model

012
622

—ngB

1- GggB)

)

B




Vector MA(1) Model

Zy = a—0ag
= (I-6B)qy
1 0 0 012
I_ 0B — [V G2

All eigenvalue of
0lying inside unit outside unit circle

HQQU/

zeros of |I- 6 B| all lying ]

Invert : ap = (I—QB)_IQ

(I-6B)' = I+6B+6°B*+---

Vector MA(1) Model

AT [ f11 012 a1p—1
Loy aoy 021 020 a2 —1

if 815 = 0, then

Ziuy = (1-611B)ay
Zy = (1=09B)ag—1 —Oaa11—1
AT
= (L —=02B)ay-1 — 0z ﬁ

Vector MA(1) Model

Zt [ 011 b2 ary—1
Loy sy O21 G20 a1
if 815 = 0, then
Ziyy = (1-=6uDB)ay

Zy| = (1=09B)asy—1 — 00111

i

= (1 —622B)ag—1 — O T ;B
Unidirectional Relationship ?

Vector MA(1) Model

How to specify Vector MA(1) :
Zy =a; —OBa; 4
More than one series, correlations:
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Vector MA(1) Model

How to specify Vector MA(1) :
Zy =ap —Oagy
More than one series, correlations:

Vector MA(1) Model

How to specify Vector MA(1) :
Zy = a; —O0a; 4
More than one series, correlations:

Income X, Income X, py(—k) L pxx(k) .
t=k o t=2 t-1 ot t+l 142 t—k o t=2 t-1 ot t+1 42 t+k
Spending Y, Spending Y,
t=k o 1-2 t-1 i+l t42 t=k o 1=2 t-1 t 141 142 tk
) prv(—F) - pyv (k) ]
Vector MA(1) Model Vector MA(1) Model
How to specify Vector MA(1) : How to specify Vector MA(1) :
Zy=a — Ba;_q Zy=a — Ba;_q
More than one series, correlations: T More than one series, correlations: T
Incomg—:- Xy pxx(—k) - ) pxx(k) Incom? Xy pxx(—k) R
t-k - t=2 t-1 t t+1 t+2 t-k - t+k
pry o ol ) pexl) el pry prx(h
Spending Y, Spending Y,
t=k o t=2 =1 Tt 4D b=k o =) t+k

202 pyy (=) S vy (k)




Vector MA(1) Model
= 0
[JX}’(I{) = [J}’X(—I{)

Cross covariance matrix :

E (ZIM) (Zl,, Zg,,) M2(6) # Y21 (€)

Zop—¢

T() = E(Z—1Z")

_ (’}’11(5) ’}’12(@)
Y21 (€)  v22(f)

Vector MA(1) Model

VA
Cross Correlation Matrix of 7Z; = ( 1")
T\ 2

pll) = (y1(0)) 71/ 0 2) I'({) ((711(0))1/2 0 2)

Vector MA(1) Model

MAQL): Zt = ar—Oai

ro) = EZz")
= B(a —ba)(@ —a 0"
= Z+050"

P(1) = B(ZiiZ)
= FE(ap—1 — Gai:/g)(%—r — aft:}—rﬂ—r)
= —-xgT
# 0

re = ra@)=---=0

Vector MA(1) Model
For MA(1) :

Cross Correlation Matrices :

p(1) #0
p(2)=p@3)=---=0
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H+= k(L)

Topics

1. Review of CCF

Vector MA(1)
2. \ector AR(2)
3. Generalization of PACF
4. ldentification of Vector AR + Vector MA
5. SCC Example
6. Cross Correlation v.s. Dynamic Relationship

7. Gas Furnace Example

Review
Vector ARMA :
Zﬁ‘ﬁblzt—l - "'—Q"pZt_p:%—eﬂﬁ:} _"'_ant—q
Zuy at
Z=| | a=| | NoE)

ZKy ax

¢ﬁ) ¢§2; 91(;) 95?{ oyt 01K
Qﬁfs = : 9/3 = E =

o - ok o

204

Review
Simple Example :
MA(1), K=2 AT aiy 611 bho
Zoy aot 921 922

a iid. No(0, )

Example :

1 1 —.6 1.1

ait—1

ast—1




Review Review
7. = ar— b MA AR AL
t = ar —vag_1
7 P @ (Zu) _ foe) [0 b2 [an
e Zoy oy Ba1 O3z ot —1
Zi—s = ap_o—Ba;_s {Z1+} model? MA(1) or MA(0)
MAQ) : pz, 2, (E) = 0 {ZQt}
@ Zy = (I—-0B)ay
pll) = 0 £>2 = ~
— Invertibility (I — B)™'Z;, = at
N0 = B(Z )
(I+6B+6¢’B*+---)Z;, = a
p(f) : normalized I'(¢) o N
Review Review
MA TP Zy=(I—-0B)a;, (I-6B)"'Z;=q
Q) [ Zu _ (@) O 012\ [aii— I_ 6B — 1 0 B f11 b2
Zoy ast 021 B2 a2t —1 0 1 921 922
{Z1+} model? MA(1) or MA(0)
1-— 911B —912B
Invertibility : all the eigenvalue |a|<1 -
2 Z_t = (I — BB)% —0:1 B 1—65B
—1
I-6B)"'Z, = a (I_9) = - lﬁB| 1—-0»B  612B
(I+9B+92B2+)§£ = 921B 1—911B

I-6B| = (1-61B)(1-602B)— 6126 B

5




Review Review
1 1

I-6B)'Z = I—-6B)"'Z =

( )" Z (1 —011B)(1 — 652B) — 01265, B? ( )2 — 011 B)(1 — 659B) — 0,505 B2
[(1 — a1 B)(1 — a»B)
Invertibility = zeros of |I — #B)| all lying outside unit cycle

Vector AR(1) Vector AR(2)
K=2 - (I — gbB)ZE = K=2: (I — (bB)ZE = Gy

b i Z1: income
¢ =

Zs: consumption

B P11 P12 B Zy _ [
$21 a2 Iy as
Zu\  [¢u di2 2141 N ait
Loy P21 P22 Zop—1 oy

AT

D11214—1 + P12Z2—1 + ayy

206 Loy D21 Z11—1 + P2aZo—1 + ay

b bra Z1: income
b=
P21 P22 Zo: consumption

l 10 B P11 P12 B VAN KUY
0 1 P21 o2 Zoy asy
Zi|  [on @ Zip Lo
Aoy P21 P22 Loy @2y

Ziy = oy ++ are

Zoyy = ¢ndip—1+Pandy_1 + ay




Vector AR(1) Vector AR(1)
K=2: (- ﬁf’B)Z_g = Gt
5o ((,511 qsu) Zy: income Example
P21 P22 Zs: consumption
[ L0} [du ¢ B Zy _ (e
0 1 P21 P22 L as ¢ = 2 3 ¥ — 4 1
Zu) _ [¢n (G12) [ Z1 a1y —6 11 11
Loy @ P22 Zot—1 oy
Zy = ¢'11Z1.',11 +-|- ar
ATERES + G2aZor—1 + ax
Vector AR(1) Vector AR(1)
(I - 6B)Z: = ay (I - ¢B)Z, = ay
Z = (I-9¢B)q Z = (I-¢B)la,

—

= (I+¢B+ ¢ B+ ¢ B’ + - )ay

= @t daytaustPast

= (I+¢B+¢’B* +¢°B° + - )ay

= @t daitFaustPast

eigen values of ¢, |a;| < 1, then it will converge
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Vector AR(1)
(I-¢B)Z; =a

Zy = (I—ﬁf)B)_l%

—

= (I+¢B+¢B*+¢’B° + - a

= artdaro + Par + Pags + -
eigen values of ¢, |a;| < 1, then it will converge
L©0) = Cov(Z2z")

= S+ ¢80 +¢*S(¢7 )2+ ¢°S(0T) +

Vector AR(1)

[(0) = 3 + 6T(0)¢"
If ¥, ¢ known, linear in elements of I'(0), we may get I'(0).

Vector AR(1)

1 1-— ¢22B Qf)lgB
I—-¢B)" = — -
( | 1 — ¢8| ( ¢21 B 1—¢>1lB)

L)1 -6B)""

[ Zero of " lying outside u.c. ]
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Vector AR(2)
Bivariate AR(1)
1-¢uB —¢12B Z1¢ o
—¢p B  1— ¢22B Za¢ a2t

What is the model for {Z;,}7?




Vector AR(1)
Bivariate AR(1)

1-¢n1B —¢12B Zig\ o
—¢n B 1— ¢22B Zay a2t

What is the model for {Z;,}7

-1

Zit\  [l=ouB —¢nB ai¢
Zoy —¢1B 11— ¢22B a2y

Vector AR(2)

Ze\ 1 1 — ¢nB o128 ¢
Zoy 1—-¢nB A2y

A =01B)(1 — ¢22B) — 121 B® = (BT >

AT 1—¢22B  ¢12B a1t
¢(B) =
Zay on B 1-9¢nB Aot

—~ ~ —~
AR(2) MA(1)
Vector AR(1) Vector AR(2)
In principle, each can be ARMA(2,1) AR(1) 5 N
How to generalize? ~
AR(2) # ¢2
Review : SPACF for univariate case ? ~
AR(3) # @5 - SPACF
AR ( 4) (’54 Last coefficient estimated!
|/
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Vector AR(1) Vector AR(1)
y = PBr+e y = Br+e
B = @'a) Ty B = @'a)aTy
AR(L) Zi=¢Zi1 +ay t=1,---,T
T
_ T
Vector AR(1) Vector AR(1)
Vector : Y/ 2N NN
- - Zia Zas Z11 Za a1z a2
Zy _ ¢ Zip—1 + ait t:l.‘“-.‘T Ziy  Zoa _ VAL Zao P11 ¢21)+ 13 Q23
Zoy AT Aoy e oo
Zy = ﬂj—rqﬂf’—r-ﬂ-fﬂ—r Zyr  Zar Zir—1  Zar— arr  axr
b1 2 = X
(Zu, er,) = (er,—l Zznl)(n 1)"‘((111 0121,) y"} ‘(‘ill’-'-al
| A o) =Xo o)ty o)==
y2 = X¢2+ap
t=2 (Zs Za VAR Zay 12 Q2 ~— i ~ -
L=3 | Zi3 Zu B VAP Zaa ¢11 @2 . aiz  as3 T
2 I B b\ o Y = Xf+e
t=T \Zir Zar Zyr—1 Zar—y aT QT a _ (XTX)_leY
210 -




wE sty N ) N\ ) T )
o ) ¥a o)+l oy 2T
B+ (F) o) =X o)t e o=
Y2 = X@+a2
~— T —
Y = X0+c¢
g — (XTX)_leY
Vector AR(1) Bartlett Test
VAR A VAR VA a1z Q22 : . T
Zia  Zas ) 7 Zon b o @ ans Regression: S(0) =Y '}
- PR residual (Y — V)T (Y — ¥) = S(1)
Zir  Zar vt ZaT ayr  dzr _— ‘S(l”
Y = Xf+e LT S(0)]

f = (XTX)'XTy
fitted ¥ = X0

Residual YV — Y

Bartlett 1938
Test 6 =0 v.S. 0#0
LR Test

Bartlett Test: M/ (1) = —(N — .5 — K)log(U;) ~ x2(4)

test: # = 0 v.s. 0 # 0
Ratio of Determinant k=2 & k?=4

M(1) : corresponds to 1%t Partial in Univariate Case

21




Bartlett Test

Zy = 0z + 00t oy

4 = Zalel+ 4Tl v ol

Bartlett Test
Test ¢pg =602 =10

Ya = X160, + Xof,

X = X X5
(er, er,) = (Zlf,—l er,—1)¢1T‘|‘ (er,—z Zzz—z) ¢y + (011:, ﬂz!,) ( ' d)
—3,---.T S(2)=(V - Ya)T (Y - 15)
@) _
YV = X101+ Xobh +¢ 1S(1)] 2
Bartlett Test: M (2) = —(N — .5 — 2K ) log(Us) ~ x*(4)
Ratio of Determinant : k=2 <> k2=4
Example Example
Generate AR(L) Zt _ ¢Zt_1 — q, The Financial Times Data :
AT stock
2 3 4 1 Zoy | = car
¢ = Y= p ;
—6 1.1 1 1 3t commodity
Generate MA(1) Zy=ap —Oar—y T=15,-8

212
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Example Example

d2 d3\ [Zit ais Yt = Voxy + &1 + vexi2+ -+ Ny
Pl @ | | Lo | T | ax Assume {X;}, {N;} independent
@32 043 2341 azy

Cross Correlation 1] DL 4 ?
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Today’s Topic

I . Review
ARIMA model building
Seasonal model  multiplicative/non-multiplicative
Intervention Analysis + Outlier

Yo = n+N
w(B
Y = V(B)ffff, = 5((B)) Bbffff,
N, = ARIMA
{N} L A}

Outlier: 10, AO, LS, TC

Iterative procedure
I Examples

airline data, ozone data, crest, WEPCO, Food Example
Il Vector Series

Review - 1: ARIMA Model

ARIMA(p,d,q) @,(B)(1-B)'Z, = c+0,(B)u

SACF
(" Tentative Specification SPACF
SEACF
3stages < Estimation MLE

\_Diagnostic checking

214

Review - 2: Seasonal Models

pp(B?)(1 = B'*)" Z; = ©4(B'?)e,




Review - 2: Seasonal Models

pp(B)(1 = B*)"Zy = ©4(B"? ey

dp(B)(1 - B)df3!» = 0,(B)a

Review - 2: Seasonal Models

WP(BlZ)(l — Blg)dlzt — Gq(Blg)fﬂ,
+

¢p(B)(1 - B)df3!» =0,(B)a
[

Multiplicative Model

Review - 3: Intervention Analysis

Y, = uw+ N
Observed Time Series = intervention + ARIMA
G |
w = v(B)X = 5B

X exogenous variable
4
deterministic indicator

step change S,FT)

(
*indicator type
X; could be {

pulse change P,,(T)

\ stochastic

Review - 3: Intervention Analysis

Y, = w+ M
Observed Time Series = intervention + ARIMA
TIPS |
g = (B)X, = ﬁﬂ‘lx
Ny

Input ﬂ Output

215




Review - 4: Qutlier

No-outlier situation: Y; = ¢(B)q,

Review - 4: Qutlier

No-outlier situation: Y, = ¢)(B)a,

QOutlier Type:
1I0: Y, =¢(B)(a +wP™)

Review - 4: Qutlier

No-outlier situation: Y; = ¢(B)q,

Outlier Type:
10: Y, = ¢(B)(a +wB™)

AO: Y, =¢(B)a +wP™
t=TH, Y, 5K (V)

gross error model
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Review - 4: Qutlier

No-outlier situation: Y, = ¢)(B)a,

QOutlier Type:
10: Y, =

AO: Y, =1

LS: Y, =4




Review - 4: Qutlier

No-outlier situation: Y; = ¢(B)q,

Outlier Type:

Examples

10: Y, =¢(B)(a +wP™")
AO: Y, =4(B)a +wh"
LS: Y =(B)a + ﬁﬁ,”'}
TC:  Yi=¢(B)a+—=F" |5 <1
Examples Examples

 Airline Model

(from Page 315)

* Airline Model (from Page 315)

(1 - B)(1 - B")

—

Zy =(1-6B)(1 - 013B"%)q

—
wy

p1#0
p12750

P11 = P13 = 1

X P12

217




Examples

* Airline Model (from Page 315)
» Ozone Data (from Page 328)

Examples

* Airline Model (from Page 315)
* Ozone Data (from Page 328)
(1-B2)Z,=(1-6B)(1-0B?)q

V

Is it OK?

Examples

* Airline Model (from Page 315)
» Ozone Data (from Page 328)
(1-B'?)Z, =(1-6B)(1-0B"%q

V

Is it OK?

Intervention model:

(1 —6,B)(1 - 0©,,B'?)
1 — B2

1-B%2Z, = a(1-B¥Hzy+(1-6,B)(1—-0,B"q

Zy = cxy+

ay

218

Examples

* Airline Model (from Page 315)

» Ozone Data (from Page 328)
Summer trend and winter trend model:

Co i C3
T—pr gt
(1-6,B)(1 — 6,,B"?)

1— B2

Zy = aXu+




Examples

* Airline Model (from Page 315)

» Ozone Data (from Page 328)
Summer trend and winter trend model:

Examples

* Airline Model (from Page 315)

* Ozone Data (from Page 328)
Summer trend and winter trend model:

ZL + 1 — :5)12‘&’2‘ -+ 1 BIQJ(;%,; Z,{ =
as before (1-61B)(1 - 6,,B"?)
1- B2 “
Examples Examples

* Airline Model (from Page 315)

» Ozone Data (from Page 328)
Summer trend and winter trend model:

(1-6,B)(
1- B2

(
X

[l

- 1, Jun-Oct, Since 66;
1o e L

* Airline Model (from Page 315)

» Ozone Data (from Page 328)
Summer trend and winter trend model:

ST ) non-summer trend

C ,
Zy = aXu+ 1— g2 j}_?lzl?‘ +
(1-6,B)(1— 919312)
1- B2 “

(

Y, = 1, Jun-Oct, Since 66;
4 !_i[]f otherwise. HHH HHH HHH HHH

|5
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Examples

* Airline Model (from Page 315)
» Ozone Data (from Page 328)
» Monthly Electricity Demand (from Page 181)

Monthly Electricity Demand (logged), 1/64 to 4/77.

Examples

* Airline Model (from Page 315)
* Ozone Data (from Page 328)
» Monthly Electricity Demand (from Page 181)
(1-6B)(1 - 0,,B')

wo 5]

: @W Z=qopnt - pogpm) et 1- B2 .
\ v 1, t>13
gg%iﬂ T o t<1s
Examples Examples
* Airline Model (from Page 315) * Airline Model (from Page 315)
» Ozone Data (from Page 328) » Ozone Data (from Page 328)

* Monthly Electricity Demand (from Page 181)

wo Wi (1 - gB)(l - @12B12)

4= pel - Tt 1- B “
N ={ 1, t>13; B 354 B4y 2 X
0, t<13. N
bt W3-~ constant growth rate

220

* Monthly Electricity Demand (from Page 181)

adjustment, 15 % % 3| 5

s o1 ). (1-6B)(1-0.B12)

wo

w1
Zi= gt iyt 1- B “
. :{ Loty UG #8524 K) e X
0, t<13.
b W2k —~ constant growth rate




Examples

* Airline Model (from Page 315)

(from Page 328)
(from Page 181)

* Ozone Data

* Monthly Electricity Demand

(1-6B)(1 - ©,,B'2)
g/t ™ 1- B2 .

Examples
* Airline Model
e Ozone Data

» Monthly Electricity Demand
* Crest Market Share

(from Page 315)
(from Page 328)
(from Page 181)
(from Page 344)

Relationship between 10 and LS
10: Y, =¢(B)(a +wP™")

LS: Y, =o(Ba + —— P

1-D
1- 6B
if Y(B) = T then
1-6B
Vi = (g )a+wR")
1-0B 1-0B (1
= Toputei—gh

Relationship between 10 and LS

10: Y, =¢(B)(a; + wP,,(T})

LS: Y, =¢(B)ay +
1-6B

1-B °

. then

1-6B
1-B

Yi = |

1-6B 1-6B

= a +w

I

) +wP ™)

R(T}

1-B 1-B °

ATTENETION:

10 and LS might be

overlapped or mixed up
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Examples

* Airline Model (from Page 315)

* Ozone Data (from Page 328)

R » Monthly Electricity Demand (from Page 181)

* Crest Market Share (from Page 344)

FT=8CF) « The Production Data (from Page 352)

Examples Examples
The Production Data (from Page 352) The Production Data (from Page 352)
(1-B)Z = wP”+(1-6B)a (1-BZ = wP'+(1-6B)a
y (6 = 1.000)
1-B)Z = wPM+(1-Ba

222




Examples

The Production Data
(1 — B)ZL

J
(1 - B)Zr, =

the constant ?

(from Page 352)
LUR’(T) + (1 -6B)a;

(6 = 1.000)

wP,,(T) + (1 - DBy

But where is i WILkRELL (1 — B)
w

Examples
The Production Data (from Page 352)
(1-BZ = wP+(1-6B)a
] (6 = 1.000)
(1-B)Z = wP"+(1-Ba

But where is [}

PIUBRLL (1 — B)
the constant ? ™\~ o

Zr = 1o BP:,(T) + a Z — + o
Here is the
constant
ACtua”y: Zy = ¢+ mati) +
Examples Examples
The Production Data (from Page 352) * Airline Model (from Page 315)

Zy

(1- B)Z,

[+ ag
TGy
(1-B)pu+(1-Ba

0 + a; — ay_1

* Ozone Data

* Monthly Electricity Demand

* Crest Market Share

* The Production Data

» Weekly Sales of a Food Product

(from Page 328)
(from Page 181)
(from Page 344)
(from Page 352)
(from Page 360)
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Review

Multivariate Time Series

(a) Input Gas Rate

1. FEER s . p
i
= [ A
2. R (131 YA N A : A
g2 o NS VOV f ."I VAN M
 3generated : MA(1), AR(1), ARIMA(0,1,1) Y ﬁm / “”'l ( VA i V/\
« BJR Series : F, C, A, Airline Data 1. o % N
» 2 Economic : Interest Rate, Treasury Bill, (1) Cutput CO2
&0 o ) ]
GNP W\ N A
55 J Frl". ||Iﬂll‘ll|l I]I |II “ NN III \ l"(llulﬂl',ll'f Y I
« Ozoneg, Crest, Prod, Food R ERVA VAR AT ﬂ“ J
| V.o e e 4
Multivariate Time Series Multivariate Time Series
(a) Input Gas Rate
Gas Furnace Data 3 ; —
- ]
M N f ||| ||'| I||]|"| A P IIIr-II f
} 2 o AN I ||‘| nood | || || I I"IIJ"| A
|| e 'I , | 1'.
Y W/ 9
Input Output g i . —
X e o 50 100 150 200 250 300
¢ |:> j t (b) Output CO2
&0 G Ir-I ) Iﬂl ]
A I ,"'.IL
e J FI.-,Ill I|n-.|'|l |]| II| '.,._I Inl II | I| ,l(-uul | \ II |
o | "\lu.ll I'. II ||. i,r"'..-' 'lI I" { |U|'I '-,I | I|I ||| A |I
Y;=v(B)X;+N, AV VAR WY
| S L s e 4
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Multivariate Time Series

Quarterly

Quenouille

Multivariate Time Series [ vearly data

a) Hog Sappiy

| — M
i == | ‘MMA\F‘—'N‘ T /“-I. P
Stock index data (SCC) =] L
~N }\; — 5 [
F e o} Hog Prcs
ST 221 — ———
; — - =2 i TN T T e T H"/x'\\"‘-..__,.-' -
Car production index
| e — (e} Com Supohy 7
“m"-'j | oy _\_;"—- = %E - T e T o e e eSS e T, ) _.u'—”_’v\'
| _ R ! 2 P
oo :/.V-N = i W — — p— ——
B IO — = -
. . s = e (D) Cosm Price
Commaodity index
rd S ™ i —
= . EE B “*—1_1_.-/"'\\/*.5____. —— /-"%—\—-’ i M“._. - N —
san 'l AT T T ) (=) Farm Wages
= == = == - = s e i /’ ]
e R
A A e S S5 - e e |
N— e o -
FIGURE 182 ool e s o desa 1E67 P9S8
Multivariate Time Series| vonthly flour data Multivariate Time Series [\ionthly data
(=) Blasfioio (&} 3-monith rate
Iy
= § - H‘_ ,/4 Lt | ' I = e r' _.II'J 1II .
= f = . £ = | |
= .- . I [ 1 f \ ‘1"._
A I gl e o = o. I—I. — I.—__IJ LY II ﬁ“x._l |
aoT2 ) o i 1eTE ] “ - — - o ='—l
1961 1964 1967 1970 1973 1976 1979 saaz ] Tas8
M) A seapoiEs (b)) 6-month rate
1= I,
™ = 10 r1'"\- .':J .-IL
= e AN " = 1 T [
L B | AR T (S |
e e o R ety A B S
T T T "
T2 e 1eTE wora - 191 1964 1967 97O 1973 1976 1979 198z 19E8s 1988
) S-rmvonitih rabe
o) Emsnsas Sty 12 - 1 In'.
- g2 W RSN
E .II ., 2 e ' E . J ._'I—_"-—'I'—h—"—-__fr I‘L' I-I ..l.;ki I
= e .*w.__ o - Jl -"'\._. |
- il 1967 1969 PES S 1970 P 1975 1972 n1eaz 1985 1oas
1o72 i 1T TS Tows wear
i 225

FEGURE IL.14 Losarmbms of ssoahiy Sooar peicos mndices 19721950

FIGURE 1.15 Taiwam's interess rabe «data 196119859,




Multivariate Time Series

Analysis several time series together
TR

« BRI R &R

- ARFEHL (KE) KRR
LT X I L B R A 2

« Dynamic Model

* Transfer Function Modeling

Topics

1. MTS Examples
2. Transfer function model (unidirectional)
3. Vector ARMA e .
* individual
e Vector MA(1) properties » transfer function
4. Cross Correlations ?IeES
L(¢) = E(Z_1Z,")
5. Identification of MA model

Transfer Function Model
Chapter 11 of BJR : Dynamic model

Transfer function modeling

FA[r) unidirectional relationship

— —
Ziyy Loy L3
~— £
W=t

* logically simple

* easy to be understood

226

Transfer Function Model (unidirectional)

= Li(B)ay
Li(B) = o + 91 B+ 42B* + -+
= vio(B)Zy + La(B)ay
via(B) = (v + i B+ vaB* + ) Zy,
= vl + 1y + vl -

Ly(B) = (o0 + Vo1 B4 199 B* 4+ -+ oy
Hep: {an}t L {an}

i.1.d. 1..d.

N(0, 07) N(0, %)




Transfer Function Model

a1t 1 2t
Ll(B)l LQ(B)J/
V192 B
AT # Zoy

Transfer Function Model

Nt = L(B)Cl{lt

input X ---Yt output

Y; = v(B)X; + N

a14: 1.1.d. series

Transfer Function Model
Y, = v(B)X,+ N,
Ny ~ Li(B)ay,
Xy ~ La(B)ag
{arefL{aze ) & { X ) L{N:}

Univariate ARIMA Model

Generalize to Vector ARMA Model
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Today’s Topic

Multivariate Time Series

Transfer Function Model (unidirectional)

Vector ARMA

Order tentative
specification

MA(1)
Specification of MA Cross corr [+ | ]
AR(1) -
Specification of AR Partial Autoregression

SCC (Cross Correlation and Dynamic Relationship)

Gas Furnace Data

Multivariate Time Series

(a) Input Gas Rate

3 )
1
2 - - |
M | '-'r| M
1 J" M | . |
| 1/ | A\ f ! (AW (1
2 N " J i [ AN
= 9 | | WY AV
\f [ f ! i\l |
=1 i Il | I." Vou |/
\f | ¥
-2 | | |/
\/ |
a 50 100 150 200
(b) Output CO2Z
&0 T o
Ir\ll II II
o A R
|' ol | Y WA i
55 / [ A AN Yy
o \ Il A N
=] |
(=3 W F| () II | I| Iul I|
" A/ )
7 )
50 [ \ | b
| H | \/
[ 1
| 1/
|
o 50 100 150 200
time

228 FIGURE 1.10 The gas furnace data: Box—Jenkins scries

Multivariate Time Series

Quarterly
Stock index data (SCC)
Car production index

Commodity index

Baig
|
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- = .J _ Analysis several time series together
% =1 | | 1"-__1 JI— 1.-.' I
= 3 \, 5, |
e S A e W SHT R :
- — - . 7 -
1961 b= = 1DET MA9FT0 1973 OGS R E: =] 982 1285 1988 - N
1} ]
e - AT BRI R
12 =
[\ AN . N
sl A AT | - BIESE (B KR
E = I I .—1'1__ |'I R
= . o gz 1 | e v
! - N, AT X L 7 51 AR ?
b 1951 196 1967 1970 1973 1976 1979 1982 1o8s 1968
KK S rmon e * Dynamic Model
= 1|_| r'l.‘ I,—'n'-w.
£ : | Ty — *-HL I_i'_. L J * Transfer Function Modeling
= ] [ , | e |
(=] | ) .
16T TS ST 1é?ﬂ T 19TE 1979 a2 1985 4+ @\ esssce
s 229

FIGURE 1.15 Taiwan s interest rabe data 196G 1— 19S5




Transfer Function Model
Chapter 11 of BJR : Dynamic model

Transfer function modeling

¥i]A) unidirectional relationship :

— —
Zyy Loy sy
— —

W=
* logically simple

* easy to be understood

Transfer Function Model (unidirectional)

Zyy = Li(B)ay
(input) )
Li(B) =0 + 1 B+ ¢2B~ + -+
Zy = v12(B)Z1 + La(B)ay
(output)

VlQ(B) = (V(] +unB+ VQBQ + ...)Z”’
=l +wliy—1 +velyp—o+ -

Ly(B) = (o0 + Vo1 B4 199 B* 4+ -+ oy
Hop: {051.',} 1 {szr,}

i.0.d. 1..d.

N(0,07) N(0,3)

Transfer Function Model

a1t 1 2t
Ll(B)l LQ(B)J/
V192 B
AT 5 Zoy
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Transfer Function Model

Nt = L(B)O{lt

input X, ﬁ-- Y: output

Y; = v(B)X; + N

aq¢: 1.1.d. series




Transfer Function Model

Y, = v(B)X;+ N,
Nt ~ Ll(B)Oélt
Xt ~ LQ(B)O&Qt

{oae}L{aot} & { X} L{N:}

Univariate ARIMA Model

Generalize to Vector ARMA Model

Transfer Function Model
Chapter 11 of BJR : Dynamic model

Transfer function modeling

FA.[A] unidirectional relationship :

VAT Zo; Zg,
('F
It

* logically simple

* easy to be understood

Vector ARMA Model
Univaraite : ARMA(p,q)

— 1z == Gplip = — Orapy = = Gy
a, "R N(0,02)

Bivariate ARMA :
— 02— = Opli—p = g — bhagy — - — by

Vector ARMA Model
Univaraite MA(p, q)
Sh - G- -0

I || latw'f"’ﬂ}”)
Bivariate ARMA :

@ 99 -~ ¥4~ He -~

Z ai\ ;;
zo= ") a=T" | M0
Lot a2

-, p S*:]_!+..!q

(ﬂ‘)‘ — {;J {:‘? 05" — 95; J 95‘; J v _ a1y 012
“ﬁ’;l %;J 2%2 93: : 9{3; J 9o 021 022
1= -




Vector ARMA Model

Vector ARMA Model
Univaraite : ARMA(p,q)

AT income at time t Zo—$Zyy — = GpZap = — bhary — - — By,
Z di . a "~ N(0,02)
spending at time t
2k p & Bivariate ARMA :
L= 0Zs == iy = = b = =By
Ziy P11 P12 Zit—1 a1t 7Z
- = A N I ) CDIATS
Loy 21 P22 Zat—1 a2y 2ot ot
() (9) g5 g(s") o
Income Eqn.  Z1t = P11Z1t—1 + 12221 +aie gle= 11 12 S I R
YU 050 6 ) o o
Spending Ean. Zy; = o1 2141 + P22 Zo¢—1 + azy s=1 p s =1,--+.,¢
Vector ARMA Model Vector ARMA Model
AT income at time t AT income at time t
Loy spending at time t Loy spending at time t
IR0, RE—AN R[] 1 PP IR0, RN AN F
Z1|AR(1) _1 a1t Z1|MAR), (HZAMSL, FR|_ a1y
— = noise i AJ BEAH % o =
ZQt) kﬁf’m W%—l azt Zzt/ \Cf’zl @N%_l a2t
{Income Eqn. Z1t = 114141 +2t—1 +ang {Income Eqn. Zut = 114141 +2t—1 + any
Spending EQn. 7y, = o1 2141 + o2 Zos1 + any Spending Eqn. 7, = @ 1t—1 + P2 Zoi 1 + agy
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Vector ARMA Model

Vector MA(1) Model

Vector ARMA: Vector MA(1) Dimension K=2
Ly — My 1 — = Oply_p=a;—brag_1 — - — 0,04
= ¢1/t\i pr,i/p R 1o I U AT ait 611 12 a1¢—1
Zu Gt Zoy (st 021 20 (o —1
’Z_i— o = !'le' NK(Q, E)
Lkt Kt iid
a; ~ Ny(0,X) Example :
¢,g‘1’1 Qﬁg;i Hﬁ*J 3{?1 ot 01K
¢,’,,’: i bls — o E _ 0’11 0-12 E _ 4: 1 g _ .2 .3
#a ok Kok o) o5y . K1t OKK O21 022 11 -6 11
s=1,---,p s =1,--+,q
Vector MA(1) Model Vector MA(1) Model
Vector MA(2) Dimension K=2 Vector MA(1)

2x2 vector of
shocks at time t

2x2 vector of
shocks at time t-1

Zi = (1—6B)a; — Z, = (I — ©B)a,

ayg 911 912 ai1e—1

Aoy 921 922 aop—1
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Vector MA(2)

Vector MA(1) Model

Dimension K=2

AT B ai 011 612 aijs—1
Loy oy 021 B2 aog—1

Example: See Page 5 of Chapter 14

Zy=p+ap—fa

17 4 1 2 3
25 1 1 —6 1.1

AR

Vector MA(1) Model

ay.t — 9110&1,15—1 - 9120&2,15—1

Z1; individually MA (1), NOT MA(2)
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Vector MA(1) Model

= dait — 911a1,t—1 - 91202,t—1
Zy; individually MA (1), NOT MA(2)
= ait—1 — 911031,15—2 - 912(12,15—2

= dai,—2 — 911051,15—3 - 912052,t—3

Vector MA(1) Model

Z; = (1,,—9(1,,_1

= (I-0B)y




Vector MA(1) Model

Zy = @ —0ap

——

1 0 0 0o
[-B = e
0 1 01 B2

1—911B —ngB
—leB 1 —gggB

Vector MA(1) Model

Zy = a—0as

——

1 0 911 91‘)
I—-0B = —
0 1 Bo1  Oao

(1 _ 0B  —0,,B

—gng 1— QggB)

Invertibility: ¢, = (I-6B)"'Z

(I-6B)™' = I+6B+60°B>+--.

Vector MA(1) Model

Zy = a—6ap

1 0 0 0o
I—0B = 7 ) B
0 1 021 B2

1—911B —ngB
—gng 1 —gggB
Invertibility: a, = (I—6B)7'Z

(I-6B) = I+60B+6°B*+---

Vector MA(1) Model

Zy = a—0ay

= (I-0B)y

(I —9B)!

Invertibility : a; (I-6B)"'Z

(I-6B)' = I+6B+6°B>+--.

1 0 011 b2
0 1 Bo1 Ba2
-1
1-618 -0, 8
-0 B 1—6+:B

)B
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Vector MA(1) Model
1—6uB 608\
—01sB  1—6-B

1 [1-62B 6.8
II=6Bl\ ¢,B 1-6.B

Vector MA(1) Model
16,8 0.8\
—9123 1-— QQQB
B 1 1 —6:28B 61 B
~ I=6BI\ 4, B 1-0,B

I —6B] = (1—611B)(1 —60B)— 0,505 B*

= (1 —Q’IB)(I —CYQB)
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Vector MA(1) Model
1— 608  —6uB )
—9123 1-— QQQB
1 1—6:B8 0B
I1-6B| \ 4, B 1-6,B

|I—6B] = (1—611B)(1—6xB)— 626, B*
= (l—a’lB)(l—Q’QB)

|OL'T'|<1 1=1,2

Vector MA(1) Model

Zy = a—0ay

——

1 0 6 6o
I-6B = [ ) B
0 1 Bo1  Oao

zeros of |I- 6 B| all lying
outside unit circle

All eigenvalue of
0lying inside unit

]

Invertible : o = (I-0B) ‘15_@

(I-0B)' = I+6B+6>B>+.-.




Vector MA(1) Model

Z [ 011 b2 ary—1
Loy asy 021 G20 a2 —1

if 815 = 0, then

Zy = (1-611B)ay
Zoy = (1—=052B)ay —bxa1,1
VAT
= (1 — QggB)agL — 921 ﬁ

Vector MA(1) Model

AT [ f11 012 a1p—1
Loy aoy 021 020 a2 —1

if 815 = 0, then

Zy = (1 - 911B)f11z
Zoy| = (1 —=022B)asy —Oxnar—
‘ T
= (1 — gggB)(Ig’, — 921 1 —12111B

Unidirectional Relationship ? __|

Vector MA(1) Model

Zt [ 011 b2 ary—1
Loy sy O21 G20 a1

if 612 = 0, then A LA correlatedff] ayy, as
Ziy = (1—611B)ak ¥ ao 7 B e Bay, e L Bay

ot | = (1 — 0228 Oo1a1¢—1
‘ Zy
= (1—62B)ay — 0 ﬁ

= (1—-0»B)¢g —(wg—w1 B
( 22B)er — (wo 1)1—11B
Unidirectional Relationship ?

Vector MA(1) Model

A [ au f11 012 a1r—1
Loy asy B21 20 a2t —1

if 8,5 = 0, then

Zy = (1—01|1f 6 is triangular
7o | = (1 — By then unidirectional representation
‘ i
= (1 — gggB)(ng 9211 —1!;111B

Zl:‘,—l

= (1—6:B)e;, — & — w1 B
( 20B)€; ( 1 )1_ D
Unidirectional Relationship ?
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Vector MA(1) Model

How to specify Vector MA(1) :
Zy =ap —Oagy
More than one series, correlations:

Vector MA(1) Model

How to specify Vector MA(1) :
Zy = a; —O0a; 4
More than one series, correlations:

Income X, Income X, pxx(—k) ‘ ) pxx (k) | ‘
t-k - t-2 t-1 t t+1 t+2 T t-k - t—? t-1 t t+1  t+42 H-k
FRAR BN
pr = coor(Z, Zy_y)

Spending Y,
=k t=2 t-1 141 142 tk
‘ - prv (k) '
Vector MA(1) Model Vector MA(1) Model
How to specify Vector MA(1) : How to specify Vector MA(1) :
Zy=a — Ba;_q Zy=a — Ba;_q

More than one series, correlations: T More than one series, correlations: T

Income X, pyx(—k) o pxx(k) ‘ Income X, py(—k) L pxx (k) R
t-k - t-2 t-1 t t+1 t+2 etk t-k - t=2 t-1 t t4+1 t+2 t4k
pxy o ol O D) e gyl pxy ) o) g0 D) pra(2) pralh]

Spending Y, // Spending Y, //

R I e R S s I . b=k t=2 =1 T 14D tk
238 ) pyy(—k) ] ) pyy (k) ] ) pyy(—k) ] ) pyy (k) ]




Vector MA(1) Model

How to specify Vector MA(1) :
Zy =ap —Oagy

More than one series, correlations:

Incom? X px x(—k) . . pxx(k) R
t-k o t=2 t-1 t H—l H—Q O
Pxy ovl2) pwr(l) pxy(0) /J} ! P}' W pyxlk

Spending Y,
t-k oo -2 -1 {42

pyy(—k) pyy (k)

Vector MA(1) Model

How to specify Vector MA(1) :
Zy =ap — a4

More than one series, correlations:

Incom? X pxx(—k) R ) pxx(k) R
b=k o 12 t-1 t 41 t42 -tk
Py pr@ a0 v @yl
Spending Y //
t=k oo #=2 -1t H4l 42tk
) pyy (—Fk) - pyy (k) ]

Vector MA(1) Model

How to specify Vector MA(1) :
Zy = ay —baz_,

More than one series, correlations:

|ncom£—:- X px x(—k) R ‘ pxx (k) .

t-k . t-2 t-1 t t+1 t4+2 - t+k

J B A i ‘ BHAA
N
(] A

pxy o ol O D) e gyl
Spending Y //

A R A L N R 2.

Vector MA(1) Model

How to specify Vector MA(1) :
Zy = ap —Oay_

More than one series, correlations:

Income X, pxx(—k) ik pxx(k)
t-k o =2 ﬂyx(l)ﬂxi(-l) t+2 -tk
px@ o pyxlh




Vector MA(1) Model
p=20
pxy (K) = pyx(—K)

Cross covariance matrix :

E (ZIM) (Zl,, Zg,,) M2(6) # Y21 (€)

Zot—¢

L(t) = E(Zi-Z)

Vector MA(1) Model

VA
Cross Correlation Matrix of 7Z; = ( 1")
T\ 2

o = (MO 2) I(e) (('m(nnlf? 0 2)

Vector MA(1) Model

7
Cross Correlation Matrix of Z; = ( l")
T\ 2

oo = (”“m”m : )r(g) ((%1(0))W 0
! (v22(0)) 2 0 (ya(0)) /2

|

pir(f)  p1a(l) Def. of Cross correlation matrix
= <

with lag ¢
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Vector MA(1) Model

VA
Cross Correlation Matrix of Z; = ( l")
T\ 2

o) = ((711(0))1/2 0 )F(ff) ((%1(0))1/2 0 )
! (122(0)) 72 0 (y22(0)) /2

i ( ﬂw(ﬂ)
pa(f) @

I = (7““) 712(1?))
Ya1(£)  v22(f)

oy




Vector MA(1) Model

Z
Cross Correlation Matrix of 7Z; = ( 1”)
2t 7

Vector MA(1) Model

VA
Cross Correlation Matrix of 7Z; = ( 1")
T\ 2

1 0 -1/2 0 1 0 -1/2 0 1 0 -1/2 0 1 0 -1/2 0
o - [mO ) " ((7 ) ) o - [0 ) w0 (('r ) )
0 (y22(0)) 12 0 (y22(0)) 71/ 0 (ya2(0)) 71/ 0 (722(0) 7/
[l ) _ [l mzm)
poll) pu(l) pl)
n1(f) ma(f) mi(l) ma) T
) = () = E(Z 2 o) = () = E(Zi 2
" 'm(f))ﬁ (0) (Zi—eZy ) e 'Y””(F))H (0) (Zt—tZy )
Vector MA(1) Model Vector MA(1) Model
MAQ): 4 = ar—6a, For MA(1) :
ro) = BE(Z:Z:'") Cross Correlation Matrices :
= Blay—0a1)(a’ — a6 p(1) #0
= Y4637
p2)=p@B)=---=0
L) = BE(ZiZ')
= E(a—1 — 9(:1,}_:’2)(%1— — ajjTHT)
= —30T
£ 0
rQe = I'G)=--=0
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Vector MA(1) Model

Z
Cross Correlation Matrix of 7Z; = ( 1”)
T\ 2

o - [ )m) (m(on”? 0
’ 0 (122(0)) 7

|

pir(f)  pra(l) Def. of Cross correlation matrix
= <

with lag ¢

1(f) (!
g = (™ “;)ﬁr(@ = E(Zi ")

Yar(€)  yaa(f

Vector MA(1) Model
For MA(2) :

Cross Correlation Matrices :

p(l) #0
p(2)=p3)=--=0
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b 18] 7 51 93

FHHEPF(F)

Vector MA(1) Model
For MA(2) :

Cross Correlation Matrices :

p(l) #0
p(2)=p3)=--=0

Vector MA(1) Model

For MA(1) :

Cross Correlation Matrices :

p(l) #0
p(2)=p@3)=---=0

Example: Page 11-12 of Chapter 14 (Pena, Tiao & Tsay)

ACF and Cross Correlation
K=2 3plots

K=3 6 plots

K=4 10 plots

Vector MA(1) Model
For MA(1) :

Cross Correlation Matrices :

MA(1): p(1) # 0

MA(2): p(2) £ 0, p(3) = p(4) = - --
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Vector MA(1) Model
For MA(2) :

Cross Correlation Matrices :
MA(1): p(1) #0
MA(2): p(2) #0, p(3)=p(4)=---=0

2
+ if coef € (

ﬁa"‘oo)
if coef € [—%, %]

Vector AR(1)
K=2 : (I —¢B)Z; = ay

b b Z1: income
b=
P21 P22 Zo: consumption

B VAT _ ayt

Iy Qat
Zu| [ o1 VAT N ar
Zyy P21 P22 Zopq as

2
— if fe (—oo. ——— Ziy = ouli-1+ Q12Zoy1 + ay
coef € (—o0, \/ﬁ)
Zot = ¢nZip-a+ Qandiy-1+ an
Vector AR(1) Vector AR(2)
K=2: (I —¢B)Z; = ay K=2: (I —¢B)Z; = ay

b i Z1: income
¢ =

I

P11 211—1 + Q@ + aqy

N
|

244 Zoy

b1 2111 + p20Zo 1 + axy

b bra Z1: income
b=
P21 P22 Zo: consumption

I

Ziy = ¢ndi— +@ + a1y

Zy = + P21 + Az




Vector AR(1)
Example :
2 3 4 1
o= Y =
-6 1.1 1 1

Example: See Page 6 of Chapter 14 (Pena, Tiao & Tsay)

Vector AR(1)
(I —¢B)Z; = as

Z, = (I-9¢B)'a
= ([+¢B+¢B*+¢’B° +--- )uy

= @t dustFan+Past

Vector AR(1)
(I — ¢B)Z; = ay

Zy = (I-¢B) 'a

= ([+¢B+¢B*+¢’B° +--- )

= atdutPatPast

eigen values of ¢, |a;| < 1, then it will converge

—1
1—¢uB —¢12B 1 1— 2B 128
I—-&B)1 = -
e (—%B 1—@3) = 25| ( 6nB  1-6nB

stationarity condition

)

Vector AR(2)
(I —¢B)Z = a

Z; = (I-¢B) 'a
= ([+¢B+¢B*+¢°B° +--- )uy
= @t daitFaustPast
eigen values of ¢, |a;| < 1, then it will converge
L) = Cov(ZiZ')
= T +¢S0 +¢*(¢T )2+ 6°S(87) +- -

= Y+ ¢[E+¢Np" +¢?S(¢ )2+ ¢PS(p" )P+ e
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Vector AR(1)
L(0) =3+ ¢I'(0)o"

Vector AR(1)
') =X+ ¢I'(0)p"

o
@ T2(0

Vector AR(1)
L0)=%+¢l'(0)o"

r
T(0) = 1 ‘
@ T55(0)

If ¥, ¢ known, linear in elements of I'(0), we may get I'(0).
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Vector AR(2)

1 1 — ¢22B
(I-¢B)™" =
=

[ Zeros I’yingoutside u.c. ]

128
1—-9onB

|




Vector AR(1)
Bivariate AR(1)

1-¢n1B —¢12B Zig\ o
—¢n B 1— ¢22B Zay a2t

What is the model for {Z;,}7

Vector AR(1)
Bivariate AR(1)

1—9¢nB —¢12B Zie\ o
—¢pnB  1— ¢2B Zat a2t

What is the model for {Z;,}7?

—1
Zit\  [l=¢uB —¢n2B aiy
Zoy —¢1B 11— ¢2B a2t

Vector AR(1)
Zi) 1 1 — ¢2oB ¢p12B a1t
Loy ‘@' ¢ B 1—o¢nB a2t

A =1B)(1 — ¢22B) — 129 B* = p(BI >

AT 1—¢22B  ¢12B a1¢
¢(B) =
Zoy ¢ B 1—-¢uB Q24

~—
[ ] ——

AR(2) mmmmmp- ARMA (2,1) < MA(1)

Vector AR(1) k=2 ARMA(21)
( K=3 ARMA(3.2)

AT B 1
Zo,) T —¢BD

A =¢11B)(1 — ¢22B) — 12921 B* = p(BI >

AT 1 —¢22B  ¢12B ai¢
w(B) =
Zay ¢ B 1—¢nuB a2

N—
A J

AR(2) memmmp- ARMA(2,1) gmmm MA(L)

1— B PioD it
¢ B 1- Can) (0215)
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Vector AR(1) Vector AR(1)

In principle, each can be ARMA(2,1) ~ N  MIE AReview of

AR(1) ¢ Univariate SPACF, A %|22 .

How to generalize? ~

’ AR(2) # &

Review : SPACF for univariate case ? —~
AR(3) # ¢ - SPACF
AR ( 4) (’54 Last coefficient estimated!

J
Vector AR(1) Vector AR(1)
y = pPBr+e y = fBr+e

simple regression -~
———

T v—1 T simple regression -~

B = (@'a)laly

AR(l) Zi=¢Zi1 +ay t=1,---,T

T

a:
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Vector AR(1) Vector AR(1)

Vector : Z = 04+ Vector : Zt = 9Lt
VAT _ 211 a1y f=1...T Zyy _ VAT a1y
oy Zor_1 Aoy Zay Za1 a2y
Zy = Zia ¢ +a ZLT = Zi1' ¢ +a
G11 P2 P11
(Zu, er,) = (Zu—l er—l) (Uu 0121,) (Zu ZQJ) = (Zl.'—l Ly —1)
b12 dao P12
t=2 Zl” Zgg le Zgl a2 a2 t= Zl‘? ZZZ le Z21
t= 3 Z13 Zag Zlo Zgg ¢11 ¢'21 ar1s (o3 t= 3 Zl-g ng; Zlo Zgg
G2 O
t=T \Zir Zsr Zir—1 Zar—y ayr asr t=T \Zir Zyr Zir—1 Zar—i

Vector AR(1) Vector AR(1)

\ector : Z = 0 ta \ector : Z = ¢Ziata
Zy Zii— it Zyy AT a1y

N
Il
N
|

_|

-\e‘ T

_|

+

=

N

4|
Il

Zy Zi 1o +a’
b1 ¢ 11
(Zu, er,) = (er,—l er,—l) + (Uu 0121,) (Zu ZQ.',) = (Zl.',—l Z‘z.',—l)
G2 Qo 1o
t=2 Zia Ly VAR Zay 12 022 t= Zis VAT Za
t= 3 Z13 Zag Zlo Zgg 92511 qﬁgl a3 193 t= 3 Zlg Zf)f; Zlf) Zgg
= + =
12 P22
t=T \Zir Za Zyr—1 Zar—y a7 Q21 t=T \Zir Za Zyr—1 Zar—y




Vector AR(1)

Vector : Z = 0L ta

Vector AR(1)

Vector : Zy YngT-i—A _’N

aj 22 ay 22
ay o3 aq do23
air apr ar aET

a |f12| a |r{;|

Vector ARQ1) o—v5n | Vector AR(1) .

vector: 4 iy — x¢T 4+ 4 - = Xmtw T2 Zx Zu  Zn
Zyy _ VAT N art ;:11“‘1; ~ Z.1:; Z:_):; _ Zfz Z"zz (?H ¢21)+ ﬁ-i:s G‘.z:s

Loy Zop1 Aot t=2---.T : : : : iz P : :
2 = Zia ¢ +a] Zir  Zor Zir— Zer— ) \ar aar )

¢ On n = Xﬁbl + a;

(Zu, er,) = (Zu,—l Z‘zt—l) )-l'("" ”’m\ - =X + — - o
|\ o) MR o) =4\ @) Tla e

2 = X¢2ta

t=2 Zlg Zgg SN— I

t=T \Zir Zar

|l [U = (X"TX)'XTy
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Vector AR(1)

AT Zao Z11 Za1 a2 a2
Ziz  Zoa _ Z12 Zao (@11 Gb_)l) N aiz 23
P12 oo
Zir  Zar it ZaT ayr azr
Y = Xf0+e¢

f = (XTX)'XTy
fitted Y = X6

Residual YV — Y

Bartlett 1938
Test 6 =0 v.S. 0#0
LR Test

Bartlett Test

Regression: S(0) =YY
residual (Y — V)T (Y — V) = 5(1)

Bartlett Test: M (1) = —(N — .5 — K)log(U.) ~ x3(4)

test: § = 0wv.s. 0 #0

Ratio of Determinant: K=2 & K2=4

M(1) : corresponds to 1%t Partial in Univariate Case

Bartlett Test
AR(2)
Zy = 01yt 922t
Z' = Zia ¢ + 0 byt

(Zu Zzp,) = (le—l Zzp,_1)¢'1T‘|‘ (Zu_g er,_g) 5 + (Gu (12:,)
3. T

Y = X191 +X292 -|-£

Bartlett Test
Test ¢pg =602 =10

Ya = X160, + Xof,

X = (Xl Xg)
S(2) = (Y -Yo)T(Y - 1))
1S(2)]

—— =0
S T

Bartlett Test: M(2) = —(N — .5 — 2K)log(Us) ~ x*(4)

Ratio of Determinant: K=2 <& K?=4 Correspond to 2" Partial
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Bartlett Test
Test ¢pg =6 =0
Ya = X160, + Xaf
X = (Xl Xg)
S@2) = (Y -V)T(Y - V)

2
s@l_,,

1S(1)]
Bartlett Test: M (2) = —(N — .5 — 2K) log(Us) ~ x*(4)
Ratio of Determinant: K=2 < K2=4 Correspond to 2" Partial

A LLEHER] AR(3), AR(4), ......

Example
Quarterly

data (SCC)

Stock index

Car production index
Commodity index

Example
Quarterly

| DW =~ 2(1 — 1)
Stock index data (SCC)

Car production index
Commodity index

252

Example
Quarterly

DW ~2(1— /1)
| 1) data (SCC)

Stock index

Car production index
Commodity index

ERGLEE B

ISt()r:kL =C+ Cary_g + Commodity, 7 + (1 — (;SB){L,,I
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Today’s Topic
» Review of Vector MA(1)/AR(1) & their specification

« SCC

e Cross Correlation v.s. Dynamic Relationship between 2
Time Series

» Gas Furnace Data
 Structural Analysis — Co-integration
» Variance Change Model

» ARCH/GARCH Models

» Connection with ARMA

» Example

Review
Univariate ARMA:

Ly —p1Zyq — - — @pZL—p =a—bag_1 — - — 9;;011',—;;
Vector ARMA:
,Z-;‘L — (I>1Z5_1 — e — (I)pi,—p = (if — (')1()'}'_:1 — = (-)qa_ﬁ_q

A ag

Zy = ;O =

Z kt gt

Review
Univariate ARMA:

Zy— 12y — = Pplpp =y — Oy — - —Bgai—y

Vector ARMA:
k x k

e i
RGN, (A SR -

—— —— -

Zy = s Iy =

ZA:L Gt
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Review
Univariate ARMA:

Review

Zy—Zia — o —opZip=ap — a1 — - — B AT aiy Oi1 012 AT
Vector ARMA: Zot a2t 921 922 Lo —1
k x k k x k Ak/x k k x k
7
Z B\ Zio1 - “‘— = o~ @ - '“_(f’;:'?
A aig
7, = a = i (0, 5)
Lt kst
SACF = SCCF
Review Review

k=2fF, FEMA(L)

er, B ait 911 er, -1
Zy ast Oa1 O22) \Z2-1

254

k=28, FEMA(1)
er, B ai 911 er, -1
Zyt ast Oa1 O22) \Zot-1

Zy = a—0Oa

N
I

(I -0B)y

|




Review

AT ary 011 -1

Zyy asy f21 022 Zoy—1

Zy = ar—0Oa;_q

——

Invertible form

Review

Z ag 011 AT

Zyy asy 021 022 Zop -1

Zy = a—0Oa

—

T-o38] /\

Invertible form

Review
k=2t, ZEMA(L)

er, ait 911 er, -1

Zoy sy 021 O22) \Z2—1
Z; = @ —Oa
é = (I - @Bﬂ p(l) = coor(Zy,Zi—y)

|I—@B| P(l) ?l" 0

p(2) = p3)=0

Invertible form

Review
k=20, HRAR(L)
AT d11 P12 VATIS ~[an
Loy G21 P22 Lo o

1) Individually ARMA(2,1) most complex case
2) Triangular uni-directionally

3) Stationarity Condition |7 — ® B|all zeros outside unit circle
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Review
k=2Bf, ERAR(L)

Z1y P11 Zit—1 iyt
Zoy D29 Lop—1 e

1) Individually ARMA(2,1) most complex case
2) Triangular uni-directionally

3) Stationarity Condition |7 — & B| all zeros outside unit circle

Review
k=2ff, FERAR(L)

Zy P11 Z1t—1 ait
Loy P22 Zop—1 a2t

@it Partial AutoregressionfE
Specification

1) Individually ARMA(2,1) most complex case
2) Triangular uni-directionally

3) Stationarity Condition |7 — ® B|all zeros outside unit circle

Review
Example: MA(1) See Page 5 of Chapter 14 (Pena, Tiao & Tsay)

Ze=p+a o

2 3 4 1 17
(') = Y = =
-6 1.1 1 1 25
Example: AR(1) See Page 6 of Chapter 14
2 3 4 1
Y

-6 1.1 1 1
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Example
Example: SSC, From Page 19 of Computer Output




Example

Example: SSC, From Page 19 of Computer Output

Example

Example: SSC, From Page 19 of Computer Output

Z O11 P12 P13 ATIS aiy stock AT ary
oy | = | 21 P22 @23 Zop—1 | T | ax car Zy | = + | ax
L3y 031 P32 @33 Zap_1 a3y commodity \ Z3, asy
If we fit AR(1) to these three series If we fit AR(1) to these three series
L[] x
O »
Cross Correlation Cross Correlation
Y = vorp+ i1+ very o+ -+ Ny {z,} L {IN;} Yo = VoI +viTi_1+vorp o+ o+ Ny {z.} L {N;}
res!onse Transfer function model

X, : continuous RV
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Cross Correlation Cross Correlation

Y = Vo + i1+ VaZi_o+ -+ N {2} L {N,) Y = Voxp + T +vamp_o+ o+ Ny {z,} L {N;}
U 4
Tige = (Vo + MiTe_r + vaTis + - + Ny V(@) = voBE(af) + viE(ma) + vaE(zym_s) + - -+ + E(z,Ny)
Y [ Crucial assumption
Elow] = El(vomi+ iz + vazi_s + - + N)a] x_iid N(0,0;)
4
v(xy) = wB(x]) + v Eriw_y) +vaE(zw_o) + - + Bz, Ny)
Cross Correlation Cross Correlation
Yo = voTp T +vari—2+ o+ N {a} L {Ni}

vry+mxi_y +vari_o+ -+ Ny {z } L {Ny}

(a0 "R N(0,07))

a

<+~

o) = wB(e?) + MBE) + v Briy) + - LB
. _ W) = E<r>+}?;<)+}<)+y@>
Crucial assumption J

x,_iid N(0,02)

Yay(0) = Vﬂgz
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Cross Correlation

Cross Correlation

Yo = v+ T +ar_s+--+ Ny {z} L {N;}
Yo = Wi+ iz Freri_a+ -+ N {e } L {N;} o
ii.d. 9
b N(0.02) v )
Lt s Y
Y(we—1yr) = wvoFE(ry 1x)+v E(mi
Wew) = wB(?) + Tl 1) + FIBSRE2) + ++ EBEN) ) = R )
u = 0+ v1724(0)
= 0+4+v 0'2
1) = voo? v
9
Voo Oy
(0 = T — _t
Py (0) Or0y o oy
Cross Correlation Cross Correlation
Yy = Voxri+wrxi—1 +vexi_o+ -+ Ny {x} L {Ny}
( i (0.02) Ye = Voxp +1Ty1 Fvemy_ o+ -+ N {z, } L {Ny}
U (a E N(O, 02
a .) -U (‘r’ L.i;‘d.. N(U 02))
Y(@i—1y) = voE(xiax)+viE(x; ) )
o) = wB(a}) + ABG 1) + B ) + -+ TGN
= 0+ v1724(0)
U
= 0 + 1/1(7',2
o ' Yay(0) = Vﬂgz
(1) = (= 2
r(fry( ) l(o_y) p:,-y(U) — Vo0, — U(]G-—T
On0y oy
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Cross Correlation
Yy = Voxy+wmxi_q +vexi_o+ -+ Ny {z} L {N;}
b (o RN, 02)
V@) = voB(ziia)+ v E(a; )
= 0+ v17:4(0)
= 0+4wv0;

pay(l) = (=)

Cross Correlation

Y = VoTy +vimpy +vory_o+--+ Ny
(1) Aze} L{Ni}
(2) {m} "= N(O,03)

'Y:r:y(g) — Vﬁgg
Oy
palt) = w(Z)

Cross Correlation

Oy
pey(l) = wvi(—)
v 7y

cross relationship p,,(f) are proportional to vy

260

Cross Correlation

o

pay(l) = (=)

5,
cross relationship p,,(€) are proportional to vy

cross correlation can help specify dynamic relationship




Cross Correlation

pey(t) = ve(%E)

Oy

cross relationship p,,(f) are proportional to vy
cross correlation can help specify dynamic relationship

If x;’s are auto correlated: z; = oy — 0y (MAQL))

Cross Correlation

Y = Voxp+1rxi +vexy o+ -+ Ny
2
LYy = Voo, + vy 1y + Vo oy + -+ :E-",M,

Cross Correlation

Yo = Vot 1Ty +veme o+ + Ny
e I Il
2
Ty = Voxy + vy 1Ty + Vo oxy + -+ 2 Ny

Cross Correlation

Y = VT + T +vexi_o+ -+ Ny
e I I
2
Ty = VTp 1Ty +vay_oxy + - + 2 NV,
2
'Ys':y(o) = Vo0, + V1Yex(1)
2
Ty = VX1 + vz, Fveri x4+ a1 N

pay(D) £ 11 pay(0) # o

If 2, highly auto correlated p,,(¢) last at long lags
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Cross Correlation

Y = vy +nxi FrvaTi—a+ -+ N

(1) {ze} L AN}
(2) 2y = (1 —0B)ay, MA(1)

Cross Correlation

Yo = VoIy + Ty +var_a+ o+ N
(1) {we} L {N}
(2) 2y = (1 —-6B)ay, MA(1)

w = vo(l—6B)ay +11(1—0B)ay_1 + 12(l —0B)ay_»
+--+ N,

1-6B)""'y, = wooy +vicy_1 +vsey_s+ -+ (1—6B)N,
4 (Be=(1-6B)""y)
Bt = woy trviag trveogy+ o
penll) = )

Cross Correlation

Y = Voy 11X +veri_o+ -+ N

(1) {ze} L {N}
(2) 2, = (1 -0B)ay, MA(1)

y = vo(l—0B)oy + (1l —6B)ay_y + va(l —6B)ay_»

+oot N,

(1—68
>See Chapter 14 for further referenc

By = way +riop +veoy_n + -

Oa
262 pay(f) = Vf(;)
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Today’s Topic
Review of Vector MA(1)/AR(1) & their specification

« SCC
e Cross Correlation v.s. Dynamic Relationship between 2

Time Series

» Gas Furnace Data
 Structural Analysis — Co-integration

» Variance Change Model

» ARCH/GARCH
» Connection with ARMA

» Examples

gas
Lo
LR = I N

Gas Furnace

(a) Input Gas Rate

100 150 200

(b) Output CO2

Gas Furnace

See page 7~18 of AO 10 handout
See page 24 of Chapter 14 Zli

X, Z1 \=Input gas rate
Ve Z J=OQutput CO,

Model for Zy;

.
(1-1.97B — .34B*)Zy; = ayy| 0. =.0353
B
Z2t = L)_832115 + (b_l (B)agt 33 = .0561
d(B) ?
el /
Transfer function Error term
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Gas Furnace

TABLE 14.10. Tentative Identification for the Gas Furnace Data

(a) Pattern of Cross-Correlations of Original Data

Ly | @ &-----------
Zyt |@-mmmmmannes @

Gas Furnace
See page 7~18 of AO 10 handout
Zy

See page 24 of Chapter 14 T

X, Z1 Y=Input gas rate
Ve Za J=OQutput CO,

Model for Z;| |3delay

(b) M Statistic for Partial Autoregression \ PeriOdS
Lag¢ 1 2 3 4 5 6 7 8 9 10 11 (1-1.97B 7/.3432)th = ay 321 =.0353
M€Y 1650 665 81.7:22.5.:56 129 18 80 3500 20 (B) 7
w ~
(c) Pattern of Cross-Correlations of Residuals after AR(6) Fit th = (S(—B)Bg th + (b_l (B)G,Qt 0'32 = .0561
arlr ﬁ?.r / /
a]_; ....................... Transfer functlon ErrOI’ term
az; ......................
Gas Furnace Gas Furnace
Bivariate AR(6) AR(1)
(4844548447 o2 e B ol
@ (@) r - -
é :[ 11 12 } ey = 1(16) 1(26) Output CO,: Y [ Zy 2(? 2(21) 2,4
1 O O T BT 6 4(6)
21 22 | P21 22" |
a ~ NZ(O,Z) Y = O Op
= 1021 Op

264 See page 9 of AO 10 output




Gas Furnace

AR(1) Y NTE

Input gas rate: x[zlt} [1(11) {th_l}

Output CO,: Y |2y 2(11) ¢2(21) 2y

Gas Furnace

AR, %

Input gas rate: X{th:| {1&1) [th_l}

OutputCO,: Y |Z o | AT

2t

0 1=1,2,3,456
XANZ R R YRR, Ha s

Structural Analysis

Vector model

k=2 & — 11 P12 . 011 6o
Qa1 Qa2 fa1 B2
k=3

Simple model

No question of p and q

See page 35 of chapter 14

Structural Analysis

Simplest model

P11 P12
k=2 d =
Pa1 Qa2

See page 35 of chapter 14
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Simplest model

k=2

k=3

Structural Analysis

11 P12
b =
Qa1 Qa2

Zy =041 + ¢

Zt P11 P12 P13
Zy=| Zy D= Pz ¢
Zy t31 P32 O3z

See page 35 of chapter 14

Structural Analysis

Simplest model

P11 P12
k=2 ¢ =
Po1  Paz

@ a=ezata
7y o
Zy= | Zy Q=] o do3
Zay P31 P32 P33

See page 35 of chapter 14

266

Simplest model

k=2

k=3

Structural Analysis

11 P12
b =

Qa1 Qa2
Zy =Pz + ¢

——

T éu
Zi= | Zy =
Ly 31 3z P33

See page 35 of chapter 14

Structural Analysis

Z
— 1t - O,
Z, [z} 3, ~N,(0.2)

- 2t

(1-4B)Z = (1 - 6B)a,

Z_[l 0.3} _[3 -1 ,_[-05 05
Tlos 1] e 2] Y71 1

See page 37 of chapter 14




Structural Analysis

=02 -1) (2 -1 (3 :;)=(0 0)

6 ~¢>

Structural Analysis

= (2 -1)

;o)

Structural Analysis

w)T=(2 -1) (2 1) (3 _1)=(0 0)

=) () )=t

Structural Analysis

" =(2 -1)

"= (-1 1)

(2 )
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Structural Analysis
G D) G S
(_21 _1](__05 Oth%s‘a%j
(1-®B)Z

Ly (I—GB)%

T(1-®B)Z, = T(I-0B)q

Structural Analysis
el T SR
[_21 _1](_?15 OiSJZ(t%s‘B%

(1-9B)Z, = (I-©B)y
4

T(1-®B)Z = T(I-0B)q

T(I-®B)Z, = TZ -T%Z 4

= TZ - T®T 'TZ,_,

Structural Analysis

%_3— b7, = ap — Oa;_,
= T(,.Z._f. — (I)Z.f,—l) s T(% - @(1.;,,1)

= Tgl - T‘{I)T_ITZp 1 = T(B - T(‘)T_IT(.H -1

268

Structural Analysis

Zy—®Z 1 = a — Oay

= T(% — (I)Z.gfl) e T(t}}j - @H..i,,l)

> 14 -@N% = Ta -QOT D ar

M = TAT 1. Similar Transformation




Structural Analysis

Zy —®Zi = a4 — @a;,_l
— ——— o~ ———

= T(Z—2Zi1) =T(a — Oar—1)

> 12 -@TN %y =T -QOT D

= V=90, 1 =b -0

M = TAT 1. Similar Transformation

Structural Analysis

S e [ [

Structural Analysis
B — ToT-1 — 2 -1 3 -1 11 B 0 0
A P [ I B
o rori_ (2 —1) (—0.5 0.5) (1 1) _ (U 0)
-1 1 -1 1 1 2 0 05

Structural Analysis
& — THT-! — 2 -1 3 -1 11 B 0 0
- - -1 1 6 -2 1 2 - 2 1
0" — TOT-! — 2 -1 =05 05) (1 1} (0 0O
- a1/ Ve 1\ 2) \o s
yie| 0 0\ [yt B b1y B 0 0 bii—1
You 2 1 Yor—1 - boy 0 0.5 boy 1
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Structural Analysis
o _er_ 2 TV (3 -ty (1 1) _[o o
- o 1) \e =2/ 2/ 2
o —or 2 1) (05 08\ (1 1) _fo o
- R TR I T B SRS AR VR
ey} 0 0 Y1i—1 _ b1y B 0 0 b1
Yot 21 Yar—1 - bas 0 0.5 bay 1

fr

e = b e
fr

Z =024 = a-— 9%';_,_1

———

Structural Analysis

e (1) ;)_(1 )= (?)
) o)

 ~
= =
vz
\___/
|
—
(] [a]
- o
~ =
=~
= o=
vz
| |
— —
\___/
|

fr

V- @Yy = b- 0%
fr

g’i_‘I"f’&:i = (ﬂ—@(ﬁ,:}

Structural Analysis

Yii = by
Yo —2Y1 — Yo, 1 = bay — 0502, 4
~ (1— B)Yy =2V, + (1 05B)by (011

noise

270

Structural Analysis

o
Zu) (Yu) Y1 = bue
ﬁ
47 Yo Yor —2Y1 — Yo 1 = by — 0.5b2 44

= (1— B)Yy =2Y3,+(1-05B)by  (0,1,1)

noise

See page 37 of chapter 14




Structural Analysis

Structural Analysis

Zy P # #F &nonstationary

Y. 1 nonstationary & 1 noise

Structural Analysis

Zy: P # #f & nonstationary
= TZ  :
; 4
= T 1 }j
3 1 nonstationary & 1 noise

Engle & Granger (1987), 2 series are co-integrated;

Structural Analysis

) =)

Zy 5 # #f /& nonstationary

~1
= T7Y
Y, : 1 nonstationary & 1 noise

Engle & Granger (1987),
Box & Tiao (1977) Biometrika,

2 series are co-integrated;
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Structural Analysis

Structural Analysis

Tiao & Tsay (1989) JRSS.B
Vector ARMA

Py Pp
6,6,
Simply structure of ¢ and ©
o - - 0 o
o 0O 0 0 X
X X X X X

0O 0 O
0o 0 0

ARCH &GARCH

0.4 4

0.2 4

return

0.0 1

-0.2

1926 1936 1946 1956 1966 1976 1986
year

FIGURE 1.8 Value-weighted S&P 500 returns 1926-1991.

see page 8 of chapter 1
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ARCH &GARCH

0.4 4

0.2 4

return

0.0 4

0.2 4

Variance Change !

1926 1936 1946 1956 1966

year

1976 1986

FIGURE 1.8 Value-weighted S&P 500 returns 1926-1991.

see page 8 of chapter 1
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Today’s Topic
* Models for Variance
» Change
» Dynamics
» ARCH/GARCH
e Asymptotic Distribution
» Stationary Case
v AR(1)
v Box-Pierce-Ljung Q
v Auto-correlation for i.i.d. case
> Nonstationary Case

v" Unit Root Situation

return

0.4 4

0.2 4

0.04

-0.2

ARCH &GARCH

Variance Change !

1926 1936 1946 1956 1966 1976 1986
year

FIGURE 1.8 Value-weighted S&P 500 returns 1926-1991.

see page 8 of chapter 1

ARCH &GARCH

ARMA(p,q) ¢4(B)Z; = 0,(B)ay, Var(a) = o2

a

see page 8 of chapter 1
273




ARCH &GARCH

ARMA(p,q) ¢4(B)Z; = 04(B)ay, Var(a,) = o2

1}

Engle (1982) o2 — o}

see page 8 of chapter 1

ARCH &GARCH

ARMA(p,q) ¢4(B)Z; = 0,(B)ay, Var(a) = o

13

Zﬂ — Zt_l(l) =

—

conditional mean: Zi—1(1) = ?(Z,,\Z,_h Zi—g, ")

Engle (1982) o2 — o}

see page 8 of chapter 1

ARCH &GARCH

a

ARMA(p,q) ¢4(B)Z; = 04(B)ay, Var(ay) = o2
Zp — Z:Fl) =
conditional mean: Z:‘(_i) = {?(Z”Z,,_h Zi_g,++)
Engle (1982) o2 — o}

conditional variance: h

a; = Vhe
Var(e) = 1

see page 8 of chapter 1
274

ARCH &GARCH

(},f = hgf
E() = 1
hj[ = \"al'(ZL‘Zr,—l-.Zf,_g,---)

2
= w+taa;_,

see page 8 of chapter 1




ARCH &GARCH

ARCH &GARCH

ai = he af = he
E(‘?) = 1 Zy Oz + oy E(“?) = 1 Zy 0L + ay
hy = Var(Z;,|Z,,_1,Zf,_2-, n ) ¢ZL—1 E(ZL ‘ZL—I-, T :Zl) hy = ¢’Zf"—1 -
_ 2 _ 2
= wtag conditional mean = wtag, conditional mean
AR(1) AR(1)
see page 8 of chapter 1 see page 8 of chapter 1
(Lf = hef af = hef
E(f?) = 1 Z,r, (;BZ;,_l -+ ay E(F.?) = 1 ZL ¢|ZL_1 R (i
_ 2 _ 2
= wtag conditional mean = wtag, conditional mean
ARCH(1) AR(1) ARCH(1) AR(1)

AutoRegressive Conditional
Heteroscadastic model

see page 8 of chapter 1

AutoRegressive Conditional
Heteroscadastic model

1 1
ARCH(p)

2 2
hy = wHoa g+,

see page 8 of chapter 1
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ARCH &GARCH

1986 Bollerslev Journal of Econometrics
Generalized ARCH

GARCH(1,1)
h =w + (1(1?_1 + Bl

GARCH(p,q)

h =w + ()m:;j}fl 4+ -+ (xi.,a;j}fp + Bhy 1 +

+tht—q

ARCH &GARCH

ARCH(1): hy = w+ aa?_, hy = E(a?)
If we let a,? = h; +uy

‘)
then hy = a; —u,

276

ARCH &GARCH

ARCH(1): hy = w+ aa?_, he = E(a?)
If we let af = h; +uy
then h, = af — Uy

al —uy =w+ aal_,

2 _ 2
a;y = up +w + aa;_,

ARCH &GARCH

ARCH(1): hy = w+ aa?_, hy = E(a?)
If we let a,? = h; +uy
then h; = af — Uy

al —uy = w+ aal_,

al =u, +w+ aal_, «= AR(1)




ARCH &GARCH

ARCH(1): hy = w+ aa?_, hy = E(a?)
If we let af = h; +uy
then h, = af — Uy

af — U =w+ fmffl

al =u; +w+ aa? | «= AR(1)
can be shown that

uy uncorrelated with zero mean

& common variance

under certain general condition w.r.t. parameters

ARCH &GARCH

GARCH(1,1): hy =w + aaj_; + Bhi—

9
If we let a; = h; + uy
2
then h; = a; —uy
2 9 9
ay — U =W+ aa;_q + ﬁ(a,ﬁ_l - fu.,,,l)

al =up +w+ (a+ B)al_; +uy — Pu,_ = ARMA (1,1)

ARCH &GARCH

Examples: Generated GARCH(1,1)
S&P 500

ARCH &GARCH

A Couple of Further Comments:

(1) outlier checking + variance change model
(2) o> of

e periodic variance

o weather data

o /KH| data
(3) level shift in o}

o C. Inclan JASA
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AR(L

Distribution Theory Ly =¢0lyat+a = Lyl =09 '11271 + 21y
1. Asymptotic distribution of ¢ for AR(1) model = D ZiaZi=) 047+ ) Zia
c ;{2 . N > Zy = 4 1M D2
2. Box-Pierce Q stat ¥ p.q Special case of ARz(l) ) ~zz, YTy,
Basic result; Asymptotic Distribution of sl Sy a3 i1
C?’ p | Z 22 = ¢p—¢= =77 (¢ = =77 =)
i.i.d. case stationar . 1
Y = V(g —¢) = M\/ﬁ
3. Unit Root Situation w2 Zi
_ _ L =Y
How stationary result breaks down. = Vnlg—¢) = Iy
n -1

simple AR(1) case with ¢ =1
(Notes:p197-p217)

AR(L

=02y 1 +a = ZyaZi=¢ -f,l + Zi 1y

= ZZ.’,—IZL = Z OZE 1 + ZZ.',—la.’,

N Zerer, _ EZ.' 104¢
Yz, ZZr 1
o d—g= > iy - 42y

sz, YT %z,
%ZZ,,_lat\/;

SXZiy
ﬁZZFML

= Vil —¢) =

= V(g —¢) =
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» Change

» Dynamics

» ARCH/GARCH

Today’s Topic

* Models for Variance

e Asymptotic Distribution

» Stationary Case

v AR(1)

v Box-Pierce-Ljung Q

v" Auto-correlation for i.i.d. case

> Nonstationary Case

v" Unit Root Situation

Zy =021 +ay

AR(1)

Z;],:[Z'r ()Z 1 +Zf 1y

ZZJ,AZL = ZOZ 1+ ZZJ 10

ZZt_lzt _ ZZ.’ 10
277, Y,
-~ . ZZL—IUJ, ~ ZZL—IZL
o=d= S (p = 77, )
1
o~ = Ziaaq —

Vil(p — ¢) =

Iy =94y +ay

AR(1)

Zg 1Zf —OZ —1 +Z; 104

ZZI,—IZ.’, = Z @Zz 1+ ZZI,—IU«I,

77y _ ZZ; n

Sz TS

VA3 ) = —%:Zg "
—~ > Z

\/R(@ _ O) \/% Z Zfr) 10

Assume Stationarity |¢| < 1

1 2 L o
;Zflr, _>Jn

1 2 L _
HZZJ,A - Y=

2

=57 279




AR(1)
V(o - ¢)
_ —Z a2y 1
(1 - V=g

&

_ (1 B ég)ﬁz at(at—l + gay_» + 4752(11,—3 + - )

> a?
_ > map— Z (1 Qy—

Z (a5

= (1 - (;52)\/”( Z (I,;‘) Z ”!
= (1-¢*)Vn(R + R0+ R50% +-

t.t.d.

a =" N(0,0?)

> af

¢ + -

AR(1)
V(g - ¢)
—Zferr -1
1—
(RRENDS
_ o —2 (a1 + ¢as_o+ day_3+ )
(1-9¢%)vn =
_ PNy Sagag Zn;n, 244 S agay 3
N (1= @) vn( > a? > a? > a? ¢
=  (1-¢)VaRT + Rio+Rie*+- )

&

Let X; = \/ ’;95{3:
Since a <" N(0,0?)
Then Joint asymptotic distribution of X is N(0, I)

(by R. L. Anderson, 1941)

+ . )

AR(L)

Assume for large n

T Ry
= vn| ¢ | ~N(©OI)
Ty Ry
Vil —¢) = (1=¢3)(m + ¢aa+ ¢Pas + )

Normally Distributed

Vil =) { n=0

280

AR(1)

Assume for large n

T Ry
= V| ¢ | ~N(©OI)
T R;
Valp—¢) = (1=¢7) (a1 + s+ ¢?as+- )

Normally Distributed

Vilg—o) { p=0

Lo (1=9%% 2
l Var = =4 =1-20

Vi(é—¢) ~ N(0,1-¢%) Keysimple result!

~ 1— 2
p—0 ~ N(O'- nqﬁ

) ( Given |¢] < 1)




Box-Pierce Q stat

Box-Pierce Q stat

Box & Pierce (JASA 1970) Box & Pierce (JASA 1970)

Residuals from ARMA(p,q) : Residuals from ARMA(p,q) :

a = Z:,—EZL_l—-'-—5;Zt_p+fﬂfﬁ+“-+@rﬂ @ = Zn—azn—l—'--—@Z;,_p+671rif“_1+---+é;r@

Q = niiﬁ}%(rﬁ) =n ir; <= |5 this a chi-square? Q = nim}%(rﬁ) =n ir; <= |5 this a chi-square?

Re(ay) = é’-i}:llsample autoi:;relations of residuals @ Re(ay) = ﬂ—i}:llsample aut,o:i:;relations of residuals @
if G =
since Zy=nZy 1+ FdpZi_ptap—Ora — - Bgap_y
we have Q=Q" = iﬂ(fﬁ}f)g ~ X
=1
* See Page 205-210 of Notes * See Page 205-210 of Notes
Box-Pierce Q stat Box-Pierce Q stat
Box & Pierce (JASA 1970) Box & Pierce (JASA 1970)

Residuals from ARMA(p,q) : Residuals from ARMA(p,q) :

@ = Z:,—aZ:,_l—-'-—@Zt_p+fﬂfﬂ+“-+@rﬂ @ = Zn—azn—l—'--—@Z;,_p+671rif“_1+---+@r@

Q = niiﬁ}%(rﬁ) =n ir; <= |5 this a chi-square? Q = nimf(rﬁ) =n ir; <= |5 this a chi-square?

Re(ay) = é’-i}:llsample autoz:;relations of residuals @ Re(ay) = ﬂ—i}:llsample aut,c):;:;relations of residuals @
if G = if =
since Ly=qZi a4+ dpZ_p+ap—hag — - Oga, since Ly=pZy 1+ Op i ptap— oy — - Bgay
we have RQ=Q" = in(m}f)z ~ X we have Q=Q" = f:ﬂ(f)ﬁt?é)2 ~ X
=1

white noise has lag { autocorrelation with zero

mean and asymptotic variance 1/n

+ See Pjge 205-210 of Notes

=1

But a;’s are not a;’s but residuals !

« See Page 205-210 of Note481




AR(L): %)

Zy

a

Box-Pierce Q stat

Y @mai—

Y@’

= ¢+
= Zy— (;;Zr,—l
= Zi— QL1 — (5— )2y

= a — 02,1

* See Page 205-210 of Notes

Box-Pierce Q stat

. N Yade _ Yla—0Zi) s = 0Zi¢-)
R a = 2 = B
AR(l) o(ar) 3 a2 d(ag —0Z4-1)2

Skip the rest, go to page 210

Ri(a) = \/ng;(m)z\/f—bZami_ﬁ
> af
m
¢ - RZS‘I}%(@) NX?H*(FM)

(=1

* See Page 205-210 of Notes

AR(L):  %(a)

R ()

Q

282

Box-Pierce Q stat

Saa e Sa—0Zi 1) (a_¢ — 6Zi_¢1)

> a’ Y (a — 0Z-1)>
Skip the rest, go to page 210

> apap—g
> ai

= VnRi(a) =Vn

m
= nzmg(@) ~ X?nf(pﬂ‘)
=1

* See Page 205-210 of Notes

Box-Pierce Q stat

it a K N(0,1)
> a Ly q

then VIR (a) = Vi

See page 201-204 of Notes




Box-Pierce Q stat

it o« "KM N(0,1)

Box-Pierce Q stat
t=1,2,--,n Zaatl

a,a, a,a, 3a4 a.a, a,a,
then iR} () YL %@ NSNS / 5\ 7 N / \ Ve
ne ZATANS A L Zr},f 11_12013 Q Q Q 8 Q Q
s & & & 3 3
= 2 2 2 2 =
— g & & & & g
C.L.T. does NOT seem to work for ! =
See page 201-204 of Notes | See _péée_ 201-204 of Notes
Box-Pierce Q stat Box-Pierce Q stat
t=1,2,--,n Zaatl t=1,2,-.,n > aa,
a,a, a,a, a,a, a a6 a,a, a,a, a,a, a,a, asa, asa, a,a,
A A, " R/ RSN SANAN SR/
O O O O (') O O O O O O @)
S S g S g g = S g s g
ol ol 3 3 o) 3 ) ol ol D ol @
= 2 2 2 2 Y = 2 2 2 2 =
£ 2l af g 2 T g g g 3 g 3
a,a, a,a, a,a, a,a; a3, a;a, a,a, a,a, a,a, a,a, a,a; a,a, a;a, a,a,

/
N\

iluapuadapuy

weak dependence 7] @

See page 201-204 of Notes

/
N\

WA —4~independentfjsum?

iluapuadapuy

weak dependence ] &




Box-Pierce Q stat

t=1,2,--,n Zaatl
a,a, a,a, a3a4 a.a, a,ag
R AN
Q) @) @) O Q) Q)
g = = S g g
D el o o D @
= 2 2 2 2 2
S S 8 o 3 3
a,a, 3,8, a3, (@,d3) 58, Ad; ;3

~N_

&4 |

WA —A N independentf{Jsum?

iluapuadapul

weak dependence 7] @

See page 201-204 of Notes

Box-Pierce Q stat

t=1,2,--,n Zaatl

a,a, a,a, 3a4 a.a, a,a,
RPN N R PN
S g S g 9 9
s 3 3 & 3 3
= 2 2 2 2 =
s s s 3 a 3

¥, one dependent ]

nfaT & —4~independentfJsum?

iluapuadapul

weak dependence]r] i

See page 201-204 of Notes

Unit Root Problem
Let AR(1) for example

Z,—¢L, ;=8
If ¢ =1, then it is a random walk.
Q: What happen to distribution of (3 ?
A: Take stock for example
Difference is very important in practical sense

Ignore the distribution theory

284 See page 211-217 of Notes

Unit Root Problem
White and M.M. Rao (1950)
Dickey & Fuller(1979) useful result, very popular
in JASA

Chan & Wei(1988)  best paper in Annual of Statistics

WRa(E BURR
W LKRE

See page 211-217 of Notes




Unit Root Problem
Ahtola

1
o= G D — 7

il t-1
n

See page 211-217 of Notes
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Today’s Topic

Unobserved Component Models
Seasonal adjustment

» Filter (Empirical) Approach
* Model based approach
X-12-ARIMA
TRAMO/SEATS

Kalman Filter

Review of Course

Some Reflections on Decomposition and Seasonal
Adjustment of Economic Time Series

George C. Tiao
The University of Chicago

286

Useful References

Bell and Hillmer (JBES, 1984)

Issues Involved with the Seasonal Adjustment of Time Series

A. Maravall (in Handbook of Applied Economics, 1993)
Unobserved Components in Economic Time Series

Software: TRAMO/SEATS

Findley, Monsell, Bell, Otto, Chen (JBES, 1998)

New Capabilities and Methods of the X-12-ARIMA Seasonal
Adjustment Program




Outline of Topics

Additive Decomposition

» Deterministic components — Regression
» Random components

» Symmetric moving filters

A Model for X-11

Model-based decomposition — pros and cons
Canonical decomposition

X-12-ARIMA v.s. TRAMO/SEATS
Forecasting Components

Variances of errors of component forecasts
Unifying X-12-ARIMA and model-based decomposition

Additive Decomposition
Zi = Dy + Ry

D, : Deterministic components including

(for today, t = month)

Trading day, day of week, holiday, intervention,
missing observations, outliers, level shifts and other
special effects

R; : Random components including
trend, seasonality, cycle and irregular

The deterministic components are typically taken care of via
linear and nonlinear regression.

The random components are, however, more difficult to handle.
Z, =D, +R, _
Z, =T, +S,+N, | /
T, : stochastic trend /
S, : stochastic seasonal _
R, : random noise 7

(unobserved components models, state space models, structural
models)

The question is : how to estimate the seasonal component S, and
subtract it from data Z, to get the *seasonal adjusted’ series

U.S. Bureau of the Census has a computer program, called X-11,
to do the seasonal adjustment. (by Julius Shiskin)

Symmetric filter
M : do + 61 (B + F) + 8:(B* + F?) + - -

where B is the back-shift operator and F=B-! the forward-shift
operator

287




Symmetric filter

M : {6o+61(B+F)+63(B2+F2)+---}Zt

where B is the back-shift operator and F=B-! the forward-shift
operator

Symmetric filter

M : {50+§1(B+F)+62(B2+F2)—»—---}Zt

where B is the back-shift operator and F=B-! the forward-shift
operator

X¢ =MZy: 6Z; + fsl(Zr,_l + ZH-I) + 62(ZL_2 + ZH_g) + o

t-3 t-2 t-1 t t+1 t+2 t+3

See Page 189-196 of Packets

Symmetric filter

M : {6o+61(B+F)+63(B2+F2)+---}Zt

where B is the back-shift operator and F=B-! the forward-shift
operator

Xi =MZ;: &2+ {Sl(Zp,_l + Zl’»-H) | 52(Zt—2 + ZHQ) LI

t-3 t-2 t-1 t t+1 t+2 t+3

Cleveland & Tiao (1976)
Harvey & Todd (1983)

See Page 189-196 of Packets

288

Z; = Sy + N; = Singal 4+ Noise

See Page 189-196 of Packets




Zy = S; + N; = Singal + Noise

1. If we know model for S; and model for N;, what is the model

for Z.f?

See Page 189-196 of Packets

. If we know

Zy = Sy + N; = Singal + Noise

hat is the model

for Z.l?

. If we know model for S; and model for N, from observation

Z;, how to estimate S;?

See Page 189-196 of Packets

Zy = S; + N; = Singal + Noise

for Z;?

3. observed {Z,}, model {Z, }, under what circumstance can we

estimate 5,7

See Page 189-196 of Packets

Zy = Sy + N; = Singal + Noise

for Z.l‘?

estimate S,? Decomposition Problem!

See Page 189-196 of Packets
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Z; = S; + N; = Singal + Noise

1. If we know model for S; and model for N;, what is the model

for Zp?
Answer: If (1-¢B)S: = b
N = &
{by} L e}
{b;}, {e:} are 1i.i.d. series separately.
Then (1—-¢B)Z; = b+ (1—-¢B)e
%/—/ %/—/
AR(1) MA(1)

Z; = S; + N; = Singal + Noise

1. If we know model for S; and model for N;, what is the model

for Z;?
Answer: If (1-9¢B)S: = b
Ne = e
{b,} L e}

{b:}, {e} are
Then (1-¢B)Z, =

i.i.d. series separately.

by + (1 — ¢B)e

{Z,} model:

ARMA(L,1)

Z; = S; + Ny = Singal + Noise
2. If we know model for S; and model for N;, from observation

Z;, how to estimate S;?

Answer:  If  {S;} follows AR(1)

Ny, = ¢ (white noise)

L ]

Var(e) = o

1
Then P(N) o  o,"exp(-—N'N)

Desa
e

P(S) x (1 _ ¢2)1/2%—n

n

(St = 9S1-1)"1}

t=2

1 21 o2
expl-5((1- 67)87 +

29(Bee Page 189-196 of Packets

Z;y = S; + Np = Singal + Noise

2. If we know model for S; and model for N;, from observation

Z;, how to estimate S;?

P(N) o« o, "exp(—
J¢

N'N)

1
P(S) \R_l\l/gexp(—EQTR_léz)

[ 1

where R = (1 —¢?) ?

\¢?1—1

¢ - qgn—l\

¢

¢ 3




Z; = S; + N; = Singal + Noise

3. observed {Z;}, model {Z,;}, under what circumstance can we

estimate S;7

We want to know the distributions of IV, S, but we only have Z,

how to estimate S from Z, i.e., P(S|Z)?

Zy = S; + N; = Singal + Noise

3. observed {Z;}, model {Z,;}, under what circumstance can we

estimate S,7

We want to know the distributions of N, S, but we only have Z,

how to estimate S from Z, i.e., P(S|Z)?

P(3,N) — P(3,2)

Z=N+43 N=2-8

Z; = S; + N; = Singal + Noise

3. observed {Z;}, model {Z,;}, under what circumstance can we

estimate S;7

P(5|2) = %
P(S)P(Z - S)

Zy = S; + N; = Singal + Noise

3. observed {Z;}, model {Z;}, under what circumstance can we

estimate S,7

P(812) =
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Z; = S; + N = Singal + Noise

3. observed {Z;}, model {Z,;}, under what circumstance can we

estimate S;7

P(S)P(N)
¢ = TPw)

_ PRPEZ-S) quadratic forms

P(Z)
1
1

A Very Useful Identity in Combing Two Quadratic Forms
Suppose (1) z, @, b are k x 1 vectors

(2) A and B are k x k matrix
2 quadratic forms (g — @)TA(;(; —q)

(2 -

z—0b)" B(z —b)

A Very Useful Identity in Combing Two Quadratic Forms

Suppose (1) z, @, b are k x 1 vectors

(2) A and B are k x k matrix
2 quadratic forms (z — Q,)TA(;L‘, - q)

(z —b)" B(z — b)

Z;y = S; + Np = Singal + Noise

3. observed {Z;}, model {Z;}, under what circumstance can we

estimate S,7

If (A4 B)~! exist, then

(2-@)' Az —a)+(z-b) Bz -b)

= (-9 (A+B)z-9+(a—b A(A+B)"'Bla-b)

where ¢ = (A + B) '(Aa + Bb)

29
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Z; = S; + N = Singal + Noise

3. observed {Z;}, model {Z,;}, under what circumstance can we

estimate S;7

P(S)P(N)
P(Z)
P(S)P(Z - $)

= P(2) quadratic forms

1
P(s) x R“/?exm/
1
PE=8) = ot onl @D

Sy = E(S|2)

P(S

7) =

= {wo+wi(B+F)+wy(B*+F?)+...17,

Symmetric filter

M : {50+§1(B+F)+62(B2+F2)—»—---}Zt

where B is the back-shift operator and F=B-! the forward-shift
operator

X¢ =MZy: 6Z; + fsl(Zr,_l + ZH-I) + 62(ZL_2 + ZH_g) + o

t-3 t-2 t-1 t t+1 t+2 t+3

Cleveland & Tiao (1976)
Harvey & Todd (1983)

See Page 189-196 of Packets

Symmetric filter

M : {6o+61(B+F)+63(B2+F2)+---}Zt

where B is the back-shift operator and F=B-! the forward-shift
operator

Xi =M7Z,: &7+ 51(2;,_1 + ZHI) + 52(Z!,—2 'I'ZH?) T

t-3 t-2 t-1 t t+1 t+2 t+3

Symmetric filter

M : {50+§1(B+F)+62(B2+F2)—»—---}Zt

where B is the back-shift operator and F=B-! the forward-shift
operator

X =MZ: 02+ 02 i+ 2+ 0o(Zi 9+ Zyso) + -+
Zy = S +L+N

= Seasonal + Trend 4+ Noise

In X-11, specific filters are used (with options) to estimate S, and T, :

S, =M®z, and T, =MDz

with considerable successes.

In X-11, speﬁ'mﬂs are used (with options) to estimate S, and T, :

S,=MSz, and T,=MDz

with considerable successes.
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Census Filters
AT,

1/12

lélm R
0

g—4 )
filter 43k

F—AN
filter 43k

L
filter i3k

5 : 9 9
f. A \.. .... ‘.'

I%~¢mi '
filter i & 7 - %
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filter i &

B
filter i) s,




St
3R (4R hi)
A BA
filter H3R filter i3k
R R
° ' . \. ' L , .
° ° ' . . . ' . [
[} . ° ' A A ° ® ° ' ] ]
.. x .| ¢y, . ° vl '
p_A_\ o' , ! ! . ' * ®
' B '
filter ¥ &
12 i 36 = — A yrt 36
filter ) &5,
. ® Census Operators
2 Sl ]
/\/\/\/\J - 1/12 V24 ynz, =7,  Prelim. trend
'[.-‘:F . s wg _‘ AT, ||||||||||||| Z— T, Prelim detrended series
rd ) "';.I.'...Lﬁ'ﬂ{"“" j Py
‘ - f U
'[crlﬁ 2 T .333 - AS1(Z,~T))=S  Prelim seasonal factor
_ : 111 _
)Jé‘-‘ j*\‘w\/}\f \\_ /\ AS, | | | Zy = 5 Prelim deseasonalized series
A prafimioay  Afreiras Sewd . 0 12 24 - —~
ﬁ AT L e R AT>(Zy - Sy) =T, trend factor
i e ;
Prelimivny  Sesmd G AT |m| Zy — Ty detrended series
ﬁ E - T Pr:[-'-a.‘(hsenn-J-p« 2 ”| |”
Frt 0
. T —
= _,e;i.- b B 2 2 ASy(Zy —Ty) = S seasonal factor
NN NN AN ' '
INANA Nt NAX 0 12 24 36 295




- };,[1“-9\ & —ﬁf«ﬁ l«.rlr kT;\

= Filter AT,
1/12 1/24

2. | j\/’

~ -7 -
el smmfent T
f Filter AT,
1/12 1/24

Census Operators

1/12 1/24 AT, Zy = T, Prelim. trend
AT]_ ||||||||||”| 2y 1’; Prelim detrended series
0
333 A8 (Z, 'f}] = ‘:, Prelim seasonal factor
| 2220 111
ASl | l 7 — 5 Prelim deseasonalized series
0 12 24
ATy (Z, &):ﬁ trend factor
AT, |m| Zy — f; detrended series
L
I I
0
2 2 ASs(Zy — fﬁ) = 5‘} seasonal factor
AS
’ ‘ ‘ ‘ o7
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0 12 24 36

PV‘..;._I(M I‘“ﬁ‘J Anj‘vsc“ A2 Qe -

(P'rctfm:v—ag) g,gq_/s'd ,Sﬁ.;;:

%é —_— ’?‘6 ?\re{v\w\- ﬂ.ﬂ_ggﬂ:fd‘w
Tet - —— —

r
g
—
- —
—

T
l?:

—
—

,e_ri;'w.J- %“d(

-

/AN AN ANYAN




AT,

AS,

AT,

AS,

Census Operators

1/12 1/24 AT Z; = T; Prelim. trend
||||||||||”| 2y 1’; Prelim detrended series
0
333 A8 (Z, 'f}] = ‘:, Prelim seasonal factor
| 222| 111 _
l 2y =5 Prelim deseasonalized series
0 12 24

ATy (Z, S",) = iﬁ trend factor

Zy =T, detrended series

2 2
| ‘ ‘ ‘ B0

Il
T 0 Il

ASs(Zy — ’f,) = S”] seasonal factor

0 12 24 36
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Symmetric filter

M : {50+§1(B+F)+62(B2+F2)—»—---}Zt

where B is the back-shift operator and F=B-! the forward-shift
operator

Xe =MZ: 00Zi+01(Zi-1 4 Zisa) + 02(Zy-a + Zygo) + -+

t-3 t-2 t-1 t t+1 t+2 t+3

In X-11, specific filters are used (with options) to estimate S, and T, :
6?, = ﬂ/I[S)Z,, and fﬁ, — ﬂ/f“‘)Z,,

with considerable successes.
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Empirical Method (X-11)

William Cleveland’s Work

Theoretical Background

A model for X-11 (Z=T#+S+Ny)

In joint work with Cleveland (1976 JASA), we postulated a seasonal
ARIMA model for S;, a regular ARIMA model for T, and white
noise for N, :

(1-B)’T, = (1-mB-mB)h )
(1-B?)S, = (1-8§BY-6B")¢
model
No= & F (32)
(b, e, &) @ independent Gaussian noises

. . 2 2 2
with variance (oy,0:,07) )

and found that, for specific choice of the parameters,
(T]l = —.49, T2 = 49), ((Sl = —.647 52 = —83)

o2/o} = 1.3, ag/gf =144




A. Weight Functions for the Trend Component
weights

Census weights
° o o Weights for the model (3.2)

1 ‘ 1212 ' 1124 1236 fime
’ order
B. Weight Functions for the Seasonal Component

weights
2F.

Census weights
° oo Weights for the model (3.2)

] B W

t t£12 t+24 t+36 time

nrdar

A model for X-11 (Z=T#+S+N,)

In joint work with Cleveland (1976 JASA), we postulated a seasonal
ARIMA model for S;, a regular ARIMA model for T, and white
noise for N, :

(1-B’T, = (1-mB-mB)h
(1-B'%S, = (1-6B"2-6B")q
m Ne = &
(b, e, &) : independent Gaussian noises
with variance (o3, 07, 07)

and found that, for specific choice of the parameters,

m (m = —.49,19 = .49); (& = —.64, 62 = —.83)
| of/ag =1.3, Ug/gg = 14.4

A. Weight Functions for the Trend Component
weights

Census weigllts
oo o© wghls for the model (3.2)

t : 1212 - 1224 1236 time
’ order
B. Weight Functions for the Seasonal Component

weights
2F.

Census weights
o <o Weights for the model (3.2)

] B W

t t£12 t+24 t+36 time

nrdar

A model for X-11 (Z=T#+S+Ny)

In joint work with Cleveland (1976 JASA), we postulated a seasonal
ARIMA model for S;, a regular ARIMA model for T, and white
noise for N, :

(1-B)’T, = (1-mB-mB)h
What is (1-B%)S, = (1-6B"2-5§B)q
the
N, =
overall ! b
model? (b, 1, &) +  independent Gaussian noises
with variance (o, 07, 07)

and found that, for specific choice of the parameters,
(T]l = —.49, T2 = 49), ((Sl = —.647 52 = —83)

o2foy = 1.3, 0} [0} = 14.4 200




Thus, we have an approximate unobserved component
model for the X-11 filters

From this unobserved component model, the overall (or
marginal) model for Z, is

(1-B)(1-B'"%Z, = (1-.34B+.14B*+ 14B*+ 14B* + 14B°
+.13B% + 138" + .12B% + .11B° +.09BY

+.08B'" — 42B" + 23B" + .4B* - .02B%)q,

which is ‘close’ to the model for the famous “airline data’
of Box and Jenkins

(1-B)(1-B'"YZ,=(1-6B)(1—-0B'*)a,

A model for X-11 (Z=T#+S+N,)
In joint work with Cleveland (1976 JASA), we postulated a seasonal

ARIMA model for S;, a regular ARIMA model for T, and white
noise for N, :

(1-B)*T, = (1—mB—n:B)b
Whatis ) | (1-B')S = (1-6B- 5B
the
N, =
overall ' b
model? (b, &) ¢ independent Gaussian noises
with variance (o3, 07, 07)

and found that, for specific choice of the parameters,
(m = —.49,172 = 49); (& = —.64, 02 = —.83)

o2/o7 = 1.3, ag/af =144
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Thus, we have an approximate unobserved component
model for the X-11 filters

From this unobserved component model, the overall (or
marginal) model for Z, is

(1-B)(1-B'"%Z, = (1-.34B+ .14B*+ 14B%+ 14B* + 14B°
+.13B% + 138" + .12B% + .11B° +.09B%

+.08B" — 42B' + 23B" + .04B* - .02B%)q,
which is ‘close’ to the model for the famous “airline data’
of Box and Jenkins

(1-B)(1-B'"Y2Z,=(1-6B)(1 - 0B'*)a,

Thus, we have an approximate unobserved component
model for the X-11 filters

From this unobserved component model, the overall (or
marginal) model for Z, is

(1- B)(1- B?)z, = (1.14B2+.14B3-|-.14B4+.14B5

+.13B% + .13B7 +.12B% + .11B? + .09B"°

+088" C42BD4 238" + 4B - 02B%)q,

which is ‘close’ to the model for the famous “airline data’
of Box and Jenkins

(1-B)(1-B'*)2Z;=(1-6B)(1 - 0B"%)aqy




Thus, we have an approximate unobserved component
model for the X-11 filters

From this unobserved component model, the overall (or
marginal) model for Z, is

(1-B)(1-B")Z, = (1-34B+XNB"+ DR’ + MB' + M3’
Airline Model? +188° + . 1387+ .128° + .11 + .09RY

which is ‘close’ to the model for the famous “airline data’
of Box and Jenkins

(1-B)(1-B'"YZ,=(1-6B)(1—-0B'*)a,

+.08B" - 42B'% + 23B" + D4R - D2B¥)q

This got us into the model-based approach for decomposition:

Based on the overall model built for the data Zt, back out models
for (T,, S;, Ny) and estimate the unobserved components
accordingly

Some advantages of the model-based approach:
» Make assumptions explicit
» Can make proper inferences about the components
> At least partially verifiable

On the other hand, like many unobserved linear component models in
the literature, we run into the problems of

. e Ly Reduced form
identifiability

i.e. more than one choice of component models leading to the same
overall model

Simple Example

Zi =T+ N, N, "X N(0,0%)

If (1-BT,=b  where b "~" N(0,02)
Then 1-B)Z%Z = b+ (1-BN

a; — Bay

But if (1 - B)1} =(1—-nB)b
Then (1-B)Z; = (1-nB)bs+(1—-B)N

a; — Ba;_q

. o 2) oo : 2 2
. given (6, o) infinite choices of (n,0},0%)

Canonical decomposition (joint work with Hillmer, Biometrika 1978)
Zy=Ti + Ny

where N, is gaussian white noise independent of T;. Consider the spec-

trum
f:w) = fr(w) + o
If the models for T; and N; are known, we can derive the corresponding

overall model for Z;. On the other hand, if only the overall model for Z;

. . 9 .
is known, any choice of 3 in the range

OSJ(S&

S
o

_9 . . e .
where 63 = min, f.(w) gives an acceptable decomposition, since fr(w) =

fw) = >0 See Page 193-197 of Notes3(1




Zt=Tt+Nt
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The choice
P =minf.), Fr) = £.0) - 3
fZ (w) & and this resulting Z, = T, + N; decomposition is called the canonical
fT(uJ) decomposition.
7T~ U.S. Inflation Rate of CPI 1/64 to 12/72 (Box, Hillmer & Tiao, 1978):
o — -——— w8 ¥ \
r \ e
o":'___- _...—\\:-—- ;—J-—H (I—B)Zp = (1—9B){lt
U‘:i fN (L"-") - 9
0 = .84; o, =.0019
. This implies that the model for T; must be of the form
Overal| Components (1= BT, = (1- B,
and  (1-6B)(1-0F)a =(1-4B)(1-nF)ei + (1 - B)(1- F)o}
0=-34

Figure 1. SOME POSSIBLE DECOMPOSITIONS INTO TRENDS AND NOISE

CONSUMER PRICE INDEX EXAMPLE. (f"‘B h =(|_dqe

G=TetMe
e (e

o =e

n=1
=64

R E—
Estimated Trend M

B ok WWM“W‘WW

n=6

~ See Page 195 of Notes

=74 —_—

Estimated Trend M

n=0
a=3

—
Estimated Trend /-\-———.———l"/—\

Estimated Noise WMW«WM Canonial ho s
T

T =846

M Canoniced
Estimated Trend

Trewd
nb

The choice

U mmin f:(w), frw)=f.(w)-an
and this resulting Z, = T, + N; decomposition is called the canonical
decomposition.

U.S. Inflation Rate of CPI 1/64 to 12/72 (Box, Hillmer & Tiao, 1978):

Overall

(1 - B)Zp = (1 - GB)(lt
model

0 = .84 o2=.0019

This implies that the model for T; must be of the form

(1-B)T, =(1-1B)h

and  (1-4B)(1-0F)s? = (1-9B)(1-yF)af +(1-B)(1- F)o%




Figure 1. SOME POSSIBLE DECOMPOSITIONS INTO TRENDS AND NOISE

0=-34

CONSUMER PRICE INDEX EXAMPLE (,"‘Bh =(|—d%

Q, MWJNWWW G=Te+Me

Estimated Noise M‘.J“N‘W’\" r\ﬁﬂ\'v\"‘-\""“#r
Estimared Trend M

e MMMNV

—_—

Estmated Trend M

Wbty

Estimated Trend

TF==1
T =846

~ See Page 195 of Notes

WWWWM Camniad Ross

M Canoniced
Estimated Trend

Twewd

b

From this example, given the overall model

« Canonical decomposition gives the most deterministic trend
component

* It attributes the largest possible variance to the noise component

* The popular choice in econometrics literature, n =0, gives a
estimated trend component very close to that from the canonical
decomposition

* But all other acceptable decompositions are of equal claim

* The trend component is clearly not ‘robust’ over the entire range
of acceptable decomposition, but robust over -1<< n <0

Figure 1. SOME POSSIBLE DECOMPOSITIONS INTO TRENDS AND NOISE

RN Y

CONSUMER PRICE INDEX EXAMPLE (,"‘Bh =(|_d%

Estimated Noise MJ“N‘W’\" W\"\Mﬂf
Estimared Trend M

et ot WMMW«WW

—_—

Estimated Trend M

e

Estimated Trend

G=TTetMNe

~ See Page 195 of Notes

This formulation was generalized in joint work with Hillmer (1982 JASA)

to
Zy = Si+Ti+ N
(1- B)dﬂ = n(B)b (trend model)
U(B)S; = 4(B)g (seasonal component model)
UB) = 1+B+B*+-..+B"

consistent with an overall model for Z; of the form
(1-B)YU(B)Z, = 6(B)a

Canonical decomposition gives the most ’deterministic’ evolving stochas-
tic seasonal and trend components. See examples in Hillmer, Bell, and

Tiao (1983)
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X-12-ARIMA and TRAMO/SEATS (A. Maravall)

Many Similarities
Each consists of two main parts: a regression-ARIMA
modeling program and a decomposition program

The regression-ARIMA features are very close. Both
employ an iterative outlier and level-shift detection
procedure initiated in Ih Chang’s thesis (1983)

The two decomposition programs are built on different
foundations; X-12 retains the structures of the X-11-
ARIMA (Dagum), an empirically developed procedure;
SEATS is a model-based procedure closely related to
canonical decomposition.

For many economic time series, the decomposition
results from these two programs are again very close.
This is not too surprising since the X-11 and the “airline
model’ are closely related.

Example: to compare X-12-ARIMA + TRAMO-SEATS
Monthly Logged Airline Passenger Total Data (1949. Jan — 1960. Dec)

Parameter SCA X-12-ARIMA | TRAMO
6 402 (.079)* 401(.079) 400(.082)
© 560(.071) :560(.075) .562(.086)
Ga 0368 0373 .0375

*

standard error of estimates

No outlier is detected for all methods.

The ” Airline Model”:

(1— B)(1— B'?)Z, = (1 — B)(1 — ©B'?)q,
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Logged Monthly Airline Passenger Totals (49:1 - 60:12)

Tramo/Seats Decomposition

Original Series

i

Canonical Seasonal Component (Tramo/Seats)

......

N

3

Canonical Noise Component

[ Ay




X-12-ARIMA
Decomposition

Original Series

Ay

Seasonal Component (X-12-ARIMA)

i
u T m w “ e . T

Seasonal component

comparison

Trend Component

Noise Component

Canonical Seasonal Component (Tramo/Seats)

Seasonal Component (X-12-ARIMA)

trend component

comparison

Canonical Trend Component (Tramo/Seats)

Trend Component (X-12-ARIMA)

Concluding Remarks
Model based procedures
— Make assumptions explicit
— Inferential process straightforward
— Lend itself to further improvement
Canonical decomposition exposes explicitly
— Robustness of seasonal component
— Robustness of trend component
Convergence of carious procedures
— Especially in regression part
For forecasting future components NO NEED for
adjustment
Measure of strength of seasonal signal and trend
Signal may be useful
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Kalman Filter

o Page 225-227 of Notes
» Page 218-221 of Notes

observation:

obs. equation:

state equation:

Kalman Filter
{u}

ye = fi0; + 1y (6, is unobservable)
0 = g1 +wy

{ft, g} are constants

{vi }, {w:}, O are random variable
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observation:
obs. equation:

state equation:

Kalman Filter
{’UL}

Kalman Filter
ye = fiby + v

State Space Model
Oy = 901 +wy

{ft, g} are constants

{v }, {wi }, O are random variable

observation:

obs. equation:

state equation:

ATM:

Kalman Filter
{y;,}

Kalman Filter
ye = fib + 1y

State Space Model
0y = g0 -1 + wy

{ft, g1} are constants

{vi }, {wi}, O are random variable

1. distribution of v |y;—1,yi—2,- -

2. distribution of 8; |y, y¢—1,Y1—2, - - -




Review of Courses

ARIMA model

Model Building
Seasonal Models
Intervention and Outlier
Multivariate Time Series
ARCH/GARCH
Seasonal Adjustment
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