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Vector and Matrix Derivatives 

In this chapter all vectors and matrices are assumed to be real unless otherwise 

stated. Differentiable always means continuously differentiable of sufficiently 

high order so that all expressions are well-defined. 

10.1 Notation 

Let f(z) be a differentiable real valued function of the real (m x 1) vector 
v= (2,...,2%m)’. 

r (Of 7 r Of(z) 7 
6) 1 

of = . or Oz) = " (mx 1) 
Ox of Ox 8 f(z) 

L Orm J L 02m 

and 

oF (54 of) or OA(2) = (4e Sh(2)) (x m) 
Ox' ~ \@z,’"'' Ozm Oz! Or, >’ O2m 

are vectors of first order partial derivatives. Of(x)/Oz is sometimes called the 
gradient vector of f(z). 

- Of - 

dx, L=Iq 

OF) _ OF) _ OF (@0) ~ : (m x 1) 
0 Ori. Of rl. a x of 

| Ofm|\,-2, J 

and 
OfF| _ Of _ Of(zo) _ | Of(z0) 
Ox'|,, Ox'lio,, Ov | Ox (Ix m)
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are vectors of first order partial derivatives evaluated at the (m x 1) 
vector Yo. 

[Ot Of | 

af _ 6? f(x) _ ae) _ On 0ey . O21 Oem (m x m) 

Ordx' = Oxdx' — | Ozx;Oz; arf | arf 

L OrmOxr, _ OLmOLm a 

is the Hessian matrix of second order partial derivatives of f(x) and 

| (mx m) 

is the Hessian matrix of second order partial derivatives of f(z) evaluated 

at r= Lo. 

Let f(.X) be a differentiable rea] valued function of the real (m x n) matrix 

X= [x5]. 

O° f 

OxOz' 
_ Of 

; ~ Ordz' 

_ 8? f(z0) _ 3° f 
~ OxOxr' ~ | Ax, Ox; 

r=x ro 

r | OOF Of 4 
5 a - 

Of = Of(X) = [Pee = mu ot (mx n) 
OX OX — OX; of af 

Ofm:  Omn 4 

is the matrix of first order partial derivatives of f(X) and 

_ OFf(Xo) Of = — = mxn 
Xo OX EE -_ (men) 

is the matrix of first order partial derivatives of f(.V) evaluated at the (mx n) 

matrix Vg. 

of 
ax 

_ of 
~ ON X=Xo 

O° f _ 0’ f(X) 
Ovec( X)Ovec(X)! — Ovec(.X )Ovec( X)! 

(mn x mn) 

is the Hessian matrix of second order partial derivatives of f(.X). Here it 
is important to note the order in which the partial derivatives are arranged. 

They have the same order as for the function f(vec(X)). Accordingly, 

O° f _ 0° f(Xo) 
Ovec( NX )Ovec(X)' | y_ x, ~ Avec(.X)Ovec(X)! 

is the Hessian matrix evaluated at V = Xo.
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Let y(z) = [yi(z),.--,yn(2)]’ be a real (mn x 1) vector of differentiable 
functions of the real (m x 1) vector x = (@1,...,2m)', that is, y is a function 

mapping a subset of IR™ on a subset of IR”. 

f Oyy Oy oe 

dy _ dy(2)_ | , 
re ae fem) 

9Yn OYn 
L Or; £Ofm J 

and 

dy! _ dy(x)! _ (oy)! 
de Ox ~ \dz' (m xn) 

are matrices of first order partial derivatives of y(x). Oy/Ozx’ is sometimes 

called the Jacobian matrix of y and Oy’ /dz is sometimes called the gradient 
of y. 

Put ous ] 
Ox, L=2o _ OLm L=Lo 

Oy| — _ Oy | _ Ay(to) _ 
Or! _ ar Ort : : 

z ror x Zo x OYn O”n 

| Ox, L=Lo Om r=%o 4 

is the Jacobian matrix evaluated at x = ro and its transpose is the gradient 

of y evaluated at xg. For m=n, 

Oy(r)\ _ Oy 
det (cH) = det (34) 

is the Jacobian or Jacobian determinant of y(r). The Hessian matrix 

of y(x) is 
Ovec(Oy/Oz’) 

Ox! 

For a matrix valued function of a single variable, A: S C R — IR”™*”. 
r++ A(x) = [a;;(x)], the matrix of first order derivatives is 

| da}, dain 7 

dA(z) dA _ dx dz 

dx dr dam dans 

L dr ° dx J 

and the corresponding matrix of first order derivatives evaluated at ro is 

dA(zo) _ dA) [day 
dr —s dz ne 

r=2X0
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In the remainder of this chapter all functions are assumed to be 

differentiable. 

10.2 Gradients and Hessian Matrices of Real Valued 

Functions with Vector Arguments 

10.2.1 Gradients 

(1) x(m x 1),¢ € R constant: x = Om»1- 

(2) (Linearity) 

x(mx 1), f(x), g(x) real valued functions, c),c2 € R: 

Ofer f(z) + ero(z)) _, A(z), atx) 
Ox Ox 2 Ox 

(3) (Product rule) 

xz(m x 1), f(z), g(2) real valued functions: 

0 Ne) O2) «5 20) 5 (2A) 

(4) x (mx 1), f(r), g(z), A(z) real valued functions: 

h h PEN LAINE) = p(2)g(2) FO) + payne) 
(5) (Ratio rule) 

x(m x 1), f(x), g(v) # 0 real valued functions: 

Af(z)/9(z)} _ _ 1 Of() g(x) 
Ox g(x)? (2) Ox ~ A) Ox |. 

(6) (Chain rule) 

x(mx 1), y(2) (n x 1), f(y) a real valued function: 

Of(y(z)) _ Ay(x)' Of(y) 
Ox Ox Oy 

(7) z,a(mx 1): =a 

(8) x(mx 1), a,y(x) (nx 1): ee = oe) a. 

Ox' Ax 

Ox 
(9) e(mx1), A(mxm): =(A+A’‘)z.
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(10) r(m~x 1),a(n x 1),A (n x m), B (n x n) symmetric: 

(a — Ax)’ B(a — Az) 

Ox 

(11) z(mx 1), y(x) (n x 1),A (nx n): 

Oy(x) Ay(z) _ dy(x)’ 
Or Ox 

(12) x (mx 1), y(x) (n x 1), 2(@) (p x 1), A(n x p): 

dye Axe) _ dy(zy 
Ox — Ox Az(z) + a 

Note: (1) - (6) are standard rules of calculus for functions with vector 
arguments. For the chain rule see, e.g., Magnus & Neudecker (1988, Chapter 
5, Sec. 12). (7) and (8) follow from (2). (9) is obtained from standard rules 
for derivatives by writing z’Ar in summation notation and computing the 

derivative for each individual component of z. (10) and (11) follow from (9) 
and the chain rule (6). (12) is a consequence of the product and chain rules. 

= -2A'B(a — Az). 

10.2.2 Hessian Matrices 

07 a’x 
(1) r,a(mx 1): dzdx! = Omxm- 

CO? r' Ar 

Ox Ox! 

(3) z(mx 1),a(n x 1),A (nx m), B(n x n) symmetric: 

0?(a — Az) B(a — Az) 

(2) x(mx1),A(mxm): = A+ A’. 

Deda! = 2A’BA. 

(4) e (mx 1), y(z) (nx 1),A (nx n): 

OP y(x)Ay(r) _ Ay)’ 1, Oy(2) 
Oxrdx! 7 Ox (A+ 4) Ox’ 

+ [y(x)‘(A + A’) ® Ink vec (He) 

(5) x(mx 1), y(x) (n x 1), 2(x) (px 1), A (nx p): 

0? y(x) Az(z) _ Oy(x)" ,92(x) n O2(x)' 4, Oy(z) 

OzrOr' Ox Ox! Ox Ox! 
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Note: All results are simple consequences of the results in the previous 

subsection and the rules for vector valued functions with vector arguments 

given in the following sections. 

10.3. Derivatives of Real Valued Functions with Matrix 

Arguments 

10.3.1 General and Miscellaneous Rules 

(1) X (mx n),c € IR constant: << = Omxn. 

(2) (Linearity) 
NX (m xn), f(X).g(X) real valued functions, c1,co ER: 

Aer f(X) + cog(X)] _  OF(X) Le dg(*) 1s 

OX ~"T OX "aX 

(3) (Product rule) 
N (mx n), f(X),g(X) real valued functions: 

OF(N)g( NX) — .. OG(*X) OF(X) 
ay LN gym 9a 

(4) VN (mx n). f(V).g(X), A(X) real valued functions: 

OF(N)g(X)A(X) Oh(X ) 

ax = LMI Be 
, Og(X) OF(X) $F X)AK) DS + g XANES 

(5) (Ratio rule) 

X (m xn), f(X),g(X) #0 real valued functions: 

OF(N)/g(X)] 1 - OF(X) - 9g(X) 
OX ~ g(X)? WX) ~ Sy ~ A(X) OX 

(6) (Chain rule) 

NX (mx n), y= f(X). g(y) real valued functions: 

Og(f(X)) _ dg(y) OF(X) 
ON dy OX | 

(7) X (mx n), f(X) a real valued function: 

Af(X)\ __ Of(X) 
ver ( aN ) ~ Ovec(X) 
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(8) X (mx n),a(mx 1),b(nx 1): 

Oa’ Xb _ 
i 

aX ab’. 

(9) X (mx m),a,b(mx 1): 

ryip Gh, a, 
— =X Jab (X17), = 1,2,... 

j=0 

(10) X (m x m) nonsingular, a,b(mx 1): 

fox = -(X7/abl(x7!y. 

(11) NX (mx n).a,b(nx 1): 

oat = X(ba’ + ab’). 

(12) X (mx n),a,6(mx 1): 

ax = (ba’ + ab!) N. 

(13) X (m x m) symmetric with simple eigenvalue \ and corresponding 

eigenvector vu satisfying v’v = 1: 

Or 

Ox 

Note: (1) - (7) are standard results from calculus. (9) and (10) are given 
in Magnus & Neudecker (1988, Chapter 9, Sec. 13) and (8) is a special case 

of (9). (11) and (12) follow from results given in Magnus & Neudecker (1988, 
Chapter 9, Sec. 9) by noting that a’ Ab = tr( Aba‘). Result (13) is from Magnus 

& Neudecker (1988, Chapter 9, Sec. 11). 

= vv’. 

10.3.2 Derivatives of the Trace 

First Order Derivatives 

Otr(X) _ dtr(X’) 
(1) X (mx m): AY = TON = In. 

; — Otr(AN) — Otr(NA) _,, 
(2) X (mx n), A(n xm): ay = 9x = A’. 

Otr(X'A) — Otr( AN’) 
= = A. 

ON ON 
(3) X (mx n), A(mxn): 
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(4) X (mx n), A(p xm), B(nx p): A) = aie 

(5) X (mxn), A(pxn), B(mx p): on) = BA. 

(6) X (m xm): SED aye 

Oe) oxy! i= 1,2,... 

(7) X,4,B(mx m): 

Otr(AX*B) vi gra yicinciy re = 5 ((X))A'BY(X yy, t=1,2,... 
j=0 

Otr(X'X) — Otr(XX‘) _ (8) X(mxnj: SA) = SA) cox. 

(9) X (mxn), A(mx m): ona) =(A4 AX. 

(10) X (mx n), A(mx m) symmetric : ee) = 2AX, 

(11) NX (mxn), A(n xn): ees) = X(A+ A’). 

(12) X (mx n), A(n x n) symmetric : ones) = 2X A. 

(13) X,A(mx m): aul ae) = XA 4 AX! 

(14) X (mx n), A(pxm): onan’ = 2A'AX. 

(15) X (mxn), A(pxn): ae) =2XA'A. 

(16) X (mxn), A(pxm), B(mxp) : “ = (BA+A'B)X, 

(17) X (mxn), A(pxn), B(nxp): aae = X(BA+A'B’). 

(18) X (mxn), A(nxn), B(mxm): sss = BIXA'SBXA. 

Atr(X AX B) 
(19) X (mx n), A,B(n xm): = B'X'A' + A'X'B’. 

OX
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(20) X (mx n), A(p xm), B(n xn), C (mx p): 

Otr(AX BX'C) 
Ox 

(21) X (mxn), A(pxm), B(nx m), C(nxp): 

= A'C'XB'+CAXB. 

Otr(AXBXC) _ irievini Myvl aio aX =ACKXB 4+ BXAC'. 

(22) X (m xX m) nonsingular : ae) = —(X~?)!, 

(23) X (m x m) nonsingular, A, B (m x m): 

Otr(AX~'B) _ ~] -1y AX = -(X BAX)’. 

(24) X (mx n), F(X) (px p): ea = ce( Ip) Go 

(25) X (mx n), F(X) (px q), G(X) (r xs), A(q xr), B(s xp): 

Otr[F(X)AG(X)B] _ 

Ovec(X)! 7 

Ovec F(X vec G(J 
vec(I,)' |[B’G(X)' A’ @ bl Gye + [B’® PX AG 

Hessian Matrices 

07 tr(X) _ 

(1) X (m xm): Ovec(X)Ovec(X)! — Om? xm? 

0° tr(AXB 
(2) X (mx n), A(p xm), B(nx p): Treat Roce = Omnxmn. 

07 tr(AX'B (3) X(mxm), A(p xn), Bom xp) OTR a = Omnsmn: 
07 tr(X?) on 

(4) X (m xm): Ovec(X)Ovec(X)’ 2K mm, 

6°tr(X") -~ik — xX) 2-5 @ Xd ._ 

Avec(X)dvec(Xy™™ du a a 

2 t 

(5) X (mx n): O'tr(X°X) = 2 nn. 
Ovec(X)Ovec(X )
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(6) X (mxn), A(mxm): ey =1,@(A+ A’), 

(7) X (mxn), A (mx m) symmetric: eet = 2(1, @ A). 

(8) X(mxn), A(n xn): ae = (A’+ A) @ Im. 

(9) X (mx n), A(n x n) symmetric: haben tey = 2A @ Ip). 

(10) X,A(mx m): ae = (A@ Im + Im @ A!) Kimm- 

(11) X (mx n), A(pxm): ey = A In @ A’A). 

(12) XN (mx n), A(pxn): Rent = 2(A’A ® Im). 

(13) NX (mxn), A(pxm), B(mxp): 

d?tr( AN .X'B) 
Ovec(X )Ovec(X) 

= In @(BA + A'B’). 

(14) X¥ (mxn), A(pxn), B(nx p): 

0? tr(AX’ NB) _ 

Dvec(X)Ovec(xy = (BAF AB) O Im. 

(15) X (mxn), A(nxn), B(mxm): 

O°tr(X AX’ B) 
-A , , >) 

Ovec( X )Ovec(X)! Q@B+A OB 

(16) X (mx n), A, B(n xm): 

O° tr(X AX B) 
Ovec(X )Ovec( X) 

~=(A® B+ B® A’')Kmn. 

(17) X (mx nr), A(pxm), B(nx nj), C (mx p): 

0° tr(AXN BX'C) 
Ovec( XN )Ovec(X) 

~-=BOAC’ + BOCA. 

(18) X (mx nr), A(px m), B(nxm), C (nx p): 

0? tr(AN BXC) 

Ovec(.NV )Ovec(.X)! 
=(B@A'C'+CA® B)Bmn.
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(19) X (m x m) nonsingular : 

d?tr(X7') 

Ovec(X )Avec(X) 
; _ Kmm(X'~? @ X7! 4+ x'7} @ X~*). 

(20) X (mx m) nonsingular, A, B(m xm): 

d?tr(AX 7! B) 

Ovec(X )Ovec(X)’ 

= Nimm(X' ABIX! @X 4X1 @X7' BAN). 

Note: The results of this subsection are partly given in Magnus & 

Neudecker (1988, Chapter 9, Sec. 9 and 13) and partly follow from their 
results by straightforward application of the rules for the trace and matrix 

derivatives, notably the chain rule and the product rules of Section 10.5. 

10.3.3 Derivatives of Determinants 

(1) X (mx m) nonsingular : oe = det(X)(X’)71 = (9%) 

(2) X (mxn), A(pxm), B(n xp), det(AXB) £0: 

eettex*) = det(AX B)A'(B’X'A')7'B’. 

(3) X (mx n), rk(X) =m ee = Qdet(XX') (XXX, 

} 

(4) X (mx n), rk(X) =n roe) = Qdet( XN) X(N). 

(5) X (m x m) nonsingular: 

ddet(.X*) _ 274-1 (a) x. 2(det X)*(X"). 

Odet(X~! lp yr 
(b) ee = ~(det X) MNT, 

oe =i(det X)'(X’)7', i= 41,42,... 

(6) X,A,B(mx m), det(AX'B) #0: 

Adet(AX'B) _ tay ty veel iy-l gay aX = det(AX B) > Mx 3)B(AX'B) AX], 
j=! 
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(7) X (mx n), A(pxm), B(nx n), C (mx p), det(AXBX'C) £0: 

Odet(AX BX'C) 

OX 

det(AX BX'C){C[AX BX'C]-'AXB + A'[C'X B’X' A-10'X B’}. 

(8) X (mx n), A(pxn), B(mx m), C(nx p), det(AX'BXC) £0: 

Odet(AX'BXC) _ 

OX 7 
det(AX'BXC){BXC[AX' BXC]"'A+ BX AC'X'B'XA')“1C"}. 

(9) X (mx n), A(pxm), B(nx m), C (nx p), det(AXBXC) £0: 

ddet(AX BXC) _ 
AX 7 

det(AX BXC){C[AX BXC]"! AX B + BXC[AX BXC]“1 AY. 

(10) X (mx m), det(X) > 0: oe =(X')7?. 

(11) X (mx n), A(m~x m) positive definite, det(X'AX) > 0: 

dn det(X'AX) 
OX 

(12) X (mx n), A(n x n) positive definite, det(X AX’) > 0: 

O ln det(X AX’) 

Ox 

(13) X (mx n), A(nx p), B (mx m) positive definite, 
det(A’X'BXA) > 0: 

Olndet(A’X'BX A) 

OX 

(14) X (mx n), A(px m), B(nx n) positive definite, 

det(AX BX'A') > 0: 

= 2AX(X'AX)'. 

= UXAX)OXA. 

= 2BX A(A'X'BX A)! A’. 

fat 

an sea A’) = 2A AX BX' A)" AXB. 

(15) X (mx m), det(X) > 0: 

0? In det(X) - \-1 -1 = — Kiam (X71 @ X7}), 
Ovec( X )Ovec( X)! ‘ (x ye 

Note: (1) - (5) and (7) - (9) are either given in or follow straightforwardly 
from Magnus & Neudecker (1988, Chapter 9, Sec. 10). Rules (10) - (15) follow 

from the chain rule and the derivative of the logarithm. In (15), the derivative 
of vec(X~) from Sec. 10.6 is used in addition. (6) results from (2), a chain 
rule and a product rule.
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10.4 Jacobian Matrices of Linear Functions 

10.4.1 Linear Functions with General Matrix Arguments 

(1) X (man) SOOTY = ran 

Fey ~ Sm 
Sexy = Kom 

(2) X(mxn),ceR: Sete = clin. 

(3) X(mxn), A(pxm), B(nxq): BOA, 

(4) X(mxn), A(pxn), B(mxq): a oneae = (B' @A)Kinn. 

(5) X (mxn), A(pxm), B(nxq), C(pxq): 

Ovec(AXB+C) 

Ovec(X)! = BOA. 

(6) X (mxn), A,C(pxm), B,D(nx q): 

Ovec(AXB+CXD) _ / } Bvec( XY =B'SAtD'OC. 

(7) X (mxn), A,C (px n), B,D(m~x q): 

Ovec(AX'B+CX'D) 

Ovec(X )! 
= (B'@A+tD’ @C)Kmn. 

(8) X(mxn), A(pxm), B(nxq), C(pxn), D(mxq): 

Ove(AXB+CX'D) _— dvec(CX'D+ AXB) 

Ovec( X)! 7 Ovec(X )! 

= B’SA+(D'OC)Kumn. 

(9) X (mx n), Ai (px m), Bi (n xq), i=1,...,9r 

dvec(S7;_, AiX B;) ; 

Ovec(X)! =a 8 Ai. 
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(10) X (mx n), Ai (px n), Bi (mxq), t=1,...,97: 

Avec( Soe * x B;) Bl@ Ay) K 

apo» (3812) Kine Ovec 

Kronecker and Hadamard Products 

(11) X (mx n), A(p xq): 

(a) Ovec(A) ® vec(X) 

Ovec(.X)! 

Ovec( X) @ vec( A) 

Ovec(X) 

Ovec(A &.X) 

Ovec(X)’ 

Ovec(X @ A) 

(d) Ovec(X)! 

(12) X¥ (mxn), A(pxq), B(r xm), C(nxs): 

Ovec(A © BXC) 

Ovec(X)! 

Ovec(BXC @ A) 
Ovec(X)! 

(13) X (mxn), A(pxq),B(rxs): 

Ovec(A @ X @ B) 
Ovec( XY)! 

= (Iq @ Kn sp © Imr)[vec(A) @ (In @ Kam ® Ie)Umn @ vec( B))]. 

= vec(A) @ Imn. 

(b) = Imn © vec(A). 

(c) = (ly ® Knp ® Im) [vec(A) @ Ima). 

= (In ® Kym ® Ip) {Imn © vec(A)]. 

= (1, ® Nsp @ I,)[vec(A) @ C’ @ BI, 

= (I, ® Ngr ® Ip)[C" @ B® vec(A)]. 

(14) X¥(mxn), A(pxq), B(r xs), C(k xm), D(nxl): 

Ovec(A @®CXD® B) 

Ovec( X J’ 

= (I, @ Ns tp @ Ikr)[vec(A) 9 (11 @ Ky @ 1-)(D' @C © vec( B))]. 

(15) X¥ (mx n), A(p xq), B (mp x nq): A 

Avec[(A @ X) © Bl 
Ovec( X)! 

= diag(vec B)(I, ® Knp ® Im)[vec(A) @ Ima], 

Ovec[(X © A) © B] 

Ovec(V) 
= diag(vec B)(In @ Kam © Ip)[Imn © vec(A)].
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(16) X,A(mxn): 

Avec(A®X) _ Avec(X © A) 

Ovec(X)  ——— Avec(X)’ 
= diag(vec A). 

(17) X (mxn), A(p xq), B(pxm), C (nx q): 

Ovec(A@BXC) _ dvec(BXC' © A) 

Ovec(X)! 7 Ovec( X)! 
= diag(vec A)(C’ @ B). 

(18) X (mxn), A(pxq), B(pxn), C(mxq): 

Ovec(A® BX'C) _ Avec(BX'C © A) 

Ovec( XJ’ 7 Ovec(X)! 
= diag(vec A)(C" & B)Kyn . 

(19) X,A,B(mxn): 

Avec(A @ X © B) 
Ovec( X)’ 

= diag[vec(A © B)}. 

(20) X (mx n), A, B(n xm): 

Ovec(A® X' © B) 
= di mn: Bvec( XY iag[vec(A © B)] Kian 

(21) X,A(mxn), B(pxq): 

Ovec[(A©QX)@B 
. te J _ (In ®@ Kgm ® Jp) [diag(vec A) ® vec( B)}, 

dvec[BQ (AG X)) 

Ovec( X) 
= (I, ® Knp © Im)[vec( B) @ diag(vec A)]. 

Note: (1) — (10) follow from basic properties of the derivative and the rule 

vec(AX B) = (B’ @ A)vec(X) for the vec operator (see Section 7.2). (11) - 

(21) may be derived using vec(A ® B) = (1 @ K @ I)[vec(A) @ vec(B)} and 

vec(A © B) = diag(vec A)vec( B) and other standard rules for Kronecker and 

Hadamard products (see Chapter 2 and Magnus & Neudecker (1988, Chapter 

9, Sec. 14)). 

10.4.2 Linear Functions with Symmetric Matrix Arguments 

Reminder: D,, denotes a duplication matrix and D+ its Moore ~Penrose 

inverse (see Section 9.5). L,, is an elimination matrix (see Section 9.6).
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. Ovech( X ) 
(1) X (mx m) symmetric: Bvech(Xy' = Im(m41)/25 

Ovec(X ) — D,.. 

Ovech(.X )! 

2) X (mx m) symmetric, ce R: Ovec(eX) _ D (2) X (m xm) symmetric, *  @vech(X) 
(3) X (m x m) symmetric, A (m x n): 

Ovech(A‘X A) 
Ovech(.X ) 

= Ln(A'® A')Dm = Dt(A’ @ A')Dm- 

(4) X (mx m) symmetric, A (n x m),B (mx p): 

Ovec(AXB) __, 

Ovech(X)’ (BO A)Dm. 

(5) X (mx m) symmetric, A, B(m x m): 

Ovech(AX A! + BXB’) 
Ovech(.X)! 

= Dt(A@A+BOB)Dm. 

(6) X (mx m) symmetric, A, B(m x m): 

Ovech(AX B’ + BX A’) 

Ovech(.X)! 
= Dt(B@A+A® B)Dm. 

(7) X (mx m) symmetric, A,C (n x m), B, D(mx p): 

Ovec(AXB+CXD) 
=(B'®AtD OC)D, 

(8) X (m x m) symmetric, Aj (n x m), By (m xp), i=l,...,r: 

Ovec( >; _ te - 
Ovech(.X = (BS Ai) Pm 

(9) X (mx m) symmetric, Aj (mx n), t= 1,...,7: Y 

Ovech(S-;_, ALNAi) $y gl 
Ovech(.X )’ = Do bal A; @ Aj) Dm =i A; ® Aj)Dm. 

t=] 

Note: These results follow from basic properties of the derivative and the 

vec and vech operators. Notably, the rule vec(AXB) = (B’ @ A)vec(X) is 
useful (see Chapter 7). For proofs see also Magnus (1988, Capter 8, Sec. 8.2).
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10.4.3. Linear Functions with Triangular Matrix Arguments 

Reminder: L,, denotes an elimination matrix (see Section 9.6). 

Ovech(X) _ 

Ovech(X )’ 

Ovec(X ) 

Ovech(X )’ 

Ovec(cX) 

Ovech( X)! 

(3) X (mx m) lower triangular, A (n x m), B(m x p): 

(1) X (m x m) lower triangular: = Imem+41)/2: 

= Li. 

(2) X (mx m) lower triangular, c€ IR: =cLi,. 

Ovec( AX B) 
Bvech(xy (BP & AlEm 

(4) X (mx m) lower triangular, A,C (n x m), B,D (mx p): 

Ovec(AXB+CXD) 
=(B'Q@ALD OC)Li,. 

Ovech(X )! 

(5) X (m x m) lower triangular, A; (n x m), B; (mx p),i=1,...,r: 

Ovec(S-;_, AiX B;) ~~, 

Ovech(X )! = 2B ®@ Ai)Emn: 

Ovech( AX B) 
(6) X,A, B (mx m) lower triangular: Avech( X)' 

(7) X,A,B,C,D(m x m) lower triangular: 

Ovech(AXB+CXD) 

Ovech(X)’ 
= Lm(B’@A+LD' @C)L. 

(8) X,A;, B; (m x m) lower triangular, i= 1,...,r: 

Ovech(S7;_, Ai X Bi) ; ; 

Ovech(X)! = Im (Som @ A; 1) tn bm 
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= Lm(B'@ A)Li,. 

Note: The results of this subsection follow from basic properties of 
derivatives and the vec and vech operators. In particular, the rules 

vec(A) = Ly, vech(A) for lower triangular matrices A (see Section 9.14) and 
vec(AX B) = (B’ @ A)vec( X) (see Section 7.2) are useful. For proofs see also 
Magnus (1988, Chapter 8, Sec. 8.3).
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10.4.4 Linear Functions of Vector and Matrix Valued Functions 

with Vector Arguments 

Oc 

Or’ 
(2) r(m~x 1), y(z), z(z) (nx 1), c1,c2 ER: 

= Onxm. (1) x (mx 1), ¢(n x 1) constant: 

Afery(z) + e22(2)] _, Ovlz) ,  dz(2) 
Or’ t@r! ar’ 

(3) r(mx 1), ¥(z) (nx 1), ¢ EIR, i=1,...,r: 

O| i= Cj i(z)] r 6) (Zz Eins cwle)) ym le) 
(4) r(mx 1), y(x) (nx 1), 2(z) (px 1), A(qxn), Bq xp): 

O[Ay(z) + Bz(z)| _ , Oy(z) | 0z(z) 
Ox' =A Or! +B Or! 

(5) r(mx 1), Y(z) (nx p), cER: cert e¥) = ewe) 

(6) r(mx 1), ¥(r)(n xp), A(qxn), B(pxr): 

Ovec(AY B) __, Ovec(Y) 

gg = (B@ AYE. 
(7) x(mx 1), Yi(x) (ni x py), Ai (q x ni), B; (ppxr),ti=l,...,8: 

Ovec(Wi-1 AB) a, ,  Ovec(%) 
Oz! = DB @ 

(8) r(mx 1), ¥(z)(n xp), A(qxn), B(pxr), C(qxr): 

Ovec(AY B+C) 

Or! 

(9) r(mx 1), Y(r) (nx p), A(r xs): 

Ovec(¥) 
= (B® A) Dr! 

Ovec(A OY) 

Ox 
= (Ie ® Kye @ In) (vec() @ ae) 

Ovec(Y @ A) _ . Ovec(Y’) 
Dy) = (1p © Nun @ I,) ( An @ vec(A) |. 
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(10) z(mx 1), Y(z)(n xp), A(rxs), B(k x): 

Ovec(A ® Y @ B) 

Oz! 

= Us @ Nps @ Ink) 

x |vec(A) @ (1, @ Kin @ ik) ee & vec(B)) . 

(11) z(mx 1), Y(z) (nx p), A(r xs), B(k xn), C(pxl): 

Ovec(BYC ® A) 

Or! 
= (1, @ Ks @1,) (G @ py) ® vee( 4) 

Ovec(A ® BYC) 

Ox! 

(12) z(mx 1), ¥(z) (nx p), A(n~x p): 

= (1, ® Kj, © I) (vec ® lice pyre) . 

Ovec(Y © A) _ Ovec(AOY) Ovec(Y ) 

Ox! 7 Or! Ox! 

Note: The results of this subsection follow from the linearity of the 

functions considered, the rules for the vec operator and basic matrix 
operations. 

= diag( vec A) 

10.5 Product Rules 

10.5.1 Matrix Products 

(1) X¥ (mx m): 

Ovec( X Avec(X*) 
net 

Ovec(X") 
(x 

=X'@Imn+Im@X. 

t-1 
) Ovec(X (X')i 1-9 @ XI, §=1,2,... 

0 ) Bvectxy > ; 

Avec( 7) 
Avec(.X)! 

(2) X (mx n): 

Ovec(X'X) 

(a) Ovec(.X )! 

Ovec( X X") 

(>) Ovec( X )! 

j= 

=(X @Im + Im @X')Kmm- 

= (Inz2 + Kan)(In @X’). 

= (Im2 + Kmm)(X ® Im).
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(3) VN (mxn), A(n xm): 

Ovec(X AX) 
=X'A Oly n A. Bvec(XY A @lmt+1, @XA 

(4) ¥ (mxn), A(mxm): 

Ovec(X'AX) , , 

Ovec(Xy (XA @In)Kmn + (In @ X'A), 

(5) X (mx n), A(m x m) symmetric: 

Ovec(X'AX) _ ; , 

Ovec(X) (In? + Knn)Un @ XA). 

(6) X (mxn), A(n xn): 

Ovec(XAX') _ 

Ovec(X) (XA’ @ Im) + (Im @XA)K mn. 

(7) X (mx n), A(n x n) symmetric: 

Ovec(X AX") 

Ovec(X)/ 
= (Im + Kinm)(X A ® Im). 

(8) X (mxn), A(pxm), B(nxm), C(nxq): 

Ovec(AX BXC) Bve(Xy AO X'B@ATC @AXB, 

(9) X (mxn), A(pxn), B(mxm), C(nxq): 

Ovec(AX'BXC) sy. ,, ; 

Ovec(X) = (C°X' B® A)Kmn + (C’ @ AX'B). 

(10) X (mxn), A(pxn), B(mx m) symmetric: 

Ovec(AX' BX A! . 

Ovec(.X)! = ([p2 + Kpp)(A @ AX'B). 

(11) X(mxn), A(pxm), B(nxn), C(mxq): 

Ovec(AX BX’C) 

Ovec( X)! 
= (C'X B' &) A) + (C" & AX B)Nmn. 

(12) X (mxn), A(pxm), B(n xn) symmetric: 

Avec(AX BX’ A’) 
Ovec(.X)/ 

= (Ip2 + Kpp)(AX B @ A).
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(13) X (mx m), A(nxm), B(m-x p): 

Ovec(AX'B) — 1-5 jo 
= BX)! @ AX, =1,2,.. 

Ovec(.X )! s (X") ® 

(14) X (mxn), A(pxm), B(nx p): 

t-1 
Ovec(AXB) _ 

Ovec( X)’ 
j=0 

(15) X,A(mx my): 

Ovec(A+ X)? 

Ovec(X J’ 
(A'+.X') @ Im + Im @(A+%X), 

i-] 
Ovec(A +X)! 

Ovec( X)! 
j=0 

(16) X,A (mx n): 

Ovec[(A +X) (A+ X)] 

Ovec( XJ! 

Ovec[((A+ X)A+X)'] _ 

Avec(X) = (Ima + Kmm)[(A + X) © Im]. 

(17) X (mx n), A(pxp), B(pxm), C (nx p): 

dvec(A+ BXC)? 

Ovec(X)! 

= (In2 + Nun) [In @ (A + X°)), 

Ovec(A+ BXC) 
Ovec(.X )! 

i=1,2,... 

(18) X (mx n), A(pxq), B(pxm), C (nx q): 

Avec[(A+ BXC)'(A+BXC)] _ 
Ovec(X )/ 

Ovec[(A + BXC)(A + BXC)|] 
dvec(X)! 

j=0 

= S\(BIX' A) BY @(AXB)YA, i=1,2,... 

SAH XY PIO (AEX), G5 1,2. 

= (A'+C'X'B’)C’@B+C'@(A+ BNC)B, 

= S0(A' + C'X'B') 1 IC @ (A+ BACB, 

= (Ip2 + Npp)[(A + BNYC)C’ & B]. 
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= (Ig2 + Kqq)[C’ @ (A + CX’ B’)B). 

Note: (1) - (2) are given in Magnus & Neudecker (1988, Chapter 9, Sec. 
13). The remaining results follow via the product and chain rules of differential 

calculus.
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10.5.2 Kronecker and Hadamard Products 

(1) X (mx n): 

Ovec(X) @ vec(X) 

(a) Ovec(.X)! ~ Inn © vec(X) + vec( X) ® Iman. 

Ovec(X @ NX) _ 7 

(b) Avec(.X)! _ (In ®@ Nam @Im)[Imn @vec(X )+vec(.X¥)2 Inn |. 

Ovec(X @ X") 

(¢ Ovec(X)! 
= (In © Kmm 9 In) [Imn & vec(.X") + vec(.Y) © Nmn)- 

Ovec(X' © X) 

(d) Ovec(X)! 
=(Im © Nan © Im)[Nmn @ vec(X) + vec(.Y') @ Imn). 

Ovec(.X' @ X! (e) ( ) 
Ovec(X )/ 
= (Im © Amn @ In)[Nimn © vee(X’) + vec(X') @ Amn]. 

(2) NX (mxn), A(pxm), B(nxq), C(rx m), D(nxs): 

Ovec(AXB@®CXD) 

Ovec( X )/ 

= (1, 0 Nyy SI,)[B! © A® vee(CXD) + vec(AXB) OD 8C). 

(3) \ (mxn), A(pxm), B(nxg), C(rxn), D(m~x s): 

Ovec((AXBOCX'D) 

Ovec(.X)! 

= (Ig 9 Nsp @ Tr) 

x [B'S AS vee(CN’D) + vec(AX B) @ (D'S C)Kmn). 

(4) X (mx n), A(pxn), B(mxq), C(rxm), D(nx s): 

Ovec(AX'’B@CXD) 

Ovec(.X)! 

= (1, 0) KN sp &) I.) 

x [(B’ © A) Nin @ vece(CX D) + vec(AX'B)@ D' OC}. 

(5) NX (mxn), A(pxn), B(mxq), C(rxn), D(mx s): 

Ovec(AX'B@CX'D) 

Ovec(.X)! 

= (1, 2 Np O1,)[(B’ S A) Nn @ vee(CX'D)+
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+ vec(AX’B) @(D’! @C)K mn]. 

(6) X (mx nj: 

Ovec(X © X 
(a) Paty = 2 diag(vec X). 

Ovec(X’ © X’) 
= X')Aumn- c) Avec( XY 2 diag(vec X")A 

(7) X (mx m):; 

Ovec((X OX’) Avec(X' OX) — , 

= =d X)Amn d rec XN"). 
Ovec(X )! Ovec(X )! lag(vec ) \ + lag(vec ) 

(8) X (mx n), A,C (pxm), B,D(nxq): 

Ovec((AXBOCXD) 

Ovec(X)/ 

= diag[vec( AX B)](D’ @ C) + diag[vec(C.X D)|(B’ © A). 

(9) X (mxn), A(pxn), B(mxq), C(px m), D(nxq): 

Ove((AX'BOSCXD) —— Ave(CXD®AX'B) 

Ovec(X)’ 7 Ovec(X)’ 

= diag[vec(A.X’B)|(D’ @C) 

4+ diag[vec(C.X D)|(B’ © A) Kin. 

(10) X (mxn), A,C (px n), B,D(mxq): 

Ovec(AX'’BOCX'D) 

Avec( X)! = {diag[vec( AX’ B)](D’ ©C) 

+ diag[vec(C.X’ D)|( B’ ® A)} Kinn- 

Note: The results of this subsection follow from the basic product rule for 

differentiation and the rules for Kronecker and Hadamard products. See also 

Magnus & Neudecker (1988, Chapter 9, Sec. 14). 

10.5.3 Functions with Symmetric Matrix Arguments 

Reminder: D,, denotes a duplication matrix and D* its Moore -Penrose 
inverse (see Section 9.5). L,, is an elimination matrix (see Section 9.6). 

(1) X (m x m) symmetric:
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Avec( X? 

(a) Frokcgy = (XG lm + Im © X)Dmn 

Avec(X? ts, . 

Pex — eae 7@X7)Dn, t= 1,2,... 

j=0 

Avech( X! t-1 . . 

(°) Jeeck(ty = Din [San ox Dm, i=1,2,... 
. = 

(2) X,A (mx m) symmetric: 

Ovech(X AX) 

Ovech(X J’ 
Dt (XA @ Im + Im @ XA) Dp 

= Lm(XA@Imt+Im@ XA)Dy. 

(3) X (mx m) symmetric, A (p x m), B(m xm), C (mx q): 

Ovec(AX BXC) 

Ovech(.V) 
=(C’XB' @A+C'’@AXB)D yp. 

(4) X (mx m) symmetric, A (p x m), B (mx q): 

Avec(AX'B) 
= fyti-t—-j rj _ 

Ovech( X )! LAX @AX)Dy, t= 1,2,... 

(5) X (mx m) symmetric, A (p x m), B(m x p): 

Ovec(AX BY) _ — ry alyi-1-j pf j 
Avech(X)’ (Se X A’) B@(AXBY A] Dm, 

jx=0 

7=1,2,... 

(6) X (mx m) symmetric, A (p x m), B (mx p), C (px p): 

Avec(AXB+C) 

Ovech(.X )/ 

i-t 

= So( BINA’ + CY} IB @ (AXB +CyYA} Dn, 
j=0 

2=1,2,... 

(7) X (mx m) symmetric, A (p x m), B(m x g), C (px @): 

Avec((AXB+C)(AXB+C)] _ ; ; ber a 

Avech(X)/ = (192+ Kqq)[B'@( BX A'+C') A] Dn. 
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(8) X (mx m) symmetric, A (px m), B(mxq), C (px q): 

Ovec[(AXB+C)(AXB+Cy] _ ; . 5 

Ovech(.X)! = (Ip2 + Kpp) (AX B+C) B'S A) Dm. 

(9) X (m x m) symmetric: 

Ovec(X @ X) . 
= 2 a Dm. Dvech(XY (Im @ Kmm @ Im)[Im2 @ vec(X) + vec(X) ® In] 

(10) X (mx m) symmetric, A (px m), B(mxq), C (rxm), D(mxs): 

Ovec(AXB @CXD) 

Ovech(X )! 

= (I, ® Ksp @ I,)[B' ®@ A @ vec(CX D) + vec(AX B) @ D' @C)D ym. 

(11) X (m x m) symmetric: 

Ovec(X © X) 
=? X)Dym- 

(a) Avech( XY diag(vec X)D 

Ave(XOXOX)_ . ,. 

Bvech(Xy) 3 Aiaalvec(X © X)]Dm. 

(12) X (mx m) symmetric, A (px m), B(mxq), C(pxm), D(mxq): 

Ovec(AX B © CXD) 

Ovech(X)/ 
= {diag[vec(AX B)|(D! @C) 

+ diag[vec(C.X D)|(B! @ A)} Dm. 

Note: These results follow from those of the previous subsection and the 

chain rule for matrix differentiation. See also Magnus (1988, Chapter 8, Sec. 

8.2). 

10.5.4 Functions with Lower Triangular Matrix Arguments 

Reminder: D+ is the Moore -Penrose inverse of the duplication matrix D,, 
(see Section 9.5) and L,, denotes an elimination matrix (see Section 9.6). 

(1) X (m x m) lower triangular: 

Avech(X*) _ Suxnieiiexil i Ge 
Ovech(X)! Ln (S01 QAP IL, 2=1,2,... 

(2) X,A (mx m) lower triangular: 

OQvech(X AX) 
= Lm(X'A' @Imt+Im @X AJL. Bvech(X)' (NAS Im + Im @ XA) Lm 
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(3) XV (mx m) lower triangular: 

Ovech(.X’X) 

Avech(X) 2Dr (Um @ X")Lm, 

Avech( XX") 

Qvech( X)/ 
= 2D4(X @ Im)Lin. 

Note: For proofs see Magnus (1988, Chapter 8, Sec. 8.3 - 8.4). 

10.5.5 Products of Matrix Valued Functions with Vector 

Arguments 

(1) ex(mx 1), Y(z) (nxn): 

t-—1 
ever") = D1 i-1-5 eve) Y) 

(2) r(mx 1), ¥(z) (n xp): 

Avec(Y’Y) 

Ox’ 

Ovec(YY’) _ . 
Agi = (In2+ Kan)(Y @ In) 

(3) e(mx 1), Y(z)(n xp), Z(2) (px q): 

Ovec(Y Z) Ovec(Z) Avec(Y) 

Oz’ Ox' Ox 

(4) x(mx1), ¥Y(r) (nxp), Z(z) (qxr), A(sxn), B(pxq), C(rxk): 

Ovec(Y ) 

dz’ 

Avec(Y ) 

Ort 

= (Ip2 + Kpp)(Ip © Y’) 

=(1,@Y) + (Z' @ In) 

Ovec( AY BZC) Ovec(Z) 

Ox! Ox' 

(5) 2(mx 1), ¥(z)(n xp), A(qxn), B(pxq), C(q x4): 

avec(AYB+C) 

Ox’ 

Ovec(Y) 
-(C’SAYB 
(Ce ) Ox! 

+ (C'Z'B’ @ A) 

Ovec(Y ) 

dx 

we
. Ul oO
 

t—] 

_ ( (BY A’ + C’)'-1-7 B’ @(AYBH cv) 

?=1,2,... 

(6) x(mx 1), ¥(x)(n xp), A(qxn), B(pxr), C(qxr):
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a) Ovec (AY B+ C)(AYB4+C)] 

Or’ 

= (1,2 + K,)[B!@ (BYY’A! 4 CA] 

Avec [(AY B+ CY AY B+C)Y’] 

Ox’ 

= (/g2 + Ay) [(AY B+ C)B’ © Al 

Ovec(Y’) 

Ort 

(b) 
Ovec( *) 
Ag 

(7) x (mx 1), ¥(r) (nx p), 2x) (q xr): 

a) O[vec(Y) @ vec(Z)] — Avec(Y¥) & vee(Z) 4+ vec(¥) © Over(Z)_ 

Or! Ox! 

Ovec(Y @ Z) 

(>) Ox! 3 5 

_ Ie vec(Y’) -, _, Ovec(Z) 
= (1) 0 Ken ©1q) De! © vec(Z) + vec(¥) © Ay! 

(8) r(mx1), Y(r)(n xp), Zr) (qx r), A(s xn), B(px k), 

C'(lxq), D(rxh): 

Ovec(AYBACZD ° 

x cz » ay) © vec(CZD) 

Ovec(Z) 

Or! 
+ vee(AY B) @(D’ @C) 

(9) r(mx 1), ¥(xr), Z(xr) (nx p): 

Ovec(Y (*) Z) _ Ovec(Z 1) Y) 

Or 7 Or’ 

Ovec( Avec( Z 
=  diag(vec ve + diag(vec Y SS (4) . 

xT), 7 (10) x (mx 1), Y(r)(n x p), Z(2) ( (sx n), B(px &), 

C(sxq), D(rxk): 

Ovec( AY Bos C'ZD) _ Avec(CZD C) AY B) 

Ox’ 7 Ox! 

1 ; Ovec(Y 
= diag[vec(CZD)]}(B (4) yr 

Qvec(Z) 
U 

+ diag[vec(AY B)}(1! oC) ar 

Note: The results of this snbsection follow from the chain rule and the rules 

for basic matrix operations. See also the results of the previous subsections, 

in particular Sections 10.5.1 and 10.5.2.
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10.6 Jacobian Matrices of Functions Involving Inverse 
Matrices 

(1) X (m x m) nonsingular: 

Ovec( X~') _yi-l -1 
Ovec(X )! rn 

Avec(X’~') -] -{—] r 
“Bvec(X) —(X7' @X'") Kan. 

(2) X (m x m) symmetric nonsingular: 

Ovech(X 7!) ~ _ptix-! -1 
Ovech(X )/ Din(X @ XD, 

where D,, denotes a duplication matrix and D+ its Moore -Penrose 
inverse (See Section 9.5). 

Note: For proofs of these results see Magnus & Neudecker (1988, Chapter 

9, Sec. 13) and Magnus (1988, Chapter 8, Sec. 8.2). 

10.6.1 Matrix Products 

(1) X (m x m) nonsingular, A (n x m), B (m x p): 

Avec(AX'B) yy 1 
Ovec(X)o BX BAX. 

(2) X (mx m) nonsingular : 

Ovec((X~!)'} _ 

Ove(XY 

(3) X (mx n), rk(X) =n: 

Avec((X’X)7"'] _ . bye barn-lv Bre KT = Tne + Kan(X/X)! @ (XX) XY] 

(4) X (m xn), rk(X¥) =m: 

Avec((X X')7"] _ > 4\- f\- 

Avec(X)’ = —(Im2 + KNmm)[((XX ) Vy @(XX N, 

(5) X (mx m) nonsingular, A (n x m), B (mx m), C (mx p):
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(a) Ovec(AX7'BXC) 

Ovec(X) 

(b) Ovec(AX BX7!C) 

Ovec(X) 

(c) Avec(AX~1BX7!C) 
Ovec(X)! 

= —C'X'"1BIX'") @ AX) —C'X'"| @ AX! BX}. 

=C'@ AX7'B-—C'X'B'X'"! @ AX™!. 

= C'X'"'B’ @A-C'X’"!| @ AXBX™!. 

Note: The results of this subsection follow from the chain rule and the 

results of the previous sections. 

10.6.2 Kronecker and Hadamard Products 

(1) X (mx m) nonsingular, A (p x q): 

Avec(A © X7!) 

Ovec(.X)! 
= —(1, ® Nmp ® Im)[vec(A) @ X’~? @ X71], 

Avec(X-1@A 
_ _ 

eeclXy | = —(Im ® Kgm @ Ip)[X'~' @ X~" @ vee( A)]. 

(2) X (m x m) nonsingular: 

Avec(X~') @ vec(X) _ -1 _ yl --] . 
(a) Bvec(XY = vec(X~')@Im2—-X'~' @X7 @vec(X). 

Avec(.X) @ vec(X7") _ _ pele ee] 
(b) Bvec(X)' = Iy,42@vec(X~*)—vec(NX)@X OX. 

c) Ovec(X~!) @ vec(X~!) 

( Ovec(X)! 

= —[(X'"! @ X7! @ vec(X7!) + vee(X7!) @X'"1 @X7"]. 

Avec(X71 @X) 

Ovec(.X)! 

= (Im ©@ Kimm @ Im)[vec(X7!) @ Im2 — X'"1 @ X7! @vec(.X)]. 

(d) 

Avec(X @ X7') 
Avec(X ) 

= (Im @ Kmm @ Im) 

x [Im2z @ vee(X—!) ~ vec(X)@ X71 @X7"}]. 
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Avec(X7' @X7') 

Ovec(X)! 

= —(Im & Kiam & Im) 

x [X'"'@ X7! @ vec(X7!) + vec(X~!)@ XT! @X-}]. 

(3) X (mx m) nonsingular, A (m x m) : 

(f) 

Ave(A@X7') — Avec(X7!© A) 

Ovec(X)'  — — Avec(X)! 
= —diag(vec A)(X’~! @ X7!). 

(4) X (m x m) nonsingular: 

Avec(X7|@X) _ Avec(X © X7') 
(a Ovec(X) ss Avec(.X)' 

= diag(vec X~!) — diag(vec X)(X’~! @ X7!). 

=I -1 
(by CreclA OAT) <9 diag(vec X~')\(X/-! @ XT), 

Ovec(X)’ 

Note: The results of this subsection follow from the chain rule for 
derivatives and the results of the previous sections. 

10.6.3 Matrix Valued Functions with Vector Arguments 

(1) x(m~x 1), ¥(2)(n x n) nonsingular: 

Avec(Y~') Ovec(Y’) 

Oz’ , Oz’ 

(2) r(mx 1), Y(r)(n x n) nonsingular, Z(zr) (n x p): 

= —(Y’"! @ y~') 

Avec(Y~'Z) _ _,, Avec(Z) repr. wp Ovec(Y) 
aa = (1p @Y \—aar -(Z2Y" @Y~) ae 

(3) x (mx 1), Y(r)(n x n) nonsingular, Z(x) (p x nj: 

Ovec(ZY~!') yy Avec(Z) i] _,, Ovec(Y’) 

Oz! = (Sty) Gr! ree ar) Or’ 

(4) c(mx 1), Y(x), Z(r) (n x n) nonsingular: 

Avec(¥~1Z7!) 

Ox’ 
Ovec(Y) Ovec(Z) = ~(Z'- ty?! Q Yy~') 
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(5) x (mx 1), Y(z) (n x n) nonsingular, Z(z) (p x p) nonsingular, 

U(r) (q xn), V(x) (rn x p), W(x) (p xr): 

Avec(UY'VZ—-'W) Ovec(U ) 
= (W2Z''V'Y""' @1,) 

Ox! Or’ 

_ (Wa lyy' @ yy 1 2vecO ) 

Ox! 
- _1, Ovec(V) tat—-) 7-1 + (W'Z! @ UY") 

_ (WzZ'"! euy-'yg-1) Me) 

+, @uY- ty gy el) 
Or! 

(6) x(mx 1), Y(r)(n xq), Z(z) (p x p) nonsingular: 

0 Y Z7} Y [vec( J vert yo oveel ) & vec( Z-}) 

_ _,, Ovec(Z) _ tI 1 vec(¥) @(Z'"! @ Z-") 

(7) (mx 1), Y(v)(n xn) nonsingular, Z(r) (p x q): 

A[vec(Y~')@vec(Z)]) _1, .. Ovec(Z) 
Or’ = vec(¥')@ Ox! 

— jor ® yo ee @® vec(Z) 

(8) x(mx 1), ¥(r) (n x n) nonsingular, Z(xr) (p x p) nonsingular: 

-1 -1 
O[vec(Y is vec(Z )] - _ vec(Y~') ® a @ 2-2) 

~ le @ yee) ce vec(Z~’ ). 

(9) x (mx 1), Y(x)(n x gq), Z(z) (p x p) nonsingular: 

Avec(Y @ Z7') 

Or! = (1, Kpn @ Ip) 

x [awe 3 -1 Ar’ vec(Z” ) 

~ vece(¥) @ Cas @ ge) 
Ox!’
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(10) x(mx 1), ¥(x)(n x n) nonsingular, Z(zr) (p x q): 

Y¥"!'@Z Sver(¥"@ yo (In @ Kan @ Ip) 

x free eZ) 

_ i-loy-l wet") (wv BY )~aqr } @ vec(Z)) 

(11) r(mx 1), Y(z) (nx n) nonsingular, Z(z) (p x p) nonsingular: 

Avec(Y~' @ Z7') 
= —-(Un ® Kpn @ Ip) 

Cx’ 

x fvecty-") @ ((z' 9 zy ‘) 

+ (rr @ ye) ) 9 vee(Z~)] 

(12) x(mx 1), ¥(r}(n xn), Z(x) (n x n) nonsingular: 

Avee(¥@Z7!) _— Avee(Z~! @Y) 
Ox! 7 Ox’ 

= diag(vec g-1Ove(¥) 
Ox’ 

— diag(vec Y)(Z'~' @ zee”) 

(13) 2x (mx 1), Y(z)(n x n) nonsingular, Z(z) (n x n) nonsingular: 

Avec(Y~' © Z7') 

Ox’ 

Ovec(Y’) 

Or! 

Ovec(Z) 

Ox! 

= — I|diag(veeZ~')(¥Y’"! @Y7') 

+ diag(vec ¥~')(Z’~' @ Z~') 

Note: The results of this subsection follow from the chain rule for 

derivatives and the rules of the previous sections. 

10.7 Chain Rules and Miscellaneous Jacobian Matrices 

Reminder: D,, denotes a duplication matrix and D* its Moore -Penrose 
inverse (see Section 9.5). L,, is an elimination matrix (see Section 9.6).
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(1) (mx 1), y(z) (nx 1), 2(y) (px 1): 

dz(y(z)) _ G2(y) Ay(z) 
Or! Oy’ A! 

(2) X (mx n), Y(X) (px q), Z(Y) (rx 8): 

Ovec Z(Y(X)) _ Avec Z(Y) Avec ¥(X) 

Ovec(X)' —— Avec(Y)! Avec(X)’ | 

(3) X (mx n), S open subset of R™*" : rk(X) =r forall X ES 
=> Xt isa differentiable function of X on S and 

Avec(Xt+) _ 4! 4 + yd! 

+ X*'X* @ (In —X*+X) Kin. 

(4) X (mx n), Y(X) (p x q), S open subset of R™™” : 
rk[Y(X)]} =r forall X €S = Y(X)?* is differentiable on S and 

Ovec Y(X)t _ +! + rt + +! 

dec VNe (- @Y¥+4+[U,-YYt)@YtY 

+¥tY+@(I,— Y*Y Ks) BreetXY 
(5) X (m x m) nonsingular: 

v adj 

“Bek = det(X)[(vec X~")(vee X'"1)’ — X17" @ X~}]. 

(6) X (mx m) symmetric nonsingular: 

Ovech( X°4 ) _ + -1 -ly -1 -1 “Bvech(xy = CUA) Dmnl(vec X \(vec X~")' — X7' @X-"]D,,. 

(7) X (mx m) lower triangular, nonsingular: 

Avech( X24 ) _ -1 rly -1 —lyy0 “vech(Xy = det(X)Lm[(vec X~")(vec X'')' — XT @XT"NL. 

(8) X (mx n), ¥(X) (p x p) nonsingular: 

Ovec[Y(X)*4 vec 
ect y = det(Y){(vec Y~*)(vec ytyayrtgy er. 
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(9) X (mx m) positive definite, Y(X) = [y;] (m x m) lower triangular 
with y; > 0, i=1,...,m,such that X = YY’, that is, Y is obtained 

by a Choleski decomposition of X : 

Ovech(Y’) ry Ie 1 y-l 
dvech( X)! {Lm[UIm ®Y)Kmm +(Y¥ @ Im)| Lia} 

{Lin(Im2 + Kmm)(Y @ Im)Li,}7? 

= 3[DE(Y @ Im) Li}. 
Note: (1) and (2) are just chain rules. (3) is given in Magnus & Neudecker 

(1988, Chapter 8, Sec. 5). (4) follows from (3) and a chain rule. (5) is 
established in Magnus & Neudecker (1988, Chapter 8, Sec. 6). (6), (7) and (8) 
follow from (5) and a chain rule (see also Magnus (1988, Chapter 8, Sec. 8.2, 

8.3)). (9) is, e.g., given in Lutkepohl (1991, Appendix A, Sec. A.13). 

10.8 Jacobian Determinants 

10.8.1 Linear Transformations 

7Mt 

) = (—1)mnim= Dn 1)/4, 

(2) X (mxm): det (a) = 1. 
Ovech(.X )! 

. Avec(cX)\ 
(3) VN (mxn),cER: det (eae) =c™, 

Ovech(cX) 

Ovech(X )! 

(5) \ (mxn), A(mxm),B(nxn): 

Avec( AX B) 

det ( Ovec(X )! 

(6) X (mxn), A(nxn),B(mx im): 

Ovec(.AN'B) -1)ine d -—(-] mn(m—1)(n-1)/4 det .4)™ t BY)”. a ( a ) (=1) (det 4)" (det B) 

(4) X¥(mxm),cElR: det ( ) = mt) /2 

) = (det A)"(det By)”. 



VECTOR AND MATRIX DERIVATIVES 205 

(7) X, A= [aij], B = [b:;] (m x m) lower triangular: 

Ovech(AXB)\ _ 7; m-itl 
det ( Avech(X )! ) = [[ ie : 

t=1 

(8) X (mx m) symmetric, A (m x m): 

‘ det (Aen X A) 
_— m+l 

avech(XY )- (det Ay™r". 

(9) X (mx m) symmetric, A,B (m x m), det(A) # 0, Aq,...,Am 
eigenvalues of BA™! : 

det — + BX B') 

Avech(X )! ) = (det A)™*! [][(1 + AsAj). 
i>j 

(10) X (mx m) symmetric, A = [a;;], B = [b,;] (m x m) lower triangular: 

= [[(aiva;; + 63505; ). 

i>j 

det —— + BX B') 

avech(X)' 

(11) X (m x m) symmetric, 4,B (mx m), det(B) 4 0, Aq,...,Am 
eigenvalues of AB7! : 

r Ul ¢ det — B' + BX A’) 

Ovech(X)’ ) = 2" det(A)(det B)™ [vi + X;). 
t>j 

(12) X,A = [aij], B = [b:;], C = [e,;], D = [a,j] (m x m) lower triangular: 

= [ [tats + eiidjj). 
123 

Ovech(AXB 4+CXD) 
det 

Ovech(.X) 

(13) X (mx m) lower triangular, 4, B (m x m) nonsingular: 

h(B’'XA + A'X'B 7 
F ae ( + ) = 2det(A)(det B)™ II det (Cis), 

i=] 
Ovech(X )! 

where 

C)) Cis 

Cu) = , i=l ,m— 1, 

Cy Chi 

are the principal submatrices of C = [¢,;]} = AB™’.
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(14) X,A= [aj] (mxn), B(mxm), C (nxn): 

Avec(A® BXC n maT 
det ( rey 1) = (det B) (detc)” TT TT ais. 

t=1lj=1 

(15) X (mx n), A= [aij] (nx m), B(nxn), C(mxm): 

Avec(A © BX'C) 

det ( Ovec(X)! ) 

=(-1 ymnim— 1)(n-1) /4 (det B)™ (det C PTT TL as. 

i=1j=1 

(16) X, A= [aij], B = [bij] (mx n): 

Avec(A © X = B) 
det wl dvec(X ’) = Il Il aj; b;;. 

i=lj=l 

(17) X (mx n), A= [aj,;], B = [bij] (n x m): 

Ovec(AQX'OB)\ _ mn(m—1)(n-—1)/4 7 det = Bvec( XY ) = (-1) L[ J asst. 
i=1j=1 

Note: The results of this subsection follow from the rules of the previous 
sections of this chapter and the rules for determinants (see also Magnus (1988, 
Chapter 8)). 

10.8.2 Nonlinear Transformations 

(1) (Chain rule) 

r,y(z),2(y) (mx 1): 

det Ga = det (5%) det (3) | 

(2) (Chain rule) 
X,¥(X), Z(Y) (m xn): 

Ovec Z(Y(X))\ _ Avec Z(Y) Avec Y(X) 

det ( Ovec(X)! ) = det ( Ovec(Y)’ ) det ( Ovec( X)! ) 

(3) X (m x m) symmetric with eigenvalues 41,...,Am: 

Avech(X*)\ yy 4 
det (Sa) =1 (det X) [[ ve: 

k>l
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where 
J Oe ADA mar) if Ae FM 

me) Gin} if Ae = 
(4) X = [rg] (m x m) lower triangular: 

Avech( X*) ; oo] 
det | —————~ } = i(det X)' 

° (Sy) mea) LT k>l 

where 

(Che — 2h )/(tee — tu) if ree Feu 
Bel = i-1 . 

ih, if cee = rn 

(5) X,A (mx m) symmetric, A1,...,Am eigenvalues of XA : 

Ovech(X AX) m . 
d ( Svech( XY )=2 det(A)det(X) [Ui + 3). 

i>j 

(6) X = [z.;], A = [aij] (m x m) lower triangular: 

4 eee 

° Ovech(X)! ) 
= 2™det(A)det(X) [ [Ceara + Q;j;2;;). 

i>j 

(7) X = [xi;] (m x m) lower triangular: 

Ovech(X'X) oom = 

det ( Ovech(X )' ) = 2 IT. 

Ovech(XX')\ | mid) 

det ( a | = 2 ITs , 

(8) X (m x m) nonsingular: 

Avec(X7")\ _ m om 

(9) X (mx m) symmetric nonsingular: 

Ovech(X~')\ _ m(m+1)/2 vy—(m+1) det ( Fake )=cen (det X)-(™+), 

(10) X (m x m) nonsingular, lower triangular: 

Avech(X7")\ _ m(m+1)/2 -(m+1) det (See =(-1) (det X)
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(11) X (m x m) symmetric nonsingular: 

rad 

d (Ganery) = (= 1) PDE = m)(det XFL vech(. 

(12) \ (m x m) nonsingular, lower triangular: 

4 Avech(.X¢? ) 

Ovech( X)! 
) _ (—1)™(m 4/20] _ m)(det X)OMFN(m=2)/2 

Note: Most results of this subsection are given in Magnus (1988, Chapter 
8). They follow from rules of the previous sections and the results for 

determinants. 

10.9 Matrix Valued Functions of a Scalar Variable 

dA 
(1) ee R, A(x) = A(m x n) constant: ae 7 Omxn:- 

(2) (Linearity) 
reER, A(x), Biz) (mx n),ce1,c2 ER: 

d[c, A(z) + co B(z)] d A(z) dB(r) 
dr = 41 dr + C2 dz 

(3) (Product rule) 

creéElR, A(x) (m xn), B(r) (n x p): 

dA(z)B(z) _ 

dz 

(4) rE IR, A(x) (m xn), B(x) (n x p), C(x) (p x q): 

dA(r) B(x )C (2) 

dz 

(6) (Ratio rule) 

x EIR. A(z) (m x m) nonsingular, B(x) (n x m): 

dB(r)A(x)~' — dB(z) 

dx dg 
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(7) (Generalized inverse rule) 
z EIR, A(z) (m x n), A(r)~ some generalized inverse of A(z) : 

dA(zr)7 

dr 

_ dA(x) 
dz 

A(x) A(z) = —A(x)A(x) A(z)” A(z). 

Note: The first four rules follow from the corresponding rules for real valued 

functions by considering typical elements of the matrices involved. Rule (5) 

is obtained by applying the product rule to 447! = J,,, (6) follows from (5) 

and the product rule and the result in (7) follows by applying the product 

rule to AA7~ A = A and multiplying by AA7~ from the left.


