10 [Helmut Litkepohl (1996), Handbook of Matrices, Chapter 10 |

Vector and Matrix Derivatives

In this chapter all vectors and matrices are assumed to be real unless otherwise
stated. Differentiable always means continuously differentiable of sufficiently
high order so that all expressions are well-defined.

10.1 Notation

Let f(z) be a differentiable real valued function of the real (m x 1) vector
z=(z1,...,zm)".

af - 8f(z)
31’] 62’.‘1
g—’; =| or 8’(;(;} = 3 (mx 1)
of df(z)
Orm - (9rm
and
of _(of  of f(z) _ (0f(zx)  Of(z)
31’_(321"“'3rm) or 57 :(81‘, AU (%m) (1 x m)

are vectors of first order partial derivatives. df(z)/dz is sometimes called the
gradient vector of f(z).

- of
of| _ of ore) _ | i
_ Y _ To) _
EE: _-ax.r—.r - ax - . (mXI)
o =rg 6f
 Oxm emzo
and
of | _of|  _ 0f(z0) _ [afm)]'
5z' v =~ 57 peso = Tor 5z (1 xm)
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are vectors of first order partial derivatives evaluated at the (m x 1)

vector rg.
- 0'f 8’ f
62f 62f(1‘) B BQf(.‘L‘) B 31'1‘81'1 6xlf‘jxm
dxdx! - 9xdz' ~ |8z0z;| : : (m x m)
i J 62f 62f
. Orpmozy 0r, 0z, |

is the Hessian matrix of second order partial derivative: of f(z) and

o5 | o
drdz' ~ Oz0z!

I'=rxo

_0%f(x0) _ 0% f { (m x m)
© 0z0z' T | Ozi0x; -

is the Hessian matrix of second order partial derivatives of f(z) evaluated

at r = ry.
Let f(.Y) be a differentiable real valued function of the real (m x n) matrix

X = [.l',j].

TIo

of of
Of _0f(X) _ [Bf(X)] _ Ozn 01 -
0xX oX | Ozij : :
of af
31‘m1 armn

is the matrix of first order partial derivatives of f(X) and
:31'(,\.]): of (m x n)
ax'j X=Xp

Xo A
is the matrix of first order partial derivatives of f(.\') evaluated at the (m x n)
matrix Xg.

of

= 9
5y o

X=Xy oX

s _ 0 f(X)
Ovec(.X)Ovec(X)" ~ Ovec(X)dvec(X)

(mn x mn)

is the Hessian matrix of second order partial derivatives of f(.Y). Here it
is important to note the order in which the partial derivatives are arranged.
They have the same order as for the function f(vec(X)). Accordingly,

o' f _ 0° f(Xo)
Ovec(X)Ovec(.X) {x_x, "~ Ovec(X)dvec(X)

1s the Hessian matrix evaluated at \" = Xj.
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Let y(z) = [y1(z),...,y.(2)]" be a real (n x 1) vector of differentiable

functions of the real (m x 1) vector z = (z1,...,I,)’, that is, y is a function
mapping a subset of IR™ on a subset of IR".
" oy Oy
oy _ oy(z) _ o2 G < m)
02’ ~ 0z’ : (n xm
Oyn Oyn
6$1 3zm o
and

oy _ oy _ (v
9 = os ~\ow) "X

are matrices of first order partial derivatives of y(z). 0y/0z’ is sometimes

called the Jacobian matrix of y and 0y’/0x is sometimes called the gradient

of y.

~ Ou Oy
Oz, r=rg Ozm r=rg
o0z’ Ir=rq oz’ Zo 0z ayn | ayn .
- 6.131 r=rg 61}"’ r=xg

is the Jacobian matrix evaluated at z = z¢ and its transpose is the gradient
of y evaluated at zg. For m = n,

Oy(z)\ _ Oy
det < EP ) = det <%>

is the Jacobian or Jacobian determinant of y(z). The Hessian matrix
of y(z) 1s

Ovec(0y/0z")
Ox'
For a matrix valued function of a single variable, A : S C R — IR™*",
z — A(z) = [a;;j(z)], the matrix of first order derivatives is

" dan, dain |
dA(z) da_ | 97 dz
d = : 4
* dz daml damn
dz 7 dz

and the corresponding matrix of first order derivatives evaluated at rq is

| dz

dA(zo) _ dA
dz =~ dz

r=zg
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In the remainder of this chapter all functions are assumed to be
differentiable.

10.2 Gradients and Hessian Matrices of Real Valued
Functions with Vector Arguments

10.2.1 Gradients
(1) z(m x 1),c € IR constant: % = Omx1-
(2) (Linearity)
z (m x 1), f(z), g(z) real valued functions, ¢;,c2 € R :

Oe1f(z) + c29(2)) _ . 9(=) ‘e dg(z)
oz R T

(3) (Product rule)
z (m x 1), f(z), g(z) real valued functions:

SRy 22) 4 ()22

(4) z (m x 1), f(2), g(x), h(z) real valued functions:

) h
f(w)%(zx) (£) +f(x)h(z)a%(;) +g(z)h(z) =5~

(5) (Ratio rule)
z (m x 1), f(z),g(x) # 0 real valued functions:

olf(z)/g(x)] _ 1 0f(x)
Oz ~ g(z)? 9(z) Oz —J(=) Oz

Oh(z)

= f(£)g(z) 9z

(6) (Chain rule)

r(mx 1), y(z)(n x1), f(y) areal valued function:

0f(y(x)) _ Oy(z)' 9f(y)

Oz Jz Oy
(7) z,a(mx1): a;;z = a.
(8) r(mx1), ay(x)(nx1): a“'ay;”) = 0%(?'&
(9) z(mx1), A(mxm): LA _ (44 ane

oz
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(10) =z (m x 1),a (n x 1), A (n x m), B (n x n) symmetric:
(a — Az)'B(a — Az) _

- _24'B(a — Az).
(11) = (m x 1),y(z) (n x1),A (n x n):
W) Avle) _ oY (4 i)

Oz
(12) z (mx 1),y(z) (nx1),z(z) (px 1), A (n x p) :

Oy(z) Az(z) _ 6!/(93) 0z(z)" ,,
Oc T Oz e 5 A=)

Note: (1) - (6) are standard rules of calculus for functions with vector
arguments. For the chain rule see, e.g., Magnus & Neudecker (1988, Chapter
5, Sec. 12). (7) and (8) follow from (2). (9) is obtained from standard rules
for derivatives by wntmg ¢’ Az in summation notation and computing the
derivative for each individual component of z. (10) and (11) follow from (9)
and the chain rule (6). (12) is a consequence of the product and chain rules.

Az(z) +

10.2.2 Hessian Matrices

8%z
(1) x,a(mxl): m= mxXm-
y ]
(2) z(mx1),A(mxm): %%:A+A’.

(3) z(mx 1),a(n x1),A (n x m), B (nx n)symmetric:

d%(a — Az)'B(a — Az)

5202 =2A'BA.
(4) z(mx1),y(z)(nx1),A(nxn):
Fy(z) Ay(z) _ Oy(z) dy(z)
Oz Oz’ - oz (A+ +A) 5 oz’
+ [y(z)'(A+A)® Im]% [vec (3;;:) )] )
(5) z(mx1),yx)(nx1),2(z) (px1),A(nxp):
O%y(z) Az(z) _ Oy) ,0z(x)  Bz(z) ,,0y(z)
Ordx’ - Oz A Oz’ + Oz A Oz’
+ [zz)A'® Im]% [vec (31;0(;;) )]
dz(z)
+ [y(z)A® Im]% [vec( 6(3) )] .
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Note: All results are simple consequences of the results in the previous
subsection and the rules for vector valued functions with vector arguments
given in the following sections.

10.3 Derivatives of Real Valued Functions with Matrix
Arguments

10.3.1 General and Miscellaneous Rules
Oc

(1) X (m x n),c € R constant: %

- Oan

(2) (Linearity)
X (m x n), f(.X).g(.\) real valued functions, ¢;,c2 € R :
Aer S(X) +eag(X)] _  OFCY) | 9g(X)
a\ TTex T Tex

(3) (Product rule)
X (m x n), f(.\'),g(.Y) real valued functions:

OFX)g(N) _ . . 09(X) | OF(X)
oy Iy vy
(4) X (mxn), f(X), g(.V),h(.Y) real valued functions:
DF(X)g(X)h(\) ) Oh(X)
o A9 =55~
X N
+f( ,\')h(l‘(}a‘q{;‘\, ) -+ g(,\'}h(,\'}a{;‘\, ) .

(5) (Ratio rule)
X (m xn), f(X),g(X) # 0 real valued functions:

of(N)/g(\N)) 1 (X )6}' )
oN a2 ! oN

(6) (Chain rule)
N (mxn), y=f(X). g(y) real valued functions:

dg(f(X)) _ dg(y) 0f(X)
oN T ody  ON

(7) X' (m x n), f(.X) a real valued function:

Of(X)\ _ 0f(X)
ve,( oN ) Ovec(.X)’
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-1

(8) X (mxn)amx1)b(nx1):

0ad' Xb

b
ox ¢

(9) XY (mxm),ab(mxl):

IXTh S o
a“m, = S yab (XTI, i= 1.2,
‘ j=0

(10) X (m x m) ronsingular, a,b(m x 1) :

ry -1
——aa;\, b —(X7Yab' (N7,
(11) N (m xn).a,b(nx1):
! 1\
% = X(ba' + ab').

(12) X (m xn),a,b(mx1):

0d' X X'b

——5'1-\,—— :(ba +(1b ),\

(13) X (m x m) symmetric with simple eigenvalue A and corresponding
eigenvector v satisfying v'v = 1:

0A
oX

Note: (1) - (7) are standard results from calculus. (9) and (10) are given
in Magnus & Neudecker (1988, Chapter 9, Sec. 13) and (8) is a special case
of (9). (11) and (12) follow from results given in Magnus & Neudecker (1988,
Chapter 9, Sec. 9) by noting that a’ Ab = tr(Aba’). Result (13) is from Magnus
& Neudecker (1988, Chapter 9, Sec. 11).

=vv'.

10.3.2 Derivatives of the Trace

First Order Derivatives

Otr(X) _ Otr(N) _

(1) X (mx m): 3% - Bav = In.
(2) X (mxn), A(nxm): Bt‘ra(‘A;’X) = 6“8(::,'4) = A"

Otr(X'A4) _ Otr(AX')

(3) X (mxn), A(mxn): RS = Ton

= A.
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(4)
(5)
(6)

(7)

(8)

(9)
(10)
(11)
(12)
(13)
(14)
(15)
(16)
(17)
(18)

(19)

X (mx m):

X (mxn), A (nxn), B(mxm):
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dtr(AX B)
ox

Otr(AX'B)
0X

X (mxn), A(pxm), B(nxp): =A'B".

X (mxn), A(pxn), B(mxp): = BA.

Atr(X?)

=2X',

Otr(X* i )
T =i e

X,A, B(mxm):

at'r(AXIIB} — < I oAl i=1=Jy .
-—EX——JZ_;](X)AB’(X Y, i=1,2,...

r(X'X) _ Br(XX) o
ox T ox T
X (mxn), A(mxm): @%};ﬁ =(A+ A)X.
Otr(X'AX)
ax

X (mxn):

X (m x n), A(m x m) symmetric : = 2AX.

Ar(XAXY)

X (mxn), A(nxn): 3X

= XA+ A"

Atr(X AX')

X 2XA.

X (m x n). A (n x n) symmetric :

otr(X AX)

— XA 4 AX
X +

X, A(mx m):

Otr(AX X' A"
0X
Atr(AX' X A')
oX

X (mxn), A(pxm): =2A'AX.

X (mxn), A(pxn): =2XA'A.

X (mxn), A(pxm), B(mxp): W = (BA+ A'B")X.

otr(AX'X B) , ' o

T = X(BA+ A'B").

Itr(X AX'B)
X

dtr(X AX B)
9X

X (mxn), A(pxn), B(nxp):
= B'XA'+BXA.

X (mxn), A, B((nxm): =BX'A+ AX'B.
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(20) X (mxn), A(pxm), B(nxn), C(mxp):

Otr(AXBX'C)
axX

(21) X (mxn), A(pxm), B(nxm), C(nxp):

= A'C'XB'+ CAXB.

6‘..[’(/1)(81‘(0) — A,C,X,B, + B/XIAICI
80X '
(22) X (m x m) nonsingular : %‘?l) = —(X"?%).
(23) X (m x m) nonsingular, A, B (m x m) :
Otr(AX~'B) _ 1y
oy = —(XT'BAX7'Y.
o ou[F(X)] _ ,Ovec F(X)
(24) X(mxn), F(X) (po) m—vec([p) W
(25) X (mxn), F(X)(pxq), G(X)(rxs), A(gxr), B(sxp):
Otr[F(X)AG(X)B] _
dvec(X) B
F .
vec(l,) |[B'G(X) A’ ® Ip]%&);) +(B'® F(X)A]%?] :
Hessian Matrices
‘ 0%tr(X) B
(1) X (m > m): dvec(X)Ovec(X) Omaxma-
2
(2) X (mxn), A(pxm), B(nxp): &i&%ﬁi?x)' = O .
2 '
(3) X (mxn), A(pxn), B(mxp): avfc(t;(()f;fef(?;)l = O .
. o*r(X?%) .
(@) X (mxm) S X yavee(Xy = 2Kmm:

j=0

O i K o fi-2—j j .
Avec(X)Ovec(X) ~ Kmm (Z(X ) ®X'], i=23,...

%tr( X' X)
Ovec(X)Ovec(XY

(5) X (m x n): =2I,,.
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(7

(8)

(9)

(10)

(11)

(12)

(13)

(14)

(15)

(16)

(17)

(18)
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O%r(X'AX)

X (mxn), A(mxm): Bvec(X)dvec(X) =lLo(A+A).

X (mxn), A(nxn): 5\%%:(/1%14)@1%

X (m x n), 4 (n x n) symmetric: avf:(t;(gif(l,:()' =2(A2 1,).
X, A(mxm): 5% =(AQIn+ 1, @ A YK .
X(mxn), A(pxm): 0?2;5’({4)’;\;‘;3;'))’ =2(I, ® A'A).

N (mxn), A(pxn): 0%:;(’(%“}(:%()7 =2A'A081,).

X(mxn) A(pxm), B(mxp):

O2r(AX N'B)
Ovec(X)dvec(XN)

=1, ®(BA+A'B).

X(mxn), A(pxn), B(nxp):

O%tr(AN'X B)
Ovec(X)Ovec(.N)

=(BA+AB)e®I,.

X(mxn), A(nxn), B(mxm):

82tr(NAX'B)
dvec( X )dvec(X)

X (mxn), A, B(nxm):

=AeB +A oB.

O%r(XAXB)
dvec(X)Ovec(.X)

=(A®B +B® A)Kmn.

XN (mxn) A(pxm), B(nxn), C(mxp):

O’ te(AXNBX'C)
Ovec(X)Ovec(X)

_=BOAC + B OCA

X (mxn), A(px m), B(nxm), C(nxp):

O%tr(AXBXC)
dvec(.N)dvec(X)'

=(BAC' +CA® B)K,,,.
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(19) X (m x m) nonsingular :

O%tr(X-1)
Ovec(X)dvec(X)

= Kpm (X0 X'+ X7 @ XTR).

(20) X (m x m) nonsingular, A, B (m x m):

82tr(AX ' B)
Ovec(X)Ovec(X)
= K (X'"TTABX' '@ X 4+ X7 X~1BAXN Y.

Note: The results of this subsection are partly given in Magnus &
Neudecker (1988, Chapter 9, Sec. 9 and 13) and partly follow from their
results by straightforward application of the rules for the trace and matrix
derivatives, notably the chain rule and the product rules of Section 10.5.

10.3.3 Derivatives of Determinants
ddet(X)
ax
(2) X (mxn), A(pxm), B(nxp), det(AXB)#0:

(1) .X (m x m) nonsingular : =det(X)(X’)"! = (x4,

Qc%%‘@ = det(AXB)A'(B'X'A")™'B'.
(3) X (m x n), tk(X) =m: % = 2det(X X') (X X')~LX.
ddet(X' X)

(4) X (mxn), tk(X)=n: 3% = 2det( X' X)) X (X' X)L,

(5) X (m x m) nonsingular:

Adet( X? =
(a) %} = 2(det X)*(X")7".
P =1
@(?L\l__) = —(det X)7' (X)),
6d3§f—\") =i(det X)'(X")7", i=%1,%2,...

(6) X, A, B(mxm), det(AX'B) #0:

ddet(AXiB) _ A et s ey
—gy— = det(AX B)).E_;[(‘\ =) B(AXTB)T'AX?).
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(7) X (mxn), A(pxm), B(nxn), C(mxp), det(AXBX'C)#0:
O0det(AXBX'C) _
X -
det(AXBX'C){C[AXBX'C|"'AXB + A'[C'XB’X'A’|"1C'X B'}.
(8) X (mxn), A(pxn), B(mxm), C(nxp), det(AX'BXC)#0:
0det(AX'BXC) _
X B
det(AX'BXC){BXC[AX'BXC]|"'A+ B'XA'[C’'X' B XA']~1C"}.
(9) X (mxn), A(pxm), B(nxm), C(nxp), det(AXBXC)#£0:
ddet(AXBXC) _
0X B
det(AXBXC){C[AXBXC)"'AXB + BXC[AXBXC)™1AY.

(10) X (m x m), det(X) >0 % = (X)L,
(11) X (m x n), A (m x m) positive definite, det(X'AX) > 0:
d1n det(X'AX)
X

(12) X (m x n), A (n x n) positive definite, det(XAX') > 0:

dlndet(XAX')
0X
(13) X (m x n), A(n x p), B (m x m) positive definite,
det(A’X'BXA)>0:
Jdlndet(A'X'BX A)
axX
(14) X (m x n), A (p x m), B (n x n) positive definite,
det(AXBX'A") > 0:
dlndet(AX BX'A"
axX
(15) X (m x m), det(X) > 0:
6% Indet(X)
Ovec(X)Ovec(X)'
Note: (1) - (5) and (7) - (9) are either given in or follow straightforwardly
from Magnus & Neudecker (1988, Chapter 9, Sec. 10). Rules (10) - (15) follow
from the chain rule and the derivative of the logarithm. In (15), the derivative
of vec(X~!) from Sec. 10.6 is used in addition. (6) results from (2), a chain
rule and a product rule.

= 2AX(X'AX)"L.

=2AXAX')T' X A.

=2BXA(A'X'BXA)"LA".

= 2A4"(AXBX'A")"'AXB.

= —Kmm [(X)'®X7].
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10.4 Jacobian Matrices of Linear Functions

10.4.1 Linear Functions with General Matrix Arguments

183

~ Ovec(X) _

(1) X (mxn). W—Imn,

Ovec(X') K

dvec(X) Ymns

Ovec(X)

Bvec(X7y ~ [nm:

_ Ovec(cX)
(2) X mxn),ceR: _—avec(X)’ =clmnn.
. ~ Ovec(AXB) __,
(3) X (mxn), A(pxm), B(nxq): W—B ® A.
_ Ovec(AX'B) .

(4) X (mxn), A(pxn), B(mxq): W = (B ® A)Knn.

(5) X (mxn), A(pxm), B(nxgq), C(pxq):

Ovec(AXB + C)

=B ®A.
Ovec(X) Be

(6) X (mxn), A,C(pxm), B,D(nxq):

Ovec(AX B+ CXD)

—_ / /
Bvec(X) =BoAxDoC

(7) X mxn), A,C(pxn), B,D(mxq):

Ovec(AX'B + CX'D)
Ovec(X)

=(B®AxD ®C)Kmp.

(8) X (mxn), A(pxm), B(nxgq), C(pxn), D(mxq):

Ovec(AXB+CX'D)  Ovec(CX'D+ AXB)
Ovec(X) - Ovec(X)
= B ®A+(D ®C)Kmn.

(9) X (mxn), Ai(pxm), Bi(nxgq),i=1,...,r:

y -

dvec(3I_, Ai X B;) ,
dvec( X)' ZB ® Ai.
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(10) X (mxn), Ai(pxn), Bi(mxgq),i=1,...,r

Ovec(d i 1A X By)

Bvec (Z B’ @ A ) ]"mn-

Kronecker and Hadamard Products

(11) X (mxn), A(p xq):
(a) Ovec(A) @ vec(X)

dvec( X))
Ovec(.X') ® vec(A)
Ovec(X)'
Ovec(A ® X)

Ovec(X)

Ovec(X @ A
(d) —a—}c—(—\—)J
(12) X (mxn), A(pxgq), B(rxm), C(nxs):

ec(A)® Imn.

(b) = Imn @ vec(A).

= (I, ® Kpp ® Imm)[vec(A) @ Imn).

= (Iﬂ ® l\’qm ® lp)[[mn ® VeC(A)].

Ovec(A ® BXC)
Ovec(X)'

Ovec(BXC @ A)
Ovec(X)

(13) X (mxn), A(pxgq),B(rxs):

= (I; @ Nyp ® I)[vec(A) @ C' @ B,

= (Ig @ ]\’qr ® Ip )[Cl ® B ® VeC(A)].

Ovec(A ©® X ® B)
Ovec(X')’
= q\&l\nsp mr)[\’ec("1 ( n®]\’sm®1r)(1m" @vec(B))]v

(14) X (mxn), A(pxq), B(rxs), C(kxm), D(nxl):

Ovec(A®@ CXD ® B)
dvec(X)
=(I4@ Ks1p @ Ity )[vec(A) @ (11 @ Kg @ I )(D' @ C @ vec(B))].

(15) X (mxn), A(pxq), B(mpx ngq):

Ovec[(A® X) @ B
dvec(X)'

= diag(vec B)(I; ® Knp @ Im)[vec(A) @ Imn],

dvec[(X © A)® B
Ovec(\X')

= diag(vec B)(I, ® Kgm © b)[Imn @ vec(A))].
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(16) X, A(mxn):

Ovec(A® X)  Ovec(X ® A)
Bvec(X)  Bvec(X)

= diag(vec A4).

(17) X (mxn), A(pxq), B(pxm), C(nxgq):

Ovec(A®© BXC) _ Ovec(BXC © A)
Ovec(X)! B Ovec(X )

= diag(vec A)(C' ® B).

(18) X (mxn), A(pxq), B(pxn), C(mxgq):

Ovec(A® BX'C) _ Ovec(BX'C ® A)
Ovec(X)' - Ovec(X)

= diag(vec A)(C' ® B)]\‘mn .

(19) X,A,B(mxn):

Ovec(A® X © B)
Ovec(X)

= diag[vec(A ® B)).

(20) X (mxn), A,B(nxm):

Ovec(A® X' © B)

Bvec(XY = diag[vec(A ® B)|Kmn.

(21) X, A(mxn), B(pxgq):

Ovec[([A®X)® B ) .
ec[(‘()veix))léj ] = (ln ® I\qm ® Ip)[dlag(vec A) ® Vec(B)],

dvec[B® (A O X))
Ovec(X)

= ({; © Knp ® Im)[vec(B) @ diag(vec A)].

Note: (1) - (10) follow from basic properties of the derivative and the rule
vec(AXB) = (B' ® A)vec(X) for the vec operator (see Section 7.2). (11) -
(21) may be derived using vec(A ® B) = (Il ® K @ I)[vec(A) ® vec(B)] and
vec(A @ B) = diag(vec A)vec(B) and other standard rules for Kronecker and
Hadamard products (see Chapter 2 and Magnus & Neudecker (1988, Chapter
9, Sec. 14)).

10.4.2 Linear Functions with Symmetric Matrix Arguments

Reminder: D,, denotes a duplication matrix and D}, its Moore -Penrose
inverse (see Section 9.5). L, is an elimination matrix (see Section 9.6).
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. : Ovech(X)
(1) X (m x m) symmetric: B_V_e-éh(—XT" = In(ms1)/2,
Ovec(X)
Ovech(X) — —™
. . Ovec(cX)
(2) X (m x m) symmetric,c € R : W =¢Dn.

(3) X (m x m) symmetric, A (m x n):

Ovech(A’XA) , , o ’
Ovech(X) Ln(A'"® A")Dm = D7 (A" ® A") Dy
(4) X (m x m) symmetric, A (n x m), B (m x p):

Ovec(AXB)  _,
Ovech(.X) = (B0 A)Dum.

(5) X (m x m) symmetric, A, B (m x m):

dvech(AX A’ + BX B')
Ovech(X)

= DH(A® A+ B® B)Dp.

(6) .X (m x m) symmetric, 4, B (m x m) :

Ovech(AXB' + BX A")
Ovech(X)

=D} (B®A+ AQ® B)Dy,.

(7) X (m x m) symmetric, A,C (n x m), B,D (m x p):

Ovec(AXBzxCXD)
Ovech(X)’

=(B@AxD @C)D,,.

(8) X (m x m) symmetric, Ai (n x m),Bi (m xp), i=1,... r:

r

Ovec(Yi_, AiXB:) _ o
Ovech(X) - g(Bi ® Ai)Dp.

(9) X (m x m) symmetric, A; (mxn), i=1,... r:

)

Avech(TI_, ALN A
Ovech(X)

r r
) _ > Ln(A;® A))Dm = Y D} (4] ® A)Drm.
1=1 1=1
Note: These results follow from basic properties of the derivative and the
vec and vech operators. Notably, the rule vec(AXB) = (B’ @ A)vec(.X) is
useful (see Chapter 7). For proofs see also Magnus (1988, Capter 8, Sec. 8.2).



VECTOR AND MATRIX DERIVATIVES 187

10.4.3 Linear Functions with Triangular Matrix Arguments

Reminder: L,, denotes an elimination matrix (see Section 9.6).

Ovech(X)
Avech(X)
Bvec(X)

dvech(X) — m-
. . Ovec(eX) _ .,
(2) X (m x m) lower triangular, c € IR : 6—vech(X)’ =cL,,.

(3) X (m x m) lower triangular, A (n x m), B (m x p) :

(1) X (m x m) lower triangular: = Im(m+1)/2,

dvec(AX B)

dvech(X)" (B'® A)Ly,.

(4) X (m x m) lower triangular, A,C (n x m), B,D (m x p) :
Ovec(AXBx CXD)

=(B®A+D ®C)L,.

Ovech(X)'
(5) X (m x m) lower triangular, A; (n x m), By (mxp), i=1,...,r:
Ovec(X0_, AiXBi)
! Bl @ Ai)L,
Ovech(X)’ ;( ® A
. . Ovech(AXB) _ , ,
(6) X, A, B (mxm) lower triangular: —_—6vech(X)' =Ln(B ®A)L,,.

(T) X, A,B,C,D(m x m) lower triangular:

Ovech(AXB £ CXD)
Ovech(X)

=Lm(B@AxD' ®C)L,,.

(8) X, A;, Bi (m x m) lower triangular, ¢ =1,...,r:

dvech(3_7_, Ai X B;) ,
(9vech(l XY (ZB ®A>L

Note: The results of this subsection follow from basic properties of
derivatives and the vec and vech operators. In particular, the rules
vec(A) = L] vech(A) for lower triangular matrices A (see Section 9.14) and
vec( AX B) = (B’ @ A)vec(X) (see Section 7.2) are useful. For proofs see also
Magnus (1988, Chapter 8, Sec. 8.3).
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10.4.4 Linear Functions of Vector and Matrix Valued Functions
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with Vector Arguments

(1) z (m x 1),
(2) = (mx1),

(3) £ (mx1),

(4) r(mx1).

(5) £ (m x 1),
(6) £ (mx1),

(T) z (mx 1),

(8) r(mx1).

(9) r(mx 1),

Ovec(AQY)

Ovec(Y ® A)

c(n x 1) constant: 8_.:’ = Onxm.
y(l‘), Z(I) (nX l)v Clvc2em:
Olcry(z) £ caz(z)] _  Oy(z) dz(z)
61," =0 (?1," :t(,'g (91," .

vi(z)(nx1),c;eR,i=1,....r

Oy, ciwilz)] <~ Ouilz)

i=1

y(z) (nx 1), z(z) (px 1), A(gxn), B(gxp):
6[Ay(z)6:ztl Bx(z)] _ ag(zx) N 36;(;,:)~
Y(2) (5 X p). £ IR avzci::v) _ Cavgcr(lr)_
Y(z)(nxp). A(gxn), B(pxr):
6vecé;1/}’8) _ (B'®‘4)6L2CI(,—Y)-

Yi(z) (ni x pi), As (gxng), By (pixr),i=1,...,s:

Ovec()_ AYiBi) <, ., Ovec(Y;)
oz’ Z(B ) =gz oz’

i=1
Y(r)(nxp), A(gxn), B(pxr), C(gxr):

Ovec(AY B+ C)
oz’

Y(r)(n xp), A(rxs):

Ovec(Y)

= (B'® A)—

= (1, ® Npr @ 1In) <vec(,4) ® 3vec(Y)) ’

or’ oz’

dvec(Y)

B :(1p®1\,n®lr)<—6——®vec(4)>
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(10) z (m x 1), Y(z)(n xp), A(rxs), B(kxl):

Ovec(A®Y ® B)
oz’
=, ® Kpir ® Ink)

Ovec(Y)
oz’

(11) z(mx 1), Y(z)(nxp), A(rxs), B(kxn), C(pxl):

x |vec(A)® (I, © Kin ® 1) ( ® vec(B))] .

dvec(BY C @ A)
oz’

=(LeKaol) ([(C’ ® B)%] ®vec(A)> :

Ovec(A® BYC)
Oz’

(12) 2 (m x 1), Y(2)(nxp), A(nxp):

= (LK) (vec(A) ® [(C" ) B)avgi(l}")] ) .

Ovec(Y ® A) _ Ovec(AQY) Ovec(Y)
oz’ h Oz’ 0z
Note: The results of this subsection follow from the linearity of the

functions considered, the rules for the vec operator and basic matrix
operations.

= diag(vec A)

10.5 Product Rules

10.5.1 Matrix Products
(1) X (mxm):

Ovec(X?) _ ¢ _
(=) dvec(X)' =X ®Im+Im®X.
M —_ = [ i—l—j J -
(b) dvec(X) —Jz:;[x) X, i=1,2, ...
avec(‘Yfz) _ . -t .
(c) Bvec(X) (XOIm+In®@X ) hmnm.

(2) X (mxn):
Ovec(X'X)

(a) 6VCC(,¥)’ = (1n7 + I\’nn)(ln ® )(I).
Ovec(XX') )
() Grecrxy = Ume + Kenm)(X & Im).
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(3) XY (mxn), A(nxm):

Ovec(X AX)

— ! oAt -
vec(X) =NAQIn+1,®XA.
(4) X (m x n), A(mxm):

Ovec(X'AX)

j— ] / . .y
dvec(x)y = XA ©I)Kmn + (In © X'4).

(5) X' (mxn), A(m x m)symmetric:

dvec(X'AX) ) )
“Hvec(xy = UnrF Kan)lIn © X'4).
(6) X (mxn), A(nxn):
dvec(XAX') _
vecxy = XA @ In) + (In © XA) Koo

(7) X (mxn), A(n xn)symmetric:

Ovec(X AX') ) ]
“Bvec(xy = Umt F Konm ) (XA ® Im).
(8) X (mxn), A(pxm), B(nxm), C(axq):

dvec(AXBXC) .. ,
T(X)'._C.X B QA+C' ® AXB.
(9) X (mxn), A(pxn), B(mxm), C(nxgq):

Ovec(AX'BXC)
Ovec(X)'

= (C'X'B'® A)Kmn + (C' @ AX'B).

(10) X (m x n), A(pxn), B(m x m) symmetric:

'‘BX A’
Ovec(AX'BX A") = (Ipa+ Kpp)(A @ AX'B).

Ovec(X)'
(11) X (mxn), A(pxm), B(nxn), C(mxgq):
Ovec(AX BX'C) o , .
= A B)N -
Brec Xy (C'XB' ©A)+ (C'© AX B)K

(12) X (m x n), A (p xm), B (n x n) symmetric:

dvec(AX BX' A"

Ovec(X)' = (lpa + Kpp)(AXB © A).
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(13) X (m x m), A(nxm), B(mxp):

i—1
=) B(X)YT'T@AX, i=12,..
j=0

(14) X (mxn), A(pxm), B(nxp):

Ovec(AX'B)
dvec(X)

Ovec(AX B)

i—1
= B'X'A)-1"IB'"® (AXBY A, i=12 ..
Bvec(XY ;2‘ ) @(AXBYA, =12

1 =0
(15) X, A (mx m)

Ovec(A + .Y)?

"+ XYV Im + Im © (A + X),
Bvec(X) (A 4+ X)OIm+ Im®(A+ X)

i—1
= Y (AH+X)TTIeMA+XY, i=12....
7=0

dvec(A + X)*
Ovec(X)
(16) X, A (m x n):

dvec[(A + X) (A + X)]
Ovec( X)

aVCC[(A + X)(A + )()/] 3 ] ]
Ovec(X) = (Im2 4+ Kmm)[(A + X) © Im].

(17) X (mxn), A(pxp), B(pxm), C(nxp):
dvec(A + BXC)?

= (In2 + Kon)[ln ® (A" + X)),

—(A+C'X'B)C'®B+C' ®(A+BXC)B,

Ovec(X)
Ovec(A + BXC)Y it .
Vec{;vec( = Y S (W4 C'X'B) I @ (A + BXC) B,
‘ J=0
1=1,2,...

(18) X (mx n), A(pxgq), B(pxm), C(nxq):
Ovec[(A+ BXC)' (A + BX(C))
Ovec(X)’
Ovec[(A + BXC)(A + BXC)]
Advec(X)

Note: (1) - (2) are given in Magnus & Neudecker (1988, Chapter 9, Sec.
13). The remaining results follow via the product and chain rules of differential
calculus.

= (I + Ipp)[C'@ (A" + C'X'B')B].

= (Ip» + Kpp)[(A+ BXC)C' € B).
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10.5.2 Kronecker and Hadamard Products

(1) X (mxn):
(a) aVeC(a/je)c?\?’;C(x) =Imn ® VEC(X) + VCC(X) ® Imn.
(b) Q%_%:\) = (ln@l\-nm®1m )[Imn @vec(,\’)+V8C(a¥)®lﬂlﬂ]'

(c Ovec(X ® X')
Ovec(X)'

=(In @ Knm @ In)[Imn © vec(X') + vec(X) © Kmn).
Ovec(X' @ X)

dvec(X)’

=(Im © Kyn © Im)[Kmn @ vec(X) + vec(X') ® Imy).
Ovec(N' @ X)

Ovec(X)’

= (Imn ®© KNmn @ 1) [Wpn © vec(X') + vec(X') ® KNmy).
(2) Y (mxn), A(pxm), B(nxygq), C(rxm), D(nxs):

Ovec(AXBQ CXD)
Ovec(X)'
=, ©N,p 21)[B'"® AD vec(CXD) +vec(AXB) @ D' ® C].

(d)

(3) Y (mxn). A(pxm), B(nxgq), C(rxn), D(mxs):
Ovec(AYB O CX'D)
Ovec(\Y
=[O Np &)

x [B'© A veo(CX'D) + vec(AXB) ® (D' & C)Kmn].
(4) X (mxn), A(pxn), B(mxgq), C(rxm), D(nxs):

Ovec(AX'B® CXD)
Ovec(.V)'
= ([q S I\-ap Doy Ir)

X [(B'® A)Nmn @ vec(CXD) + vec(AX'B)® D' © ().
(5) X (mxmn), A(pxn), B(mxgq), C(rxn), D(mxs):

Ovec(AXN'B@ CX'D)
Ovec(X)

=, 2N & 1)(B' & A)Nmn @ vec(CX'D)+
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+ vec(AX'B)® (D' @ C)Kmnl-
(6) X (mxn):

Ovec(X © X)
(2) Ovec(X)
b Ovec(X © X O X)
(b) Ovec(X)'

- = 2 diag(vec X).

= 3 diag[vec(X ® X)].

Ovec(X' © X') . .
Bvec(XY = 2 diag(vec X" )N'mn.
(7) X (m X m) :
Ovec(X ®@ X') _ Ovec(X'© X) _ .. . ' y
dvec(X) Ovec(X) diag(vec X)Amn + diag(vec \).

(8) X (mxn), A,C (pxm), B,D(nxq):

Ovec(AXB & C.XD)
Ovec(X)

= diag[vec(AX B)|(D" ® C) + diag[vec(C X D)|(B' © A).

(9) X (mxn), A(pxn), B(mxqg), C(pxm), D(nxg):
dvec(AX'B & CX D) dvec(CXD ® AX'B)

Odvec(X)' - Ovec(X)
diag[vec(AX'B)|(D' © C)

+ diag[vec(CXD))(B' © A)Kmn-

(10) X (mxn), A,C(pxn), B,D(mxgq):

dvec(AX'B CX'D)

Bvec(X)' = {diag[vec(AX'B)|(D' © C)

+ diag[vec(CX'D)](B/ ® A)}]\-mn -

Note: The results of this subsection follow from the basic product rule for
differentiation and the rules for Kronecker and Hadamard products. See also
Magnus & Neudecker (1988, Chapter 9, Sec. 14).

10.5.3 Functions with Symmetric Matrix Arguments

Reminder: D,, denotes a duplication matrix and D}, its Moore -Penrose
inverse (see Section 9.5). L, is an elimination matrix (see Section 9.6).

(1) X (m x m) symmetric:
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Ovec(X?)
(a) Bvech(X) (X @ Im + Im © X)Dpn.
( (fvveicll(X) Z( X1 @ X )Dm, i=1,2,.
Ovech(X) it '
) Ovech(.X) = Dp, (ZX “I@X | Dy, i=1,2,...
. ~
(2) X', 4 (m x m) symmetric:
Ovech(X AX
VTevce_c(h(T)'l DY (XA® In + 1 ® XA)D,,

= Ln(XAQIm+1m @ XA)D,,.
(3) X (m x m) symmetric, A (p x m), B(m xm), C (mxq):

Ovec(AXBXC)

— (! / ’ X
dvechixy = (CXB©A4+C'©AXB)Dn.

(4) X (m x m) symmetric, A (p x m), B (m x q) :

Ovec(AX'B)

= B'X'""'" 1 @ AXN)D,,, i=1,2,...
dvech(XY Z( X ® )Pm, '

j=0
(5) .X (m x m) symmetric, A (p x m), B (m x p):

dvec(AX BY ic1-
T () " (JZO(BXA) ipg @(AXB)’A)D

i=1,2,...
(6) .X (m x m) symmetric, A (p x m), B(mxp), C (pxp):

Ovec(AXB 4+ C)
Ovech(.XX)!

i—1
= Z(B',\'A’+c')""-iB'®(AXB+C)J’A Dpm,
j=0

i =1,2,...
(7) X (m x m) symmetric, A (p xm), B(mxg), C(pxgq):

Ovec[(AX B+ C)(AXB + C))

' , ’ ,
Avech(X) = (Igp+Kyg)[B'@(B' X A'+C") A] Drn.
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(8) X (m x m) symmetric, A (p x m), B (m xq), C (pxq):

dvec[(AXB + C)(AX B + C))
dvech(X)

= (L2 + Kp;p)[(AXB+C)B'® A]| Dy,

(9) X (m x m) symmetric:

Ovec(X @ X)

= (I ® Ko ® In) [ I3 X)® I;3] Dom.
Bvech(X) (Im ® Kmm ® Im) [I;m2 ® vec(X) + vec(X) ® I,,3)

(10) X (m x m) symmetric, A (pxm), B (mxgq), C (rxm), D(mxs):

Ovec(AXB ® CXD)
Bvech(X)
= (I, ® K,y ® I)[B' ® A ® vec(CX D) + vec(AXB) ® D' ® C] Dim.

(11) X (m x m) symmetric:

Ovec(X O X) ..

(a) aTch(X)—’ =2 dlag(vec X)Dm
Ovec( X OXOX) . .

(b) Bvech(X) = 3 diag[vec(X ® X)]Dm.

(12) X (m xm) symmetric, A (pxm), B(mxq), C(pxm), D(mxgq):

dvec(AXB © CXD)
dvech(X)'

= {diag[vec(AXB)|(D' ® C)
+ diag[vec(CX D)](B’ ® A)}Dm.

Note: These results follow from those of the previous subsection and the
chain rule for matrix differentiation. See also Magnus (1988, Chapter 8, Sec.
8.2).

10.5.4 Functions with Lower Triangular Matrix Arguments

Reminder: D}, is the Moore ~Penrose inverse of the duplication matrix Dy,
(see Section 9.5) and L,, denotes an elimination matrix (see Section 9.6).

(1) X (m x m) lower triangular:

dvech(X ) i ' -
Ovech(X) (Z(X J@’)‘J) L., i=1.2,...

(2) X, A (m x m) lower triangular:

Ovech(X AX)

vech(X) Ln(X'A' @ Im + I;m @ X A) Ly,
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(3) X (m x m) lower triangular:

Ovech(.X'X) B

ovechih 2) — 9D* (I, © X\ L'
dvech(.X)’ m(Im © X)L,
Ovech(X X")

v ) _op+(X @ I, .
dvech(X)’ m(X O Im) L

Note: For proofs see Magnus (1988, Chapter 8, Sec. 8.3 - 8.4).

10.5.5 Products of Matrix Valued Functions with Vector
Arguments

(1) z(mx1), Y(z)(nxn):

avec ' Z[(Y 14 g ]6vec( ).

oz’
(2) r(mx1), Y(x)(nxp):
Bvec(¥'Y , | Ovec(Y
%' = (Ips + Kpp)([, @ Y7) veacz(/ )'
Ovec(YY') . , Ovec(Y)
o = (s 4 Ku)(Y @ €)=
(3) £ (mx1), Y(z)(nxp) Z(z) (pxq):
Ovec(Y Z) _ dvec(Z) , Ovec(Y)
o (oY) oz’ +(Z'0h) oz’

(4) r(mx1), Y(r) (nxp), Z(z)(gxr), A(sxn), B(pxq), C(rxk):

Ovec(AY BZC)
oz’

(5) x(mx1), ¥(z)(nxp), A(gxn), B(pxgq), Clgxgq):

Ovec(AY B + ()"
Ox’

3\8{'{7)

Ovec(Y)

=(C"©® AYB
( ) 527

(C’Z,BI®A)

Ovec(Y)
Oz’

1—1
= ( (B'Y’A'+C')i_l_jB'®(AY'B+C)jA)
1=0

i=1,2, ...
(6) 2(mx1), Y(r)(nxp), A(gxn), B(pxr), C(gxr):
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dvec[(AY B+ C)'(AY B+ ()]
(a) £
X
= (l;2 4+ N )[B'Q (B'Y'A" + C")A]

Ovec(Y')
oz

Avec[(AY B + C)AY B+ C)']
dx’
= (Ig2 + Ky [(AY B+ C)B' © A]

(b)
Avee(Y)
ar'

(7) 2 (mx 1), Y(r)(n xp), Z(x)(gx7):

(V) & vec( 7 . Svec( 7
2) #[vec(Y) @ vec(Z)) _ dvec(Y) & vee(Z) + vee(Y) © Ovec( ).

axr’ ox' ax’
ovec(Y @ 7)
" S 0 Y dvec(Z)
. dvec(Y') .. _Ovec(Z
= (Ip e Npp (')Iq) [T X)) V(‘(‘(Z) + V(‘(‘(} )k‘) - -(,)},——

(8) z(mx1), Y(r)(nxp), Z(r)(gx7r), A(sxn), B (pxk),
C(xq), D(rxh):

Ovec(AY B ('ZD)

/

= (I ®Kpn©I)

x [( B o ALCO) ez
or’

ar

dvec(Z
+ vec(AYB)® (D' & (")d‘;rlf, )
(9) z(mx 1), ¥(z),Z(r)(nx p):
dvec(Y 0 Z)  Jvec(Z ©Y)
oz’ h o'
Ovec(Y) dvec( Z)

= diag(vec 7)

I + diag(vec Y) - o

(10) r (mx 1), Y(r)(nxp), Z(z)(gx7r), A(sxn), B(pxk),
C(sxq), D(rxk):

Ovec(AY B CZDY  dvec(CZD &) AY B)
dr' - or'
vee(y
= diaglvec(CZD)(B @ 4y2¥ec)
ar’'
dvec( 7
+ diagvec(AY BY(1' @ () V;i( )

Note: The results of this snbsection follow from the chain rule and the rules
for basic matrix operations. See also the results of the previous subsections,
In particular Sections 10.5.1 and 10.5.2.
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10.6 Jacobian Matrices of Functions Involving Inverse
Matrices

(1) X (m x m) nonsingular:

Ovec(X) o) 1
Bvec(xy - Y @4
Ovec(X'~') ret e vielt b
W = —(XT'"@X")Kmnn.

(2) X (m x m) symmetric nonsingular:

dvech(X 1)

— —DF (X' @ X!
Avech(X) D (X7 © X77) D,

where Dy, denotes a duplication matrix and D}, its Moore -Penrose
inverse (see Section 9.9).
Note: For proofs of these results see Magnus & Neudecker (1988, Chapter
9, Sec. 13) and Magnus (1988, Chapter 8, Sec. 8.2).

10.6.1 Matrix Products
(1) X (m x m) nonsingular, A (n x m),B (m x p) :

Ovec(AX~'B) _ S el -1
T()()'__BX ®@AX™".

(2) X (m x m) nonsingular :

dvec[(X ') __Fl i L .
Tovec(X) JZ::OU‘ yrleXxTith i=12,...
(3) X (m X n), l'k(X) =n:

5Vec[(X’X)-'] _ - ’ -1 ’ -1 v/
“vec(x)y = U F Ean) (XX T (XX) TN,

(4) X (m xn), tk(X) =m:

dvec[(X X))

= - - =1y '
dvec(X)y (Ima + K )[(XX)T' X @ (X X)7).

(5) X (m x m) nonsingular, A (n x m), B (m x m), C (m x p) :
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Ovec(AX~'BXC)

) vy -C° AXTIB-C'X'B'X"" @ AXT.
Vv
-1
(b) 6vec(aAX(BXX)l C) =C'X"'BoA-C'X'"'© AXBX™!.
vec
dvec(AX~'BX-!C)
(c) dvec(X)’

=-C'X"'B'X1'@AX ' -C'X"'@AX'BX~L.

Note: The results of this subsection follow from the chain rule and the
results of the previous sections.

10.6.2 Kronecker and Hadamard Products
(1) X (m x m) nonsingular, A (p X q) :

dvec(A© X~1)

= - ¢ -r—1 =1
ovec(X) (Ig ® RKmp ® Im)[vec(A) © X'77 @ X7,

Avec(X~!' ® A)
Ovec(.X)’
(2) X (m x m) nonsingular:

Bvec(X 1) ® vec(X)

= —(Im ® Kem ® L)[ X' ® X! ®vec(A)].

= vec(X ™! m2— X" X T@vec(X).
(a) Bvec(X) vec( @I X''® @vec(X)
Ovec(.X) @ vec(X ') ey et e v =1 e =1
(b) Bvec(X) =l a@vec(X ™' )—vec(N)@X' T X7 .
(© AOvec(X 1) ® vec(X )
Ovec(X)'
=-[X""'OoX '@ vee( X ) +vec( X H®X X!
Ovec(X- '@ X
(d) Qree(A” %)

Ovec(X)'
=(Im @ Kmm © Im)[vec(X ™) @ Ims — X'~ ® X~ @ vec(.X))].

dvec(X @ X~1)
Ovec(.X)’
= (I @ K © Inm)
x [Imz @ vee(X 1) —vec(X)@ X'~ @ X~!].
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Ovec( X~ '@ X!

Ovec(X)’
= —(Im ® ]\’mm ® Im)

X [X7'® X '@ vec( X ') +vec(X )@ X' '@ X-1].

(3) X (m x m) nonsingular, A (m x m) :

(N

Ovec(A@ X~!')  Ovec(X~' @ A)
Ovec(X)’ T Ovec(X)

= —diag(vec A)(X'"' @ X~1).

(4) X (m x m) nonsingular:
@) Ovec(X '@ X)  Ovec(X ® X1
Ovec(X) —  Ovec(X)

= diag(vec X 1) — diag(vec X)(X'"' ® X°1).

Bxfec(,\"' ® X"')
dvec(X)

(b) = —2 diag(vec X 7')(X'~' ® X 1),

Note: The results of this subsection follow from the chain rule for
derivatives and the results of the previous sections.

10.6.3 Matrix Valued Functions with Vector Arguments

(1) z (m x 1), Y(r) (n x n) nonsingular:

dvec(Y 1)
dz’

_ _(yi-1 1y Ovec(Y)
=—(Y'"7T' Y™ FRvan

(2) £ (m x 1), Y(z)(n x n) nonsingular, Z(z) (n X p) :

dvec(Y ~'2) 1. 0vec(Z) . _y.Ovec(Y)
—_ = (1 —(2'Y’ )
0z’ (oY) Oz’ (ZYT oy Oz’
(3) z (m x 1), Y(r)(n x n) nonsingular, Z(x) (p x n) :
Ovec(ZY ~! Odvec(Z Ovec(Y
Vec(azl ) — ().-I—l ® Ip) V;i(l ) _ (Y/-l ®Zy—l) Vgcz(’ )
(4) ¢ (m x 1), ¥(xr), Z(z) (n x n) nonsingular:
dvec(Y~1Z71)
o
_y . Ovec(Y) Ovec(Z)

____Zl—l},-l—l Y _ =1 Y—l -1
( ® ) oz’ (Z7°0 Z7) Oz’
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(58) £ (m x 1), Y(z) (n x n) nonsingular, Z(z) (p x p) nonsingular,
U(z) (g x n), V(z) (nx p), W(z) (pxT):

Ovec(UY'VZ-IW) ottt dvec(U)
oz’ = (WZ7'VY™ @l,) a2
_ fpt=1yiyt=1 o v =1 dvec(Y')
(WZ = vY~ Uy )_“61:‘
_ _. Ovec(V)
repr=1 7y -1
+ Wz e UY T
Ovec(Z
- Wz e D'Y-‘Vz-’)i‘;‘;f )
1, Ovec(W)
+(LeUY Wz )y—— Frva
(6) z (mx1), Y(z)(n xgq), Z(z) (p x p) nonsingular:
Y z-! Ovec(Y
xS vz ) Beeh) o
_ . fm1 . Ovec(Z)
vec(Y)® (27 ®Z77) CEE
(7) z(m x 1), Y(z)(n x n) nonsingular, Z(z) (p x q) :
y-!
O vec( ai’@) vec(Z)] = vee(Y e 3\.;;(;7]
_[(Y,_l®y_|)3\er(Y) o vee(Z).

(8) z (mx 1), Y(z) (n x n) nonsingular, Z(z) (p x p) nonsingular:

Ofvec(Y ') @ vec(Z~1)]
oz’

= —~vec(Y"~ )@-[{Z' '© 72~ I]B\er(Z]]

3\.ec(Y}

[(Y' ey h @ vece(Z™!

(9) z(mx 1), Y(z)(n xgq), Z(z) (p x p) nonsingular:

Ovec(Y @ Z~! i
V_(Fz_-'__) = (lj®Rpn @)
Bvec(Y)

X[ Oz’

— vec(Y)® ((z" ®Z-‘)3";‘;ﬂz))].

@ vec(Z™1)
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(10) z (m x 1), Y(z) (n x n) nonsingular, Z(z) (p x q) :

F—1
9—(%—6@ = (h®hpmol)
X [vec(Y_')@a_v;E@
_((}’f-|®}’ )3“9‘(}’))@ er(Z}]
dz’

(11) z (m x 1), Y(z) (n x n) nonsingular, Z(z) (p x p) nonsingular:

dvec(Y '@ 2Z71) .
E, = "'(In®[\pn®.rp)

" [Vec(""')® <(Z'-' @Z"')%)

B\er(Y]) ®vec(Z'l)] .

<(}/I 1®Y l)

(12) £ (m x 1), ¥Y(z)(n x n), Z(z) (n x n) nonsingular:

dvec(Y ® Z71) dvec(Z~' oY)

or’ oz’

= diag(vecZ™") Ovec(¥)

az’
— diag(vecY)(Z'"'®@ 27"

dvec(Z)
dr’

(13) £ (m x 1), ¥Y(z) (n x n) nonsingular, Z(z) (n x n) nonsingular:

Ovec(Y '®Z™")
Oz’

Ovec(Y)
Oz’
Ovec(Z)
oz’

= — |diag(vecZ ") (Y''@Y™Y

+ diag(vecY ") (Z2""'®@ 27"

Note: The results of this subsection follow from the chain rule for
derivatives and the rules of the previous sections.
10.7 Chain Rules and Miscellaneous Jacobian Matrices

Reminder: D,, denotes a duplication matrix and D}, its Moore -Penrose
inverse (see Section 9.5). Ly, is an elimination matrix (see Section 9.6).
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(1) = (m x 1), y(z) (n x 1), 2(y) (px 1):

9z(y(z)) _ 0z(y) oy(=)
6z ~ 9y Oz

(2) X mxn), Y(X)(pxgq), Z(Y)(rxs):

Ovec Z(Y (X)) _ Ovec Z(Y) Ovec Y (X)
dvec(X)  Ovec(Y) Ovec(X)

(3) X (m x n), S open subset of R™*" : rk(X)=rforall X €S
= X7 is a differentiable function of X on S and
8vec(X+) ' '
et AT SR S + Im—XXt)@ XtX*
Bvec(X)' @XT + [( XXT)®
+ XY XY@ (In — Xt X)) Kmn.

(4) X (m x n), Y(X) (p xq), S open subset of R™*" :
rk(Y(X)] =rforall X €S = Y(X)* is differentiable on S and

Ovec Y(X)* oo vt . vt
Bvec( XY (—Y Yt + (I, -YYHeYTY
' . 6vec(Y)
+'y+ _ vyt
+YtY+te,-Y Y)]Ix,,,,)av (X))

(5) X (m x m) nonsingular:

dvec(X¥)

— -1 =144 =1 -1
Brec(XV = det(X)[(vec X~V )(vec X' 1Y — X' @ X71].

(6) X (m x m) symmetric nonsingular:

dvech(X°d)

Tvech () = det(X)Drl(vee X~ (vee XY = X' © X~

(7) X (m x m) lower triangular, nonsingular:

dvech(Xd)

:thLm . -1 =1y yr=1 -1 ‘-
Fvech(X) et(X)Lm[(vee X ") (vee XY = X" @ X )L,

(8) X (m x n), Y(X) (p x p) nonsingular:

Ovec[Y (X)°d]

=1y _y1-1 -1
Bvec (X = det(Y)[(vecY ") (vec Y'Y =Y l@Yy 1]

Bvec(Y)
Ovec(X)"”
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(9) X (m x m) positive definite, Y(X) = [y;] (m x m) lower triangular
with y;; >0, i = 1,...,m, such that X = Y'Y’ that is, Y is obtained

by a Choleski decomposition of X :
dvech(Y)

m = {Lm [{Im @ Y]I\"mm + (Y ® lrm )]L:n}_l

[l + KoY @ L)Ll )

1

IDRY ® Im

"l ]

Note: (1) and (2) are just chain rules. (3) is given in Magnus & Neudecker
(1988, Chapter 8. Sec. 5). (4) follows from (3) and a chain rule. (5) is
established in Magnus & Neudecker (1988, Chapter 8, Sec. 6). (6), (7) and (8)
follow from (5) and a chain rule (see also Magnus (1988, Chapter 8, Sec. 8.2,

8.3)). (9) is, e.g., given in Litkepohl (1991, Appendix A, Sec. A.13).

10.8 Jacobian Determinants

10.8.1 Linear Transformations

(1) X (mxn):
dvec(.Y)
) det <3vec > L
Avec(X")
d t mn(m-1)(n-1)/4
§ (avec ) -1 .
Avec(X) mn(m—1)(n-1)/4
) et Gy \,,)—( ) '
: _ Jvech(X) ) _
(2) X (mxm): det <8vech( ),> =1
) ) 8V€C CX) cmn
(3) X (mxn),ceR: det <8vec ) :
(4) X nxm). ceR: <8vech (eX) ) = ¢m(m+1)/2
Ovech(X

(8) N (mxn), A(mxm),B(nxn):
dvec(ANX B)

det( Avec(XN)
(6) X (mxn), A(nxn),B(mxim):
Avec(AN'B)

dEt( gvec(N)

) = (det A4)"(det B)™.

) — (_1)mn[m-—l](n—l]/‘i(det A)m(det B)n
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(7) X, A =laij], B =[bij] (m x m) lower triangular:
dvech(AXB)\ _ T ot pm-it1.
det( Ovech(X)’ ) —E @i
(8) X (m x m) symmetric, A (m x m):

det (3vcch{A X A)

— m41
Bvech(X)' )‘ (det )7

(9) X (m x m) symmetric, A,B (m x m), det(A) # 0, A,..., m

eigenvalues of BA™! :

6\’96]—’{14)(14‘ + BX B’) _ m+1 B
det( dvech(X) ) = (det A)™ TT(1 £ 0)).

12]

(10) X (m x m) symmetric, A = [aij], B = [bi;] (! x m) lower triangular:

dvech(AXA'+£ BXB')\ _
det ( Ovech( X))’ > = H(a.,a” +b;,b55).

127

(11) X (m x m) symmetric, A B (m x m), det(B) # 0, A\...., m

eigenvalues of AB~! :

dvech(AXB' + BXAY)\ _ ... m
det ( dvech(X)’ ) = 2"det(A)(det B) E("i +Aj).
(12) 1¥, A = [aij]v B = [bt}]vc = [C,’j], D = [d'J] (m X m) lowel' triallgu]ar:

dvech(AXB + CXD)\ _ b di
det ( Gvech(X)’ = ,];E-(a”b” + ciedjj).

(13) X (m x m) lower triangular, A, B (m x m) nonsingular:

vech(B'XA + A'X'B)\ _ .. e
det ( 6VeCh(X)l ) =2 dEL(A)(det B) II_TI det(C“))‘
where
¢y ... Cy
Cuy = N I D N R
Ci1 ... Gy

are the principal submatrices of C = [¢;j;] = AB™ 1.

206 HANDBOOK OF MATRICES

(14) X, A =[a;j] (m xn), B(mxm), C(nxn):

dvec(A® BXC)\ _ n nTTT »
det( Svec (K] )_(detB) (det C) ]:[lga,

(15) X (mxn), A

= [asj] (n x m), B (n x n), C (m x m):
dvec(A© BX'C)

det( Ovec(X)' )
= (- )mn(m )(n- ”“(detB detC"HHa :

i=lj=1

(16) X, A = [aj], B = [bij] (m x n):

dvec(A® X © B) -
de‘( Bvec(X)' ) HH“" 5

i=lj=1

(A7) X (m x n), A = [a5], B = [bsj] (n x m) :

> X! T
det (aVEC(AQ X @B)) — (_l)mﬂ(m—l)(ﬂ—l)/4nHa’.jb

Ovec(X)'

i=1j=1

Note: The results of this subsection follow from the rules of the

Chapter 8)).

10.8.2 Nonlinear Transformations

(1) (Chain rule)
r,y(z),2(y) (mx 1):

9z2(y(z)) ) _ 92(y) dy(=)
det( 527 )—det(a >dEt(ax'>'
(2) (Chain rule)
X, Y(X),Z(Y)(mxn):

Ovec(X)'

det (3vec Z[Y(X])) — det ((':)vec Z(})/’)> det <6vec Y(X)

Ovec(Y

(3) X (m x m) symmetric with eigenvalues Ay, ... A\ :

Avech(X*) o i1
det(m) =1 (detX) I-[[.lk{,

k>t

dvec(X)’

ij -

previous
sections of this chapter and the rules for determinants (see also Magnus (1988,

).
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where ' _ .
= A/ (e = A b A XN
B g i =M\

(4) X = [zx]) (m x m) lower triangular:

dvech(X')\ .. i1
det (_-_-—Bvech(X)’> = 1" (det X) kH){yk{,

where
{ (zhe — 23))/(Tee — zu) i T # 7
Kt = -1 .
1T if  Iike =z
(5) X,A (m x m) symmetric, Ay, ..., A\n eigenvalues of X A :
det (3Vech(XAX)

W) = 2™det(A)det(X) [T\ +2y).

i>)
(6) X =[zij], A= [aij] (m x m) lower triangular:

Ovech(XAX)

det [ — 2~ 227

et( dvech(X)’ i

(7) X = [zij] (m x m) lower triangular:

Ovech(X'X)\ ;1T i
det( 3vech(X)’> =2 ];[x“,

Ovech(XX')\ . TT .m-it1
der (Geo?) = 2 [T=07"
(8) X (m x m) nonsingular:

Avec( X!
det (_aj—:‘((:(_x—)'fl) = (—1)™(det X)~2

(9) X (m x m) symmetric nonsingular:

Ovech(X

det (%) = (—l)m(mH)/z(detX)'(m"'l),

(10) X (m x m) nonsingular, lower triangular:

det (M((Xn)l)) = (—l)m(mH)’?(det X)—(m+1)_

Ovech(X)’

) = 2Mdet(A)det(X) H(antn‘ +aj5%5j)-
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(11) X (m x m) symmetric nonsingular:

dvech(X*¥)\ _ m(m+1)/2 (m+1)(m=-2)/2
dEL(avech(X); =(-1) (1 —m)(det X) :

(12) X (m x m) nonsingular, lower triangular:
det <6vech(X“4’)> = (=1)mem D]

Ovech(X)
Note: Most results of this subsection are given in Magnus (1988, Chapter
8). They follow from rules of the previous sections and the results for
determinants.

)(detX)(mH)(m 2)/2

10.9 Matrix Valued Functions of a Scalar Variable

dA
(1) r € R, A(x) = A (m x n) constant: Pl Omxn-

(2) {Linearity)
r € IR, A(r), B(x) (m xn),c1,c2 €R:

d[c;A(z) + c2B(x)] _ dA( )+ dB(z ).

dz dr dr

(3) (Product rule)
r€IR, A(x) (m xn),B(z)(nxp):

dA(z)B(r) _ dB(z) dA(x)
dz = Alx) dr + dr

(4) r € R, A(x) (m xn), B(r) (nx p).C(z)(pxq):
dA(z)B(z)('(x)

B(«r).

dz
d.
= 1[.1:)8{.1:]d (2 )+A( ) ( )(( T)+ :(r) B(x)C(x).
(8) € R, A(x) {(mm x m) uonsmgular:
dA(z)”! -1 dA(z) _
o =A@ A
(6) (Ratio rule)
r € R. A(z) (;n x m) nonsingular, B(z) (n x m) :
dB(.L‘)A(.l‘)_l _ dB(z)A(I) 1 _ B(l‘)4( )_1dA(l') A(l‘)_l

dr T de
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(7) (Generalized inverse rule)
z € IR, A(x) (m x n), A(z)~ some generalized inverse of A(x) :

dA(z)” Az) = —Alz)A(2)" dA(z)

x dz

A(z) A(x)” A(x).

Note: The first four rules follow from the corresponding rules for real valued
functions by cousidering typical elements of the matrices involved. Rule (5)
is obtained by applying the product rule to A4~! = I, (6) follows from (5)
and the product rule and the result in (7) follows by applying the product
rule to 4474 = A and multiplyingby 4A~ from the left.



